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PREFACE. 



In the following treatise I have adopted the method 
of Limiting Katios as my basis ; at the same time the 
coordinate method of Infinitesimals or Differentials 
has been largely employed. In this latter respect I 
have followed in the steps of all the great writers on 
the Calculus, from Newton and Leibnitz, its inventors, 
down to Bertrand, the author of the latest great trea- 
tise on the subject. An exclusive adherence to the 
method of Differential Coefficients is by no means 
necessary for clearness and simplicity ; and, indeed, I 
have found by experience that many fundamental in- 
vestigations in Mechanics and Geometry are made 
more intelligible to beginners by the method of Diffe- 
rentials than by that of Differential Coefficients. 

The principles on which the method of Infinitesi- 
mals is based are given in a concise form in Art. 90. 

In the portion of the Book devoted to the dis- 
cussion of Curves I have not confined myself exclu- 
sively to the application of the Differential Calculus 
to the subject ; but have availed myself of the 
methods of Pure and Analytic Geometry, whenever 
it appeared that simplicity would be gained thereby. 

In the discussion of Multiple Points I have adopted 
the simple and general method given by Dr. Salmon, 
in his " Higher Plane Curves." It is hoped that by 



vi Preface, 

this means the present treatise will be found to be a 
useful introduction to the more complete investiga- 
tions contained in the work referred to. 

As the Book is principally intended for the use of 
beginners, I have purposely omitted all metaphysical 
discussions, from a conviction that they are more cal- 
culated to perplex the beginner than to assist him in 
forming clear conceptions. The student of the Diffe- 
rential Calculus (or of any other branch of Mathe- 
matics) cannot expect to master at once all the 
diflSiculties which meet him at the outset ; indeed it is 
only after considerable acquaintance with the Science 
of Geometry that correct notions of angles, areas, and 
ratios are formed. Such notions in any science can 
be acquired only after considerable practice in the 
application of its principles, and after patient study. 

Many important portions of the Calculus have been 
omitted, as being of too advanced a character ; how- 
ever, within the limits proposed, I have endeavoured 
to make the work as complete as the nature of an 
elementary treatise would allow. 

I have illustrated each principle throughout by 
copious examples, chiefly selected from the papers set 
at the various Examinations in Trinity College. 

I beg leave to return my thanks to many friends 
who have given me much assistance during the pro- 
gress of this Book. I may more especially mention 
Mr. Cathcart and Mr. Minchin, to both of whom I am 
indebted for assistance in the correction of the proof- 
sheets, and for many valuable suggestions throughout. 

To the Board of Trinity College my thanks are 
also due, for their liberality in defraying a conside- 
rable portion of the expense of the publication. 

Trinity College, 
December y 1871. 
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CHAPTER I. 

DIFFERENTIAL COEFFICIENTS. 

I. Fimotioiis ^The student is supposed to understand what is 

meant when one quantity is said to be a function of another. 
Thus, in trigonometry, the sine, cosine, tangent, &c., of an 
angle are said to be Amotions of the angle, having each a 
single value when the angle is given, and varying as tne angle 
varies. In like manner any algebraic expression in ^ is said 
to be a function of x. 

In general, whenever two quantities are so related, that 
any change made in the one produces a correspondina variation 
in the other^ then the latter is said to be a function of the 
former. 

This relation between two quantities is usually represented 
by the letters JF, /, 0. &c. 

Thus, the equations 

denote that w, v, w^ are regarded as functions of a?, whose 
values are determined for any particular value of ^, when the 
form of the function is known. 

2. Dependent and Independent Variables. — In each of the 
preceding expressions, x is said to be the independent variable, 
to which any value may be assigned at pleasure ; and w, r, m7, 
are called d^/?en(&/2^ variables, as their values depend on that 
oix^ and are determined when it is known. 

B 
/ ' 



2 Differential Coefficients. 

Thxxs^ in the equations 

the value of y depends on that of jr, and is in each case deter- 
mined whenever the value of a: is given. 

If we suppose any series of values, positive or nega- 
tive, assignea to the independent variable x, then every 
function of x will assume a corresponding series of values. 
If a quantity retain the same value, whatever change be given 
to /r, it is said to be a constant with respect to a?. We usually 
denote constants by a, b, c, &c., the first letters of the 
alphabet ; variables, by the last, viz., w, v, w, x^ y, 2. 

3. Ckmiinuons Funotloiis. — A function ^ {x) is said to be 
a continuous function of a?, between the limits a and 6, when, 
as /i; is supposed to receive all values between a and 6, the 
function assumes all intermediate values between (a) and 
0(6). It is easily seen that all algebraic expressions, such as 

floaj" + ai^:"'* + . . . . On 

and all circular expressions, sin x^ tan x^ &c., are, in general^ 
continuous functions ; as also ^, lo^ ^, &c. In such cases, 
accordingly, it follows that lix receive a very small change, 
the corresponding change in the function 01 ^ is also very 
small. 

4. Algebraic and Traasoendental Functions. — Functions 
which consist of a finite number of terms, involving integer 
and fractional powers of j?, together with constants solely, are 
called algebraic functions — thus, 

are algebraic expressions. 

Functions which do not admit of being represented as 
ordinary algebraic expressions in a finite number of terms^ are 
called transcendental ; thus, sin re, cos a;, tan x, €*, log x, &c., 
are transcendental functions; for they cannot be expressed 
in terms of a?, except by infinite series. 

5. Zncrements and Differentials. — In the differential cal- 
culus we investigate the changes which any function under- 
goes, when the variable on which it depends is made to 
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If the variable x be supposed to receive a variation, the 
change in its value is called an increment ; this increment of 
a?, is usually represented by the notation Aa;. 

When the increment is supposed infinitely small, it is 
called a differential and represented by dx. 

In like manner, if w be a function of «, and x becomes 
X + Aa?, the corresponding value of m is represented hju + Aw ; 
i. e. the increment of w is denoted by At/. If the increment 
be infinitely small, it is denoted by du. 

6. Derived Functions. — If u be a function of x, then, for 
finite increments, it is obvious that the ratio of the incre- 
ment of w, to the corresponding increment of «, has, in gene- 
ral, a finite value. Also when the increment of x is infinitely 
small, we assume that the ratio above-mentioned has still a 
definite limiting value. In the Differential Calculus we in- 
vestigate the value of these limiting ratios for different forms 
of functions. 

The ratio of the increment of u to that of x in the limit, 

du 
when both are infinitely small^ is denoted by — : when u 

= f(x) this limiting ratio is denoted by /'(x), and is called 
the first derived function of/ (x) . 

fhus ; let x become x-\-h, where h = A«, then u becomes 

f(x-^ h), 

or w + Aw = f(x + A), 

.-. Att=/(^+ A) -/W, 

Au f{X'^h)-f{x) 
Ax h 

The limiting value of this expression when Ax is infinitely/ 
small, i. e. of 

f(x + dx) -f(x) 

dx 
is called the derived function off (x), and represented by /'(«), 

^:=/(^) ...(0 

This result may be stated otherwise, thus. If u^ denote 

B 2 
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the value of w, when x becomes ^i, then the ratio ^ — when 

Xx — X 

Xx^ XV& infinitely small, is called the first derived fimction 
oft/, and denoted by -r-. 

7. Differential, and Differential GoeflBoient, cS f{x), — Let u 
=«/(a?); then since 

we have du = d(f(x)) =/(«) dla?. 

where da? is regarded as being infinitely small. In this case 
dx is, as already stated, the differential of a, and du oif{x) dx, 
is called the corresponding differential ofu. Also f^(x) is 
called the differential coefficient o£f{x), being the coefficient 
o£ dx in the differential oi f{x). 

8. Oeometrioal ZUustration. — Assuming that the relation 
y =/(«) may in all cases be represented by a curve, where 

expresses the equation connecting the co-ordinates (x, y\ 
of each of its pomts ; then, if the axes be rectangular, and 
two points {xy y) (jti, 3/1) be taken on the curve, it is obvious 

that ?- — - represents the tangent of the angle, which the 

X\ —" X 

chord joining the points (a;, y\ (a?i, yO makes with the 
axis of or. 

If now, we suppose the points taken infinitely near to each 
other, so that X\-x becomes infinitely small, then the chord 
becomes the tangent at the point (ai, y), but 

^ — - becomes -^ or f(x) in this case. 
Xx" X ax 

Hence, f{x) represents the trigonometrical tangent of the 
angle which the line touching the curve at the point (a?, y) 
makes with tlie axis of x. We see, accordingly, that to 
draw the tangent at any point to the curve 

is the same as to find the derived function f\x) of y with 
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respect to r. Hence, also, the equation of the tangent to the 
curve at a point (ari, yi,) is evidently 

y-yi =/(^i) • (« - 'O- • • • (2) 

At the points for which the tangent is parallel to the axis of 
a?, we have f{x) = o ; at the points, where the tangent is per- 
pendicular to the axis,y*(x) =00. For all other points /'(^) 
has a determinate finite real value in general. This conclusion 
verifies the statement, that in general the ratio of the incre- 
ment of the dependent variable to that of the independent 
variable has 2l finite determinate magnitude, when the incre- 
ment becomes infinitely small. 

In a subsequent chapter, the application of the DiflFeren- 
tial Calculus to curves will be treated of and explained. 

9. Ale^braio XUiutrations. — That a fraction, whose nume- 
rator and denominator are both infinitely small, may have a 
finite determinate value, is also evident trom algebra. Thus, 
we have 

a na 

b nb 

whatever n may be. If n be taken an infinitely small quan- 
tity, then the numerator and the denominator of the fraction 
both become infinitely small magnitudes, while their ratio 

remains unaltered and equal -7. 

Again, if 



u - 



na + nW 
nb + n«6'' 



in which n is regarded as infinitely small, the terras of the 
fraction are both infinitely small, 

a + na' 
but their ratio is , » » 

the limiting value of which is j-. If, however, a = o and i = o, 

the value of the fraction becomes 7/. 



10. IMffonometrleal Illustrations. — To find the value of 
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7., when 0* is regarded as an infinitely small quantity. 

tan d 

K sin ^ 

As 7i =» COS Bj 

tan 9 

and when = o, cos = i, as is proved in elementary Trigo- 
nometry. 

Hence, in the limit, when = o, we have 

sin J tan , 

;: = I, and, .*. -: — Tj = I also. 

tan sin 

Q 

Again, to find the value of -. — 7:, when is infinitely small. 

sm 

From geometrical considerations it is evident, that if be the 

circular measure of an angle, we have 

tan > > sin 0, 

tan0 
or, -7—5 > -.— s > I ; 

sm sm 

but in the limit, i. e. when Q is infinitely small, 

tan . 

sin 
and therefore, at the same time 



sin 

II. Differentiation. — The process of finding the derived 
function, or the differential coeflicient of any expression, is 
called differentiating the expression. 

We proceed to explain this process by applying it to a 
few elementary examples. 

Examples. 

Substitute a; + A for a;, and denote the new value of y by yi, then 

yi = (« + Kf = a;« + 2xh + A^, 

tfi-y Ay 
. •. — r-^ or — = 2j: + A. 
h Ax 

* If a variable quantity be supposed to diminish gradually^ till it be less than 
anything finite which can be assigned, it is said in that state to bo infinitely or 
inde^nitfilT jonall; for abbreviation, such a quantity is often denoted by = o. 



= I 



= 1. 



Differentiation of an Integer Power. 

If A be taken an infinitely small quantity, we get in the limit, 

or, if /(«)=«». /'(«) = 2«. 

I 

2. y = -• 

X 

Here yi = — --,. 

a? + A 

i_ _l__ A 

* "^ or -^ = — 



h Afl? a;(af + A)' 

which equation, when h is infinitely small, becomes 



or, 



(i) . 



12. Differentiation of an Integer Power eX x. — Let y « of, 

where w is a positive integer. 

Suppose yi to be the value of y when x becomes «i, then 

ari - a? x^-x 

Now, suppose ^1 - a: to be infinitely small, in which case we 
may write ^ for x\ in the right-hand side of the preceding 
equation, when it becomes na^'^ ; but the left-hand side, in the 

limit, is represented by -j^. 

Hence, -r- = n3f^\ 

ax 

d(x^) 
or, — ^= — = naf^K 

ax 

13. Difforentiation of the Froduot of two Functions. — Let 

y = wt7, where w, v, are both functions of a?, and suppose a y, 
Au, A r, to be the increments of y, u, v, corresponding to the 
increment a ^ in a;. Then, 

Ay = (w + aw) (r + Au) - uv, 
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= t/At? + t?AM+ AWA», 
AV AV , . AW 

or, -^=u — + (v + At?) — . 

AX AX AX 

Now, suppose A re to be infinitely small, then 

Ay AV AU 
AX AX AX 

become in the limit 

dy dv , du 

d£ da dx ' 

also, since av is infinitely small in the limit, we may neglect 
the last term in comparison with the others, and thus we ar- 
rive at the result, 

dy dv du , . 

5^ = "^^"^^' •••(3) 

Hence — ^to differentiate the product of two fimctions — mul- 
tiply each of the factors by the differential coefficient of the 
other, and add the products thus found. Otherwise, thus : let 
/(jc), ^(aj), denote the functions, and A, the increment of a:, 
then, 

yi =/(a: + A) (or + A), 

• h h 

^ fjx^h^fjx) ^^^^^^ ^^^^^ j^jx^h^^jx)^ 
Now, in the limit 

and tiili^llil^ = ^'(a:), 

and, accordingly, 

which agrees with the preceding result. 
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14. DiffBrentiation of the Produot of any Nainber of Funo- 
tions. — First, let 

y = uvw 

suppose vw = % 

then y = uz 

and, by Art. 13, we have 

dy dz du 

dx dx dx ^ 
but, by the same Article, 

dz dv dw 

Hence, 



dx'^'Tx^'dx- 



dy du dv dw 

dx dx dx dx 

A similar process of reasoning may be applied to any number 
of functions. 

The preceding result admits of being written in the form 

1 dy 1 du I dv i dw 

y dx u dx V dx w dx^ 

and in general, if 



we have, 



ydx " yidx y^ dx' ' ' yn dx' ' * * w 



1 5. DiffDrentiation of a Fraotion. — Let 

u 

then u = yv, 

\ by Art. 13, 

du dv dy 
— — y — + V -^, 
dx ^ dx dx 

dy du dv du u dv 
dx dx ^ dx dx v dx 
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du dv 

V -= — u — 

da da 



V 



du dv 

" dx" '^— ' • - KS) 

Hence, to differentiate a fraction, multiply the denominator 
into the derived function of the numerator^ and the numerator 
into the derived function of the denominator, take the lattelr pro- 
duct from the former, and divide by the square of the denominator. 

i6. To find the differential of — . 



Let y = — , and we have evidently, by the preceding 

Article, 

dy i>\3c) 

This result admits of another proof, as follows : — 



y = 



*W' 



^' " <t>(x + hy 
.y±zl « - \ ^ 

h (or) (a? + h) 

which gives in the limit 

dy ^ i>'(^) 
dx (^(a?))*" 

It may also be written in the form 



4-) - 

_W_ dx 
dx "'Z^ .... (6) 



I. w = 



Function of a Fanctum, 1 1 

Examples. 



a -\- s dx {a-r x)r 

du 

2. M = (a + x) (d + «). -- = a -^ b + IX. 

ax 

1 7 . Differentiation of the ram of a nnndMr of Amotions. 

Let 

y = M + i; + tt7 + &c., 

then yi = 1*1 + t7| + t£7i + . . . 

y\~y Ui-u Vi- V Wi — w 



which becomes in the limit, when h is infinitely small 

df/ du dv dw 
dx dx dx dx ' 



• • • 



Hence, if a function consist of several terms, its derived 
function is the sum of the derived functions of its several parts, 
1 8. BifRorentiation of a ftmotion of a Amotion. — Let y =f{x) 

and w = (y), to find -r-- Suppose yi, Ui, to be the values of 

y and u corresponding to the value Xi for x ; then if ^ y, A u, 
A«, denote the corresponding increments, we have evidently 

ui- u ^ ui-u y\-y 
x^- X yi-y ' xx' X 
or 

AU At£ Ay 

A^ Ay ' A;2; 

As this relation holds for all corresponding increments, it 
must hold in the limit, when a 2; is infinitely small ; in which 
case it becomes 

du du dy . 

dji^d^'dx • • (7) 

Hence, the derived function with respect to xofu, is the 
product of its derived, uith respect to y, and of the derived of y 
tvith respect to x. 
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Examples. 


I. 


tt=(a2 -x^y. 


Let 


a* - x2 = y, then u — y*. 




du A ji^ 

- = 5y* and -p = - 2a;. 

dy ^ dx 


Hence, 






du 

^ = ioa;(a2 ««)*. 

dx 


2. 


- dy 
y = «», to find "T 


Here, 


y" = a?», 


then 


dx dx 


but, also 


dir) ^d(yy dy _ dy 
dx dy ' dx dx 



dy m aj"»'i m --i 



I 

3- y = ar»»=-r» 



by Art. i6 we get 



d'y inxv*-i 
dx a?*"* 



= — wi . a? 



-m-l 



Combining the results of the last two examples, with that 
of Art. 12, we get the following rule for the differentiation 
of any power of x. Diminish the index by unity ^ and multiply 
the power of x thus obtained by the original index ; the result 
is the required differential coefficient. Accordingly, 

-V— = »w^"*"^ • • • • (8) 

dx 

for all values of m, positive, negative, or fractional. 

For another method of establishing the preceding result 
the student is referred to Galbraith's Algebra, p. 320. 
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19. Differentlatioii of an inverse fnaotion. — To prove that 

dx I 

^y" dy 

dx 
Suppose that from the equation 

y»/W (a) 

the equation 

^ - (y) (ft) 

be deduced, and let x^ yi, be corresponding values of x, y, 
which satisfy the equation (a), it is evident that they will also 
satisfy the equation (i). But 

yi-y Xi'X 

X a I. 

As this equation holds for all finite increments, it must 
hold when Xi - x, and yi -y, are infinitely small ; therefore, we 
have in the limit 

dy dx 

^ • ^ ° '' • • • (9) 

The same result may also be arrived at firom Art. 1 8, as 
follows : 
When y-f{p) and w = (y), 

we have, in all cases, 

du du dy 
dx dy dx 

This result must still hold in the particular case when ti «= 2;, 
in which case it becomes 

dx dy 

dy dx 

We next proceed to determine the differentials of the ele- 
mentary circular functions. 

20. Differentiation of sin x, — Let 

y = sin or, yi = sin (x + A), 



M 



Differential Coefficients. 



. h ( h\ 

. , ,- . 2 sin - cos : or - - 

y\-y sin (x-i-A)-aind? 2 V 2 



But by Art. 10, die 




moreover, the 1 
Hence, 



d (sin x) 
~dx 



cos X. 



. . . (10) 



2 1 . Differeniiatioii of cos X. 



y = cos a?, yi = cos {x + A), 

. h . ( h 

, ,. 2 sm - sin ( re + - 

yi - y ^ cos (ar -t- A) - cos a; 2 V 2 

""A h I 

Hence, in the limit 

d cos X 



dx 



- sin X 



■ ■ ■ (II) 



ITiis result might be deduced from the preceding, by substi- 

tuting 2 for a?, and appljdng the principle of Art 18. 

22- DUferentlation of tan x, 

y = tan a;, yi = tan (x + A), 

sin (a; + h) sin a; 
y\- y tan (a: + A) - tan a; cos {x -f A) cos a ? 
"X"" A " ^ 

sin A 



A cos a; cos (a; + A)' 



which becomes 



cos ^a; 



in the limit. 
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Hence, 

d (tan x) I , . 

= — -— = sec^x ... (12) 

ax cos' X ^ ' 

Otherwise thus, 

- sin a? d^vcLX . d cos x 

, /, X » . cos X — sin X — 7: — 

» (ta n X) _^ cos x dx dx 

dx dx cos' X 

by Art. 1 5, 

_ cos' X + sin' X I 

cos' X cos' X 

23. Differentiation of cot X, — Proceed as in the last, and 

d (cot x) I „ , , 

— ^-T = - -r—^ — = cosec 'a? . . . ( iq) 

dx sin'ar ^ ^^ 

This result can be derived from the preceding by putting 

z for X. as in Art. 2 1 . 

2 

24. Diffnrentiation of sec x, 

I 



TT 



y = sec X = 



cos ^ 



dy sm ^ , V 

.-. -^ = = tan X sec x ... (14) 

dx cos' X 

o.. ., 1 ^ cosec a: 

Simdarly, — ^ = - cot ^ cosec x. 

25 . X>ifferentiation cf y '^ sin~ ^ ^. 

Here a? = sin y .-. ^ = cos y. 

Hence, by Art. 19, we get 

dy I 



cte cos y v^ I - a?' 

The ambiguity of the sign in this case arises from the ambi- 
guity of the expression y= sin"* a?, for if y satisfy this equa- 
tion, for a particular value o(x, so also does ir-y; as also 
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2ir + y, &c. If, however, we assign always to y its least value, 
i. e. the acute angle, whose sine is represented by the quantity 
x, then the sign of the difierential is determinate, and is 
evidently positive ; since an angle increases with its sine, so 
long as it is acuie. Accordingly, with the preceding limitation, 

d . sin " * ^ I , ^ 

. . . (15) 



dar 




Vi-x" 


In like manner we find 






d.cos'^x 


= 


I 


dx 


\/i -a?* 



. . . (16) 

with the same limitation. 

This result can be at once deduced from the preceding, 
by aid of the elementary equation, 

sin " *^ + cos ' * ^ = - . 

2 

26. Differential of tan~^ x, 

y = tan''a? .'. ^ = tany. 

Hence 

dx I 



dy cos* y 

d.tBxc^x ' dy ^ I 

.-. — J = 3^ = cos*y « . . . (17) 

dx dx ^ I +a?* ^ '^ 

Similarly, 

d.cot"^ X I 



dx I +^* 

27. Differential of sin " a; cos *" 0*. 

Let w = sin " a:, t; = cos " x ; 

then, by Art. 13, we get — 

— (sin" X cos"* x) = sin""* x cos*""* x (n cos^ x-m sin* x). 
dx 
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28. Examples. 

dy 
I. y = sin (iMf + a). — = « coe (fM;+ a). 

a. y s cos ma; COS ii«. -f- = - (m cos fu; sin ffu; + ft cos me sm fu;). 

3. y — {a 8in2 a? + * cos* a?)*. — « « (a - 4) sin 2« (a sin' « + * cos* *)*~^. 

4. y s= sin (sin %), 

dy 
OT y— sin Uy where « 3 sin a;. -7- = cos a; cos (sin x). 

dy *" fiaf*"! 

5. y = 8in-» (a?»). 



<te (i - «»•)» 
6. y = sin-*(i -»■)*. 
Here (i — «»)* = sin y .*. a; = cos y 

d^ . ^ ' 



I = — sm y 



<to* ' ' da \/ 1 - »•* 

i + a cos « dy ./a* - b* 

7. y = cos-i —--5: . -f- = -v-!!- 

a + *cosa; dx a + *cosaf 

29. Bifferentialloii of loga^. 

y = logax, yi = loga (a: + A), 

yi-y ^ logg (a? + A) - logg g ^ ^^^V^ ^a) 



Hence -^ is equal to the limiting value of 



Mi:^*) 



7S ' 



when h is infinitely small. 
Let h ^ xuj then 



log/,+Jj ^ log.(l + «) I, ^ . 
>. ' = 2_ J^ i ^ _ log. ( I + u)« 



-log- (!+«)= 
^ tl X 

C 
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.-. ^ = i multiplied by the value of log. (i + u)-, 

(tX X 

when u is infinitely small. 

To find the value of the latter expression, let - = s, then 

{\\uY becomes [ i + - J , in which % is infinite. Suppose 

the limiting value of this expression denoted by the letter e, 
we can find its value as follows by the Binomial theorem :— 



(-:)'■ 



2 I S(2-1) I 
I % I . 2 S* 



.X:J).(:ii)IiJ... 



I + - + 

I 1.2 1.2-3 



The limiting value of which, when ^ = oo , is evidently 

III ^ P 

I + - + + + + &c. 

I 1.2 1.2-3 1.2.3.4 

By taking a suflScient number of terms of this series, we 

can approximate to the value of e as nearly as we please. 

The ultimate value can be shown to be an incommensurable 

quantity, and is the base of the natural or Napierian system 

of logs. When taken to nine decimal places, its value is 

2.718281828. 

1 

Again, since, (i + w)« = e, when w= o, we get 

d . lOg g^^ lOggg ^ , gv 

ddi, X 

This result can also be arrived at somewhat diflferently, thus — 
assume that the expression of logo (1 + w) is, of the form 

loga (i + w) = i + Mu + Nu^ + Fu^ + &c. 

when w = o, we get L = loga ( i ) = o 

.-. loga (i + w) = Mu + Nu" + &c. 

u 
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Now, if we assume that iST, P, &c., are finite, we get M 

to be the limiting value of ^°' — when m = o ; and it can 

u 

be shown that each of the other coefficients contains Jf as a 

factor. See Galbraith's Algebra, p. 372. 

But we have seen already that if 

y = log<.(x). I = i !£&L_(Ll!i), ^he„ „ . „ . 

The coefficient Jlf is called the modulus of the system whose 
base is a. To find its value, since we have identically, 

we get by (a). 



d . logft a? d /loga aj\ 3f 



da? dx \loga 6/ loga ft X 

M 

Thus, the modulus of the system whose base is i,is, , r, and, 

loga^ 

since b is completely at our disposal, we may assume that for 
some base this modulus becomes unity ; let this base be de- 
noted by e, then we must have M = loga e. 

Hence, ^-^ = ^^^ 

ax X 

1 

Also, since M = loga ( i + «)** in the limit, it is evident that 

1 
e represents the limiting value of (i +w)u as before. We shall 

"show in a subsequent place, without assuming the Binomial 
expansion, that e is equal to the series 

I + - + + + &c., ad infinitum, 

I 1.2 1.2.3 

Since the calculation of logarithms to any other base 
starts from the logarithms of some numbers to the base e, as, 

C 2 
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moreover, the logarithms of all numbers are expressed by 
their logarithms to the base e multiplied by the modulus, the 
system whose base is e is fundamental in analysis, and we 
shall denote it by the symbol lo^ without a suffix. 
In this case, sinoe log « » i, we have 

^•l°g*% ...(>9) 

Again, 

ilog..^-i^ . . . (20) 

where logio^ or z is the modulus of Briggs' or the ordi- 
nary tabulated system of logarithms — the value of this mo- 
dulus when calculated to ten decimal places, is, 

0.4342944819. 

On the method of its determination see " Galbraith's Al- 
gebra," p. 379. 

30. Differentiation of a'. 

y « a* Pi a a*^. 

" h """ h ' 
or 

AX h 

In order to find the limiting value of — 7—, when A = o ; as- 
sume a* - I = w, or a* = I + w ; then h log a = log (i + ti), 
accordingly, 

a* - I ^ u . log a _ log a 

h "" log(i+w) ~ log (i + ti)» ' 
but, by the preceding Article, when w = o, 

(i + w)i = e 

•*• log (i + u)u = I. 
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Hence, in the limit, 

o*— I 

_^.logo. 
Accordingly, we have, 

-^« a».loga. ... (21) 

Otherwise, thus : — From the equation y = a* we have 

.-. by Art. 29, 

(to 



ax I , 

— = - log. e 

dy y ^ 



dy 



dx dx logatf 
dy 

d.c^ of" 

.-. — ; — = 1 = O* lOff a. 

CM? lOga t ° 

The same result as arrived at by the preceding process— 
Also since, log « •> i, we hsre 









dx 


31. 






EXAVPLES. 


I. 






y = log (dn «). 


Let 






■in s s z, then y s log «. 


And unce 






dy dy dz 
dx"^ dz ' dd 


▼eget 






dy eoBX 

3-- . -cots. 

<£r tins 


*. 


y* 


slog V^<*2- 


r" - 1 Imp ffl* r«> - '^ » * 


^* 


^ iiogc« ^;, ^- ^, ^ 


3- 


y= 


* W^^% 


dx 



22 Differential Coefficients. 

4. y = ar«, 

Here, log y ^x log x. 

Hence, - ^ = (log a; + i), .•. -^ — = a;« (i + log x). 

y ax ax 



r, y = Ifto- n-COSX 

COS* 



, I 

/ I — COS X __ I 
'V I + COS X I 



X 

2 sin* - 
-^^^ =tan- 

2 cos' - 

2 



.-. y = log tan -. 



2 <£r sina; 

32. Ziogaiithmio Differentiation. — When the function to be 
differentiated consists of products and quotients of functions, 
it is in general useful to take the logarithm of the function, 
and to differentiate it. This process is called logarithmic 
differentiation. 

Examples. 
I. y = yi . y2 . ya . . . y« log y = log yi + log y2 + . • . + log y*. 

I dy I dyi 1 dy2 i dyn 

Hence -T"=~"7"+"~"T" +••• + t"» 

y dx yi dx y^ dx yn dx 

Which famishes another proof of formula (4), p. 9. 

8in*»a; 

COS** X 

Here, log y = *» log sin a; - n log cos x ; 

1 dy cos x sin x dy ain x^'^ , , . . ^ 

.\--T-=m-. +» •*• -r= — — T (»ioo8*« + fism«a?). 

y dx sm X cos X dx cos a:**** ■ '' 

(a:-i)f 
3- ^ (aj-2)i(a:-3)5 

Here, log y = - log (a;- i) - 7 log(a;-2)- ^ log (a;- 3); 

243 

i. ^_i _^ I -1 7 I _ Tx^ + ^ox-g'j 

^^®®' y rf* " 2 a;-i 4 a;-2 3 a;-3 12 . (j?- i) (a?-2) («-3) 

£?y _ (a;- 1)1(7 3^433 a; -97) 
Hence, ^ " "" 12 . (a: - 2)i (* - 3)V 



rfy a* + a*** - 4a:* 



^= a; (a^ -f a^) v/«* " ^' (Jx~ ytfTTx* * 
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X 



S' y = ^ 

log y = *» 

dv * 

- = ««aj«(i+loga;)- 

6. y = «•, 

where m and v are both functions of x, 

here logy = {;logtf 

I rfy_. do 9 du 

' ' y' dx ' dx u * dx 

dy I . dv V du\ ^ dp ^ du 

.•.- = .. ^log »-+—)=«. log« - + ««-• -. 

33. The expression to be differentiated frequently admits 
of being transformed to a simpler shape. In such cases the 
student will find it an advantage to reduce the expression to 
its simplest form before proceeding to its differentiation* 



I. 



y = sin - ^ — 



Examples. 



Here ■ . = sin y, or , = sin'yj bence j; = tan y, 

^l ^gA I +» 

dy I 

and we get -^ = cos *y = . 

ax I + »» 

_i V I + x* + ^ \ " g^ 



2. y = tan 



■■■ ■ ■ 

VI + a?* " \/i - a;* 

„ . \/i + «* + \/i -«• 
Here ^ y = -^ ^ ^ 

v/ 1 + «> _^ tan y + I 
yr^ tan y - i' 

I -f g* ^ i + tany)* 
^' I - «> ■" (i - tan y)« 



24 



inferential CoefficienU. 



, ^ ^ (I 4 tan y)« > (i - tan y)« ^ jj 
" (i 4 tany)« + (i - tanyjt ''14 



tany 



tanSy 



sfiiniy. 



Hence 



-^ 008 2y B a; 
dx 



. ^= 



ji; 



y 



" d(g coB2y y,_a4* 

=iog / v^ '^ + y^^ ^ 1 log y '^^ -^ v/^ 

\\/i4«-Vi-« * \/i4«-vi- 
I 4 \/i - «2 



Hence 



= -log 



— « 
I 



= - log (i 4 y/i - «») - - log r 



2d; 



V^i-«* 



= tan-iA/'+**- 



y = tan 



i4tan-» 



2a; 



Let d; « tan s, then the student can easily prove that 

y = -« ; hence /- =^ •,. 

2 (to 2 I 4 '* 
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Examples. 



I. y = 8ec-i». 

a. y a jT log X. 

3. y = log tan x. 

4. y = log tan '^x, 

6. y e: sin (log x). 

7. y = tan-* 



rfy 


I 


(fe 


xy/afi — I 




I + log X, 




2 

sinax 


ov 


1 


dx° 


(x + ar») tan-i« 


4x~ 


a 


da 


008 (log a;) 

• 

X 


dy_ 
dte 


I 


i» 


I 



• 4.-1 l/«+ V<» 

8. y = tan'i Ji ^. _ - ,- 

^-y/ax ^ ^y/x^i^x) 

Here y = tan -* V * + tan -^ V «• 

^' ^ " (i + «>)«' ^ - (i + aJ*)*^** 



10. y = log f ^^ Y - 1 tan -1 «. 

11. y = log /2L^:1=^ 



1 ^ 



«« 



<ito I - »* 
a; ^ I 



^ V I + «■ 

, (i + «»)* dy x 

13. y = log-(7:;-,y + itan-iar. i^ =(, + ,)(, +15^- 

I - a? dy ^ (i +» 

'^ ^." \/r+ir ^" (i + ««)' 

I c. y = i . -— = ; (I - «'}• . tin *». 

^ ^ X dx 9 3^ 
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I —tana? dy , . ^ 

i6. y = . -^ = - (cos « + sin a;). 

sec a; dx 

. V i-**+a:\/2 dy \/ 7. 

17. y = log V y 1^ 



y riTi dm (y/frp'+ aV^i) (i - *2) 
18. y= - ^^ — - ^_v J t 



,9. y=log_+Hog^-^^,+yjtan-.^-^ _ = _, 

20. y = log{(2»-i)+a\/x«-»-,} _=^^-___. 

2,.y = log fL±£v^it£?+t«n-£V^. ^=Vr 
\i-a;\/2 + a:* i-aj« ^^^ i + a:* 

22. If (» + y v^- i) = (a + j3 V - i)», prove that 

dx^-itdA^ _ ^ dcfi+dp* 
a;«+y* " "aMHai*"' 

23. If tan 0. tan ^= -4=> P«>ve that g + JE^^ = o. 
34. y = e*" tan -1 «. -^ = (j«^f j-^ + *• tan'^x (i + log«) I 

25. Being given that y = a;^(i-««] (i j : if 

rfy ex*-\-<f x^+c" x^ 

determine the values of 0, 0', e'*. 

dy I 

26. y = log (log »). — = — ;; . 

^ ^ ^ ^ ^ Ox ajloga: 

, 3 + 5 COS a: dy 4 

27. y = cos-* =^ . — = . 

5 + 3 cos a? <fa; 5 + 3 cos a: 

I — a:» 

28. y = sin-^ 



I + «" 

^y 

29. y = d«« sin*» ra: T ~ *^ sin'»»"» rx (« sm ra? + mr cos ra;). 

30. y = #«* sin ra; -p = ^o* \/ a* + r* sin (rx + a). 

r 

where tan a = -. 
a 
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31. y = a:«* ~ =«^*"-i («log« + i). 

= dy — 

3a. y = (i + ar«)« sin (m tan-i «), — =m(i + ««) « cos {(m- i) tan-ia} 



. cos X — b sin a; 
33- 



V y = iog J- -T-^ — • 

^ a COS « + 6 sin a; 

34. y = tan-^ I sin rr I 

V 1 + ^ / 



35. If y = -, prove the relation 

X 



iy dx 

'" 4> — 

\/i+y* v^i + 



= o. 



«« 



36. If tt = log ^ ^ ^ proye that ^ w of the form 

a;8 + aa? — v («' + ax^~bx 



Ax + 3 

', and determine the yalnes of A and JB. 



*y {x^ -^^ ax)^ " hx 

37. Prove thatflV8ingcosai/i-<^Bin»g=.-^«7:!l-gj^ 

determine the yalnes of A^ B^ C. 

38. If « = « + -.- + ^ - + — ^ - + ... flk? ffi/.; find the sum 

23 a. 4 5 2.4.6 7 

of the series represented by - -. Ann. (i -**)"'. 

» 

39. Kednce to its simplest form the expression 

3«^ d a:(aj2 + 2fl)* 

40. Differentiate 



a h-^-'i^ . . 2X ' 

aj« + / 4. sm"' + log sec x, 

y3-2» i+aj» 



d 
' 41. If— . {aP(i - «> (i + ax)-^^} = ayi (i - a;)«-i (i + aa?)-(*^«){a*« 

+ /3x (i + ««) + 7 (i +««)'}, find the values of a, j8, 7. 

42. Giyeny = _C^zO!_ . find|. 

43. Prove by differentiation, that 
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Vi + »)* 



44. y s= 2 tan 



1 — X y dy 

Her© = tan' - .*. « = cob y .•. 



T* • • / . \ *!. A ^ Bin»(a+y) 

45. If sin y = « Bin (a + y), prove that -^ = r ^. 

46. If «(i + y)» + y (i + «)* =0, find ^. 

In this case «» (i + y) = y* (i + «), 

.-. «»-yi = y«(y-a;), 

% dy I • 

ora? + y + «y = o.'. y = - 



I + «' * dx (i + «)•* 

48. y s= » 8in» (v «). 

49. If « and y are given .aa functionB of ^ by the equations 

find the value of ^ in terms oti. ^ - ^^^^ 



50. y = 






I +»■ 



I +«!• 



__ af* dy 

Henoe y = ---- ; — = + 



I + &c. Ml injinitum. 

TTy' dx~ - yifiTi 

at 
51. X =$ 

« «ry log* 

Hence y = 5 ; -7- = 7 — --p — rr. 

i+log» <iK (i+logoj)* 
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CHAPTER II. 

SUCCESSIVE DIFFERENTIATION. 

34. SnooesBlTe Derived Fimotioiui. — In the preceding chapter 
we have considered the process of finding the derived func- 
tions of different forms of functions of a single variable. 

If the primitive function be represented by /(or), then, 
as already stated, its Jirst derived function is denoted by/'(a?j. 
If this new function, f*{x)^ be treated in the same manner, 
its derived function is called the second derived of the original 
function /(a?), and is denoted \>y f\x).. 

In like manner, the derived function of /" {x) is the 
third derived of /(a:), and represented ^jf"{x\ &c. 

In accordance with this notation, the successive derived 
functions oif(x) are represented by 

fix), /"(«), rw. — /"'(«). 

each of which is the derived function of the preceding. 
35* Socoeflidve Differential Ooefltoiente. 

If y =/(«), we have ^ -/(«). 

Hence, differentiating both sides with regard to x, we get 

then ^'f^'^' 

In like manner, j- ( j^ ) is represented by -7^, and so on ; 
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hence 3=/'», &c. . . . g=/<"'(^) ... (0 

The expressions 

dp d^y d^y dPy 

di' dx^' ^' ' • * dxn 

are called the first, second^ third, , . . n^^ diflPerential coeflScients 
of y regarded as a function of x. These functions are some- 
times represented by 

^, y\ y"» • • • 3/^"^ 

a notation which will frequently be found convenient in 
abbreviating the labour of forming the successive differential 
coefficients of a given expression. From the mode of arriving 
at them, the successive differential coefficients of a function 
are evidently the same as its successive derived functions con- 
sidered in the preceding Article. 

36. Sttooesaive Differentials. — The preceding results admit 
of being considered also in connexion with differentials ; 
thus, since x is the independent variable, its increment, cfcr, 
may be always taken of the same infinitely small value. Hence 
in the equation dy =/'(^) dx of Art. 7, we may regard dx as 
constant, and we shall have on proceeding to the next diffe- 
rentiation, 

d {dy) ^dx d W{x)-\ = {dxyf%x), 
since d [/' {x) '\^f'{x)dx\ 

Again, representing d, (dy) by d^y, 
we have dy = /"(ar) . (^dxy ; 

if we differentiate again, we get 

d'y-f'''(x).(dxy; 
and in general 

d''y^f^^(x).(dx)\ 

From this point of view we see the reason why/^"^(^) is 
called the n*^ differential coefficient of /(ar). 



Infinitesimals. 3 1 

In the preceding results, it may be observed, that, if dx 
be regarded as an infinitely small quantity^ or an infinitesimal 
of the first order, (dxy being infinitely small in comparison tcitk 
dx, may be called an infinitely small quantity or an infini- 
tesimal of the second order, as also d^y, if /"(^) be finite. In 
general, d^y being of the same order as {dxy is called an in- 
finitesimal of the n'* order. 

37. TwfinitfliiiTnaU. — We may premise that the expressions 
great and small, as well as infinitely great and infinitely small, 
are to be understood as relative terms. Thus, a number which 
is infinitely great in comparison with o, finite number, is said 
to be an infinitely great, or an infinite number. Similarly, a 
number which is infinitely small in comparison with a finite 
number is said to be infinitely small. If any finite number be 
conceived to be divided into an infinitely great number of 
eqiuil parts, each part will be infinitely small with regard to 
the finite number ; and may be called an infinitesimal of the 
first order. Again, if one of these infinitesimals be conceived 
to be divided into an infinite number of equal parts, each of 
these parts is infinitely small in comparison with the former 
infinitesimal, and may be regarded as an infinitesimal of the 
second order, and so on. 

Since the number by which any measurable quantity is 
represented, in general, depends upon the unit with which 
the quantity is compared ; it follows that a finite magnitude 
may DC represented by a very great, or by a very small num- 
ber, according to the unit to which it is referred. For ex- 
ample, the diameter of the earth is very great in comparison 
witn the length of one foot, but very small in comparison 
with the distance of the earth from the nearest fiixed star, and 
it would, accordingly, be represented by a very large, or a 
very small number, according to which of these distances is 
assumed as the unit of comparison. Again, with respect to 
the latter distance taken as the unit, the diameter of the earth 
may be regarded as a very small magnitude of the first order, 
and the length of a foot as one of a higher order of smallness 
in comparison. Similar remarks apply to other magnitudes. 
Again, in the comparison of numbers, if the fraction (one 

million)**, or — ^ which is very small in comparison with unity. 
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be regarded as a small quantity of the first order, the fraction 

— -, beinff the same fractional part of — that this is of i, 
lo" ° ^ io« 

must be regarded as a small quantity of the second order, and 

so on. 

The preceding is introduced solely for the purpose ofilluS' 

tration. If now, instead of the series — , ( — ] , ( — ) 

io«' VioV \iov 

. . in which 



we consider the series 



v2n' 



v3n' 



lO" 10*" JO 

n is supposed to be increased without limit, then each term 
in the series is infinitely small in comparison with the pre- 
ceding one, being derived from it by multiplying by the 

infinitely small quantity — -, Hence, if — -^ be regarded as 

an infinitesimal of the first order, , — -, . . - — may 

10*" 10*** id'* *' 

be regarded as infinitesimals of the second^ thirds r'* orders. 

38. Oeometiical Ulustration of Infinitecomals — The follow- 
ing geometrical results will help to illustrate the theory of 
infinitesimals, and also will be found of importance in the 
application of the Differential Calculus to the theory of 
curves. 

Suppose two points, Aj By taken 
on the circumference of a circle ; 
join B to Ey the other extremity of 
the diameter AEy and produce EB 
to meet the tangent at A in D, 
Then since the triangles ABB and 
EAB are equiangular, we have 

AB BE ^ BD AB 
AD'AEP""^ AD" AE 

Again, when the points -4, jB, are 
infinitely near each other, BE be- 
comes ultimately equal to AEy and, therefore, at the same 

AB 

time, ^ = I. 




Oeometrical Illustration. 33 

Again, -j^: becomes infinitely small along with -j^ i. e. 

BD becomes infinitely small in comparison with AD oi AB> 
Hence, BD is an infinitesimal of the second order ^ when AB 
is taken as one of the first order. 

Next, draw 5iV perpendicular to AD^ and BF di, tangent 
at J5. Then, since AB > AN, we get AD - AB < AD 
'AN<DN, 

AD- AB DN AD 

BD ^ BD^ DE' 

Consequently, ^=r — becomes infinitely small along with 

AD^ .". AD - AB is an infinitesimal of the third order , More- 
over, as BF^ FD, we have AD ^AF^ BF .-. AF + BF 
- -4-B is infinitely small of the third order ; but AF + FB is 
> arc AB, hence we infer that, the difference between the 
length of the arc AB and its chord is an infinitely small quan* 
tUy of the third order ^ when the arc is infinitely small of the 
first. In like manner it can be seen that BD - BN is an 
infinitesimal of the fourth order, and so on. 

Again, if AB represent an elementary portion of any 
continuous curve, to which AF and BF are tangents, since 
the length of the arc AB is less than the sum of the tangents 
AF ^na BF, we may extend the result just arrived at to all 
such curves. 

Hence, the difference between the length of an infinitely small 
portion of any continuous curve and its chord is an infinitely 
small quantity of the third order, i. e. the difierence between 
them is ultimately an infinitely small quantity of the second 
order in comparison with the length of the chord. 

The same results might have been established from the 
expansions for sin a and cos a, when a is considered as in- 
finitely small. 

If in the general case of any continuous curve ; we take 
two points A, B, on the curve, join them, and draw 5^ per- 
pendicular to AB, meeting in F the normal drawn to the 
curve at the point A ; then all the results established above 
for the circle still hold. When the point B is taken infinitely 
near to A, the line AF becomes the diameter of the circle of 
curvature belonging to the point A ; for, it is evident tiv«A. \,l\^ 

D 
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circle which passes through A and jB, and has the same tan- 
gent at A as the given curve, has a contact of the second 
order with it. See " Salmon's Conies," Art. 239. 

We next proceed to find the successive derived functions 
in some elementary examples. 

39. Derived Functions of mf^. 

Let y - af^, 

, dy d^y 

then -f- = 7wa;"*~* —^ = tw (m - i ) a?*""'. 

dx ' dx^ ^ 

dPy 
and, in general, -7-^ = m{m - i) (m - 2) . . . (m- w + i) jr*"". 

If m be a positive integer ; then since ar® = i, we have 

and all the higher derived functions vanish. 

If m be a fractional, or a negative index, then none of the 
successive derived functions can vanish. 

Examples. 

I. If M « nx* -f to»-» + €7?^ + &c., 
then. -r-, ■ w ( w - ^a?""' + (» - ' ) (» - *) *^*^' + *«.» 

ttliO, — = I . 3 . . . w . «, 

44 

ttua, -. = { -- «>• 



</»» 



rM-*M 



dy a 
yrovo that djc~ /'' 


<Py a t^y 3 « 




;^. ;;.7 . . .(2W- Oa 



Derived Functians of sin fthv. 3 5 



40. Ify = x^ log X, to find -—-, 



Here 



also, 



dx' 


= 3^:^ log X + X'^ 


dhf 


= 6x log 0? + 30: + 2* 


: 


= 6aj log x-\- ^x 


d^y 
dy" 


= 6 log a? + 6 + 5 


d'y 


6 


dx' 





It might have been observed that in this case all the 
terms in the successive differentials, which do not contain 
log J?, will disappear from the final result — thus, by the last 

article, ^ = o, accordingly that term may be neglected ; 

and similar reasoning applies to 'the other terms. The work 
could accordingly be simplified, \ by neglecting such terms as 
we proceed. 

The student will find no difficulty in applying the same 
mode of reasoning to the determination of the value of 

rr^, where y = x^'^ log a?. 

For, as in the last, we may neglect as we proceed all terms 
which do not contain log a: as a factor, and thus we get in 
this case, 

d^y (w - I ) . . . 2 . T 

daf* X 

41 . Derived Functions of sin mx. 

Let y - sin ma?, 

then -y- ^ m cos mx^ 

dx 

l> 2 



( 
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—i- 8 - m' sm ma. 

and, in general, j-^ = (- i)* . W» . sin tna, 1 

^ > • • • (2) 

42. llerived Ftmotions of e^. 

Let y»«*^ 

then | = ae-,g = a«.-, ... g = a".-, ...(3) 

This result may be written in the form 

^)?6«- = a"e- ...(4) 

where the symbol { ;t- ) denotes that the operation or pro- 
cess is applied n times in succession to the function «*^. 
In general, adopting the same notation, we have 

Which result, if ^ (x) denote the expression, 

may be written in the form 

* (^) ^"^ = « («) ^"' • • • (S) 



Derived Fu fictions ofef^cosrx. 37 

in wHch ^ (a) is supposed to contain only positive integer 
powers of a. 

43. To find the n^ Differential of ^' COS rx. — Let y repre- 
sent the proposed expression, 

then ^ = a^cosrx-r^^rx 

ax 

■■ «•* (a cos rx- r sinrx); 

iftan^ =» - we haverssin^ \/a* + r*, anda = cos^ \/a* + r*. 
Hence, we get 



Again, 



^ = (a« + r»)» ««* cos (rx + ^). 

-~ = (a* + r")i «** [a cos {rx + 0) - r sin (nr + ^)] 

= (a* + r") e^ cos (rx + 2<f). 

By a similar process, it is easily seen that we have in ge- 
neral, when n is any positive integer, 

-^ = (a« + r^y e" cos (rx + n^) ... (6) 

44. If y = c***"**, to prove that 

Here, we have 

loff y = a sin *x, .•• - -^ = / ^ » 
®^ y cfe Vi-x« 

/ ^y 

or, V I - X* ^ = ay, 

squaring both sides, this becomes 

(-'■)(i)'-«v: 



38. Successive Differentiation. 

Diflferentiate a second time, divide by 2 -^^ and we get the 

required result. 

45. Theorem of Xieilmliz. — ^To find the n*^ differential 
coefficient of the product of two functions o(x. Let y = t«r, 
then, adopting the notation of Art. 35, p. 30, we write 

, , , ^ dy du , dv 

and similarly, y^\ u\ v\ &c., for the second and higher de- 
rived functions — thus, 

Now, if we differentiate the equation, y = wv, we have, 

y' » uv* + f/V, by Art. 13. 
'I'hc next differentiation gives 

y" = uv' + uV + v'u^ + ru" -= uv'^ + 2uv + vu' . 

The third differentiation gives 

y"' - uv''* -^ wV+ 2mV' + 2M"t?' + vu"-\-vu" 
-Mr'"+3«V'+3MV4t;M% 

in wliich the coefficients are the same as those in the expan- 
sion of {a + by. 

Suppose that the same law holds for the n* differential, 
nnd that^ 

1.2 
Thon, difforontiating again, we get 

^ 1.2 



Leibnitz^ s Theorem, 39 

in which it can be easily seen that the coefficients follow the 
law of the Binomial expansion. 

Accordingly, if this law hold for any integer value of w, it 
holds for the next higher integer ; but we have shown that it 
holds when « = 3, therefore, it holds for n = 4, &c. 

Hence, it holds for all positive integer values of n. 

In the ordinary notation the preceaing result becomes, 

d^(uv) ct*v du d^'^v n.(w-i) d^u d^'^v 

-V-^ = w -7- + n —- ~ — - + — i <- -— + &c. 

rfaj" oar" • dx dx'^'^ 1.2 dx^ dx^"^ 

dHi , . 

46. To prove that 

■^J^u = e«(a + 0.«. ...(8) 

Let V = ^'^ in the preceding theorem ; 

dv cPi? d'*v 

then, smce -7- = ae'^, -j- = a^e"^, • • • 3-;. = ^^^^j 

' dx dx^ < dx^ 

we have 
dY ( du n,(n-i) ^^cPu ^ dHi\ 

dxj \ dx I .2 dx^ drv 

which may be written in the form 

UY ( d n.(n-i) „ /dV o /^V) 

where the symbolical expression (^■•■"T ) ^^ supposed to be 

J du d^u d^u 
developed by the Bmomial theorem and ~, ^ • • • j-z. 

substituted for [-ir\u, [jA w, (^J^ ^^ ^^^^ resulting ex- 
pansion. 
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47. In general, if (a) represent any expression, involving 
only positive integer powers of a, we shall have 

«(l).^'« = ^^(a+^)« ...(9) 

For let f — j when expanded be of the form 

then the preceding formula holds for each of the component 
terms, and, accordingly, it holds for the sum of all the terms, 
.". &c. 
The result admits also of being written in the form 

This symbolic equation is of considerable importance in 
tlie solution of differential equations with constant coefficients. 
See ** Boole's Differential Equations," chap. XVI. 

48. — If y = sin'^or, to prove tbat 

Here, /= -7^— » or (i -x^)^ J? = i . 

dx -v/i-a?* ax 

hence, by differentiation, 

Again, by Leibnitz's Theorem, we have 
Also {^\:,^1\ ^J'^y^n^:^ 



Applications of Leibnitz^ s Theorem, 41 

On subtracting the latter expression from the former, we 
obtain the required result, by ( 1 1 ). 
If ^ = o, in formula (10), it becomes 

(S).-"(S:).- 

where ( -7^ j represents the value of -7^ when x becomes 
cypher. 

Also, since (-^ ] = i, we get when n is an odd integer, 

\dXjQ 



d'^^y 

'0 



dx"^ 



) = I* . 3' • S* • . . • w^ 



Again, we have f j\ ) = o ; consequently, when n is an €ven 

integer, we have, ( v~ ) = o- 

49. — ^ir y = ( I + a?)^ sin (m tan"* x), to prove that 

(i + ^)^-2(m- i)a:^+m(m-i)y = o. . . . (i2> 
Here, 
■^ = mx ( I + x^) *"* sin (m tan"* x) + m ( i + x^)^ . cos(mtan~»a:) 

uX 

Or, 

(i + **) -T^ =mx(i +«')"*. sin (m tan-*x) +m (i +4:^) »^cos(mtan-*x> 
^ ^ dx \ ^ ^ c 

= mxy + m (i + x*)^ cos (m tan"* x) ; 

— I + •c' dv 
.-. cos (mtan-^xXi+x*)' = ^ ~ ^* 

The required result is obtained by differentiating the last 
equation, and eliminating cos (m tan"* x), and sin (m tan"*x) by 
aid of the two former. 



42 Successive Differentiation, 

Again, applying Leibnitz's Theorem as in the last Article, 
we get, in general — 

Hence, when a: = o, we have, 



p). *<"-")'"— >(g), 



= o. 





dxi 
Moreover, as when a: =s o, we have y = o, and -^ = m ; it fol- 
lows from the preceding that, 

For a complete discussion of this, and other analogous 
expressions, the student is referred to Bertrand's Differential 
Calculus, p. 144, &c. 
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Examples. 

, <^ '5 
I. y = a?* log X prove tliat, ^ = - !y* 



4. y = log (sin a;). 



» 



rfx^ gin 3a; • 



5. y = tan -1:1 +tan-i -. „ -£ = -__£—-. 

X I - a:^ dsB* (i + »»)* 



6. y = a!*log(«t). 



)> 






7. y=log / ~ + tan-i-i--,. „ 3-^=- ,^ ., • 

p ^ . <^ «~8in(aj + fi^) 

8. y = «~8ma;. — £ = ^2: 1^. 



where tan = -. 

^ r 



9. If y = e«* ar. prove that, 



<f*y 
die* 



= ij« r«»a;r 4. « . rfln-i af-t + ll^-j )- ^- ^""^ '^ ««-« arr-«+ . . . 1 



10. If y s a CO8 (log a;) + i sin (log x), 

prove that «« — ^ + » _f. 4. y - o. 

oa;* oa? 

11. If y = cos (m cos -^a;), 

prove that (i -«^) tt - ^ :r + ♦'•^^ = °- 



e««a;«. 
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12. ProTe that the equation, 

(.-*»)g-*|+«V = o, 

is satisfied hj either of the following yalues of y : 

y = cos (a sin -*«), or y =««v-i . an.'^»» 

13. Being given that y = (» + v** - i)"» 
prove that (««- ^ + * ^ - "•V = <>• 

14. If y = sin (sin x) ; 

<^y <^ 
prove that ^ '•' ^ *^ * "•■ ^ ®°" ** ~ °* 

15. Ify = 8in(m8in-*x); 

where ( ^-^ ] denotes the value of the function when :p = o, as in Art. aS. 

16. If y silcosna; + ^8in nx; prove that ( vj + '»' ) y = o- 



Since 



a* + X* 2a 



" la ( - )* [^- a (-)»■"« +«'(-)»]' ''''^* 



<^y 



i.2...iir I I "I 



(-)*i .2,„n 
2a 






2a 



Let - = tan^, or a = v^a* + «* sin ^, « = ^o* + ^ • cos ^, 

n + l 

then (a? + a( - )»)»»+i « (a« + «2) « . (cos^ + (-)i sin 0)**i 

= [a^+a^) » (cos(n+ i)0+(-)»sin(n+ i^*V 
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and we get, finally, 

^ny |«.sin(n+i)0.8iii»»+*0 



dir» a»^* 



iS. If y = tan"^ -, to find - — 

a doff* 



since -r- = 



-7- = r Txf tiiis is reduced to the preceding, and we get 

dx (a» + «*) x- o» o 

d*^ ^ ^ , I « — I . sin n* sin** 
moreover, since ^=tan'* -, we have = y, and consequently, 

X 2 

- ift-i . cos^. sinl n — ny\ In-i.asinffi — fitan-i- | 

^•= ( - , )- i=^ — -- Li l(_ i/.^;:^ Li ii 



lo. Ky = , to find - — . 



Since 



£f»^ ' ^ , 8in»+*0co8(fH-i)9 
where = tan-* -. 

X 

20. Ily^^ (»*), prove that 

-^ = (2»)» ^W Car«) + fi(» - i) (2a;)«-2 0(»-i) (ar^) + -— =* 

(2a!)"-* 0(»-t) (a:*) + &c. 

21. If «= (sin"iaj)' ; 

prove that ^' ~^^ ^ "^ ^S"^ ** 

22. Prove from the preceding formula, that 

23. In example 19, prove, that when a; = o, 

/^^ (-0.|n-; ^^ /^X^ ^ 

ax ^ b d"y 

24. Given y = ^ — -, find -— . 

X'- c* dx^ 
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25. y = «*« sin bx^ prove -r^ - aa -- + (a* + i*) y = o. 

26. Find, by Leibnitz's Theorem, the value of 

and show from the devQlopment that 

I + [«]i» + [«]22 + . . . + I = [2I»]«, 
where [fi]m represents the coefficient of o^ in the development of (i +0:)**. 

27. Prove that -- (»u) = I ' + ^ ;^ /**• 

28. Hence, prove that 

/ d\ ( du\ 1 d\du du , d'u 

.-.I a?-- — I 1 X —- ]== xl* -7—. 
\ a* y \ dx j dx* 

29. Prove that 

By the preceding example, we have 

I d \ { d \ d I d \ ^ dht 

d I „cPu\ ^ d^u 



dx^' 



d»u 
dxt' 



[ 



d \ ^d*u , d^u 

X 2 I . ar* — = a;* -^-s 

dx J dx* dx^ 



30. Prove, in general, that 

d^u 



i * i) i ^ i-0 ( ' 1-0 • • • ( ' ^"^"'O •* = 



dx** 



This can be easily arrived at from the preceding, by the method of mathematical 
induction ; that is, assuming that the theorem holds for any positive integer 
n, prove that it holds for the next higher integer (n -{- 1), &c. 

31. Find - + — TTT- 1 in terms of r, when >•• = a^ cos 20. Ans. — . 
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CHAPTER III. 



TAYLOR S THEOREM. 

50. Xiennna. — I£u be a function of j? + y, which is finite and 
continuous for all values between the hmits a and b o£x •¥ y^ 
then for all such values, we shall have, 

du du 
dx dy 

For, let u « f{x + y), then, if x become a? + A, 

o^ A 

when h is infinitely small. 

Similarly, if y become y + A, we have 

— = limit of A^^y-^*)"/(^ + y> 

dy A 

which is the same expression as before. 

TT du du 

Hence, T" = i"* 

dx dy 

Otherwise thus : — Let 2 = (a: + y), then u t= /(z), 

dz J ei?2 

— = I . and — = I ; 

dx ' dy ^' 

du ^'^ ^^ _ f( \ , 
dx dz dx 

du du dz _ /-Y X _ ^^ 
d^^'Jzd^''^^^^''di' 



48 Taylor's Theorem. 

5 1 . If/ {x + y) be a continuous function which does not 
become infinite when y=o, its expansion in powers of y can 
contain no negative powers ; for, suppose it contain a term of 
the form Jl/y^, where Mis independent of y, this term would 
become infinite when y = o ; but the given function in that 
case reduces to /(«) ; hence, we should have/(^) =00, which 
is contrary to our hypothesis. Hence, the expansion of 
f(x + y) can contain only positive powers of y. 

Again, iif{x) and its successive derived functions be finite 
and continuous, the expansion o£f(x + y) can contain no 
fractional power of y. For, if it contain a term of the form 

Py»% where - is a proper fraction, then its (n + i)** derived 

function with respect to y would contain y with a negative 
index, and, accordingly, would become infinite when y = o, 
which is contrary to our hypothesis. 

Hence, with the conditions expressed above, the expan- 
sion of/ (a: + y) can contain orilj positive integer powers of y. 

5 2. Taylop'8 Sxpanaioii off{x + y). — If the function/(a? + y) 
be capable of being expanded in powers of y, then by the 
preceoing this expansion must be of the form 

f{x + y) = Po + Piy + Pay* + &c. + P„y^ + &c., 

where P©, Pi . . . Pn are supposed to be finite and continuous 
functions of ^. 

^ When y = o, this expansion reduces to /(^) - P©. 

Let u =/(aJ + y), then by diiOferentiation, 

du dPo dP, ^dP^ ^dPn « 

— = -T- + y -J— + y -J- + . . . + y" —r- + &c. 
dx dx ^ dx ^ dx ^ dx 

^ = Pi + 2P^ + 'iPzy^ + &c. 

Now, in order that these series should be identical for all 
values of y, the coeflS(5ients of like powers must be equal. 
Accordingly, we must have, 

1 .2 dx 1.2 dx^ 1.2 



The Binomial Theorem, 49 

2 cUs 1-2.3 ^^ '•2.3'' ^^^' 



and, in general, 

p _ I d»./(^) 



I . 2 . . .w rfr" I . 2 . . . n 



/»>(^). 



Accordingly, when /(a?) and its successive derived func- 
tions are finite and continuous, we have, 

/{x 4 y) ^f{x) + f/(^) + -^L /-(^r) + . . + ^/("'(^) + . . • ( I ) 

i 1*2 I »* 

This expansion is called Taylor's Theorem, having been first 
published, in 171 5, by Dr. Brook Taylor, in his Methodns Lt- 
crenuntorum. 

It may also be written in the form 

or, if M=/(^), and u^--f{x^y), 

y du y* d^u v" d^'^ o 

Wi = w + ~ -r- + -^ rT + •••+ — ^— + &c. ... (-3 ) 

I da 1.2 dx^ \n dx^ ^^' 

To complete the preceding proof, it will be necessary to 
obtain an expression for the limit of the sum of the series after 
n terms, in order to determine whether the series be con- 
vergent or divergent. We postpone this discussion for the 
present, and shall proceed to illustrate the Theorem by show- 
ing that the expansions usually given in elementary treatises 
on Algebra and Trigonometry are particular cases of it. 

53. The Bmomial Theorem. — Let u = ( J? + yY ; 
here /(a:) = a:", therefore, by Art. 37, 

/' (a;) = nx"-* . . .Z**^ (a;) = n (n - i ) . . . (n - r + i) x" ^ 

Hence the expansion becomes 

w , n . ?i - I 

(x 4 V)" = ^" + - ^ y + x^'^y^ + . . 

K 
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n.(n- i) . . . (n-r+ i) ^ ^ p / v 
+ — ^ <■ ^ txS^y^ 4 &c. (4) 



1.2... r 



If n be a positive integer this consists of a finite number of 
terms; we shall subsequently examine the validity of the 
expansion when appliea to the case where n is negative or 
fractional. 

54. The laogaritbinio Series. — ^To expand log {x + y) 

§ 

Here /(a:) = log (x), / (a;) = i, /»=-!, 

r (*) =!;.•• •/"'(^) = (- 0"-' • '•'••^/""'^ . 

Accordingly, log (a: + y) =loga:+ | - ^ ^- + ^^ - i $+«&c. 
If a? = I, this series becomes 

iog(i+y) = f-f + |-...(-i)"-'^"&c. . . (s) 

When taken to the base a, we get, by Art. 29, 
log,(i + y) = JIf ^? - ^' + I - -^^ &c.j ... (6) 

The student is referred to Galbraith's Algebra for another 
proof of this expansion, as well as for a general discussion of 
the formulae derived from it, and also for a complete account 
of the most expeditious method of calculating the ordinary 
logarithmic tables. 

55. To eaqiMutd sin (x + y). 

Here f{x) - sin a:, f{x) = cos rr, 

f'^x = - sin x, /'" (ar) = - cos a?, &c. 
Hence, 

sin (jx +y) = sin^ i --^— + ^^^ &c. + — . . . 1(7) 

^ ^ \ 1.2 1.2.3.4 j2w y^'^ 



,coszf^- — y—. — ^ — ..-^j^...y 

\I 1.2.3 I. 2. 3. 4.5 | 2W~ I / 
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As the preceding series is supposed to hold for all values, 
it must hold when ^ = o, in which case it becomes 

sin y = ^ ^— -f ^ &c. ... (8) 

I 1.2.3 1.2.3.4.5 

Similarly, if a? = - we get 

cos y = I — ^ + ^ &c. . . . Co) 

^ I . 2 I . 2 . 3 . 4 ^^"^ 

We thus arrive at the well-known expansions for the sine and 
the cosine of an angle, in terms of its circular measure. 

56. Sfadaiiiin's SxiMuudoii. — If we make x = Oj in Tay- 
lor's expansion, it becomes 



.2 



/(y) =/(o) +/(o)f +/''(o) ^-^ + . . ./"(o) g^+ . . (10) 

Where /(o) . . . f^^Ko) represent the values which /(^) and 
its successive derived functions assume, when x = o. 

Substitute x for y in the preceding series and it becomes 

/ W =/(o) + f /(o) + j-^/'Co) + . • • + ^/-'(o) + &c. 

This result may be established otherwise thus ; adopting the 
same limitations as in the case of Taylor's Theorem. 

Assume f{x) = -4 + j5j?+ Ca^ + Dx^ ^ Ex* -^ &c. 
then /(x)=»5 + 2Gi; + 3Z)j?+ 4Ex^'{-&c. 

f\x) =2^+3.2.2)^ + 4.3 Ex'^ + &c. 
f\x) - 3 . 2 2> + 4 . 3 . 2 JSc + &c. 
Hence, making a? « o in each of these equations,we get 

1.2 1.^.3 

whence we obtain the same series as before. 

E 2 
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The preceding expansion is usually called Maclaurin's 
Theorem ; it was, however, previously given by Stirling, and 
is, as shown already, but a particular case of Taylor's series 
— we proceed to illustrate it by a few examples. 

57. Xxponential SeriMi. — Let y - a^. 

Here, f{x) = a*. Hence, /(o) = i. 

f{x) = a' log a. „ /(o) = log a. 

f\x) = a' (log a)\ „ /(o) « Gog a)^ 

/»)(«) = a' (log a)». „ /»Xo) = (log ay. 
and the expansion is 

I 1.2 i.2...n ^ ' 

If ^ the base of the Napierian system of Logarithms be 
substituted for a, then, the preceding expansion becomes 

^ X x^ (X^ , . 

«*= I +- + + . . . + + (12) 

I 1.2 i.2..-n" ^ . 

If ^= I, this gives for e the same value as that adopted in 
Art (29), viz, : 

III I 

«=! + - + + + + . . . 

I 1.2 1.2.3 1-2.3.4 

58. ExiMuiaion of sin ^ and cos a; by Maclaurin's Theorem. 
Lety(a:) = sin a;, then, 

/(o) = o. /(o)=i, /'Co)-o, /"(o) = -i&c. 
and we get, 

. X X? X? o 

sm 0? = + &c. . . . 

I 1.2.3 I •2.3.4-5 
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In like manner, 

a? a* 

cos « = I + + . . . 

1.2 1.2.3.4 

the same expansions as already arrived at in Art. $$. 

Since sin {-x) = - sin a?, we might have inferred at once, 
that the expansion for sin x in terms of x, can only consist of 
odd powers of a?. Similarly, as cos (- x) = cos a?, the expan- 
sion of cos X can only contain even powers. 

In general, if F{x) = 2^(-^), the development o( F(x) 
can only consist of even powers of x. If F(- x)--F (a?), the 
expansion can contain odd powers of x only. 

Thus, the expansions of tan x^ sin~^^, tan'^o;, &c., can con- 
tain no even powers of x ; those of cos x, sec x, &c. no odd 
powers. 

59. Sxpamion of tan'^a;. 

Assume the expansion of tan^^or to be, 

Ax + Ba? + Ca?» + Dx^ + &c., 
where Aj B, Cy &o., are undetermined coefficients, 

then, * — = -4 + ^Sa? + 5 Cx^ + yDa*+ &o. 

1 . d.tan'*x I - 4 8 c. 

but, = = I - ^' + ^* - a:° + &c.^ 

dx I +^* 

Comparing coefficients, we have 

^ = 1, 5=--, C--, 2> = -i, &c. 

3 5 7 

Hence, tan"^iP = + ... + (- i)" t . • . (13) 

' 13s ^ 2W+ I 

This expansion can be also deduced directly from Maclaurin's 
Theorem, by aid of the results given in Example 23, p. 45- 
This is left as an exercise for the student. 
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60. XaqfMBsUm of sin'^x. — Assume, as before, 

sin'^ar = Ax + Ba^ + Ca^ + &c., 

then, p — r = ^ + 35a^+5Ca?* + &c. 

but , Tt =(i -a:*)"4= I + -a^ + — — ^^*+ . . . 

(i-a:^)* ^ ^ 2 2.4 

I . 3 . . . 2r- I • 
2.4... 2r 

Hence, comparing coefficients, we get 

23' 2.4 5 

Finally, 

X I x^ I. -jo:* i.'?...2r-i ix^^^ , v 

sm-*^ = - + — + — - — + . . + — + .. (14) 

I 23 2.45 2.4... 27* 2r+ 1 

Since we have assumed that sin'^a? vanishes along with x, we 
must in this expansion regard sin'*^ as being the circular 
measure of the aeate angle whose sine is x. 

There is no difficulty in determining the general formula 
for other values of sin'^iP, if requisite. 

A direct proof of the preceding result, can be deduced 
from Maclaurin 8 expansion by aid of Art. 48. We leave 
this as an exercise for the student. 

From the preceding expansion, the value of ir can be ex- 
hibited in the following series : — 

TT I II 1.3 I o 

- = - + - + + &c. 

6 2 2.38 2.4-5 3^ 

For, since sin 20'* = -, we have - = sin~^- .•• &c. 

-^2 62 

An approximate value of tt can be arrived at by the aid 
of this formula ; at the same time, it may be observed, that 
many other expansions are better adapted for this purpose. 
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61. I>e Moivre's Theorem. — In the exponential scries ( 1 2)1 
if »/- I be substituted for x^ we get 

^— x^ x^ 
er'^ « I + &c. . . . 

1.2 1.2.3.4 

+ K -I r +&C. . . • ] 

J 1.2.3 

= cos /p + \/ - I sin ar ; by Art. 58* 
Similarly, «"^-^ = cos x - V^^^i sin x. 
Hence, «*^> + er^^ = 2 cos x 

^-1 _ ff^^ = 2 V^ - I sin a: 



(is) 



Again, e^^'^ = (cos a? + \/ - i sin ar)" : 

but we have also, e"*^"* = (cos wa: + a/ - i sin nx). 

Hence we arrive at De Moivre's Theorem, viz. : 

(cos X ± a/ - I sin re)** = cos nx + v^ - i sin rw?. ... (16) 

A more complete development of these formulae will be 
found in treatises on Algebra and Trigonometry. 

62. SymboUo Form of Taylor's Tkeorem. — The expansion 

f(a!+y)=fix)^y^.f{x)+:t^(^£j.f(x) + &c., 
may be written in the form 

in which the student will perceive that the terms within the 
brackets proceed according to the law of the exponential 
series (12) ; the equation may accordingly be written in the 
shape 



d 



f{x + r,)=e'^f{x), ..(18) 
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dx 



where e is supposed to be expanded as in the exponential 

theorem, and r % written f or 7- ( rr- i . f (a?), &c. 

[n rfaf [n \dxj -^ ^ ^' 

This form of Taylor's Theorem is of extensive application 
in the Calculus of Finite Differences. 

63. Other Forms derived flktmi Taylor's Seiies. — In the ex- 
pansion (3), Art. 52, substitute h for y, and let w, =/(« + h) ; 

, . du h? cPu A" cHi 

then, Ml = M + A . -=- + — -r-„ + . . . 7-; + . . 

dx 1.2 dx^ I . 2 . . . w oa:'* 

If now, h be diminished indefinitely, it becomes ultimately 
equal to dx, and the series becomes 

du dx d'^u dx^ d^u dx^ 

Ml = M + ■; + -T-L + . . + 



dx I dx^ 1.2 dx^ I . 2 . . . n 

or, u,-u^^dx+'(^dx'-^ ZM_e&» + &c. (19) 

I 1.2 '•23 

in which m, - m is the complete increment of m, corresponding to 
the increment dx in x. 

Again, since each term in this expansion is infinitely small 
in comparison with the preceding one, if all the terms after 
the first be neglected, as being infinitely small in comparison 
with it, we get 

du = /'(x) dx. 

The same result as given in Art. 7. 

Another form of the preceding expansion is 

du d^u d^u dHi „ , ^ 

ux - u= — + + + . .. + +&c. (20) 

1 1.2 1.2.3 i.2...n ^ ^ 

64. Theorem. — If a function of x become infinite for any 
finite value of a?, then all its successive derived functions become 
infinite at the same time. 

It' the function be algebraic, the only way that it can be- 
comc mfinite for a finite value of Xy is by its containing a 
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p 

term of the form ^, in which Q vanishes for one or 

more values of^, for which P remains finite. Accordingly 

^dPpdQ 

let w = TT, then — = a, , which also becomes infi- 

Q ax Q' 

nite when Q = o. 

Similarly, --— , -r-, &c., each become infinite when Q = o. 
^ dx* da!^*< 

1 
Again, certain transcendental functions, such as ^^J^^», 
cosec (a — a), &c., become infinite when a = a; but it can be 
easily shown, by differentiation, that their derived functions 
also Decome infinite, at the same time. Similar remarks apply 
in all other cases. 

The student who desires a more general investigation, is 
referred to De Morgan's Calculus, page 179. 

65. Remarks on Taylor'0 Bxpansion. — In all the preceding 
applications of Taylor's Theorem, the series arrived at, each 
consisted of an infinite number of terms ; and it has been 
assumed in our investigation that the sum of these infinite 
series have, in each case, a finite limiting value, represented 
by the original function, f(x-\-y)y or /(^). In other words, 
we have assumed that the remainder of the series, after n 
terms, in each case, becomes infinitely small, when n is taken 
sufficiently large — or, that the series is convergent ; the mean- 
ing of this term will be explained in the next article. 

66. Convergent and Divergent Series. — A series t<i, 1/3, ti,, 
. . . Un, . . . consisting of an indefinite number of terms, 
which succeed each other according to some fixed law, is said 
to be convergent^ when the sum of its first n terms approaches 
nearer and nearer to a finite limiting value, according as n 
is taken greater and greater ; and this limiting value is called 
the sum of the series, from which it can be made to differ by an 
amount less than any assigned quantity, on taking a sufficient 
number of terms. It is evident, that in the case of a conver- 
gent series, the terms become indefinitely small when n is 
taken indefinitely great. 
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If the sum of the first n terms approximate to no finite 
limit, the series is said to be divergent. 

In general, a series consisting of real and positive terms 
is convergent, whenever the sum of its first n terms does not 
increase indefinitely with n. For, if this sum do not be- 
come indefinitely great, as n increases, it cannot be greater 
than a certain finite value, to which it constantly approaches 
as n increases. 

67. Applioation to Cfreometiioal Progression. — ^The pre- 
ceding statements will be best understood by applying them 
to the case of the ordinary progression 

I — *c** 

The sum of the first n terms of this series is in all cases. 

1 -X 

(i). Let^ < I, then the terms become smaller and smaller 
as n increases ; and if n be taken sufficiently great, the value of 
a^ can be made as small as we please. 

Hence, the sum of the first n terms tends to the limiting 

value ; also the remainder after n terms is represented by 

, which becomes smaller and smaller as n increases, and 



I -a? 

may be regarded as vanishing, ultimately. 

(2). Let 0? > I. The series is in this case an increasing 
one ; and a^ becomes infinitely great along with n. Hence, 

the sum of n terms, or , as well as the remainder 

after n terms, becomes infinite^ along with w. Accordingly 
the statement, that the limit of the sum of the series 

i+« + a;*+ . . . +a!" + ...ac? infinitum 

is , holds only when x is less than unity, i. e. when the 

I — flj 

series is a convergent one. 

In like manner the sum of n terms of the series 

I -a: + ir*-«* + &c., 

I - ( - i> af 

IS i i . 

I + X 
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As before, when a: < i, the limit of the sum is ; but 

I + a? 

when x> ij af^ becomes infinitely great along with n, and the 

limit of the sum of an even iiumber of terms is - 00 ; while that 

of an odd number, is + 00. Hence, the series in this case has 

no limit. 

68. Theorem. — If^ in a series of positive termsy represented 

Ml + t^a + . . . + tin + &C. 

^ ratio — ^^ be < ijfor all values ofn beyond a certain number w, 
**» 

the series is convergent, and has a finite limit. 

Suppose £ to be a fraction less than unity, and greater 

than the greatest of the ratios -^^ . . . (beyond the number 

n), then we have 

■"■^ < Au • • Ufi^.1 < fCUfi* 

Un 

\Jv9tAA 9 1 rk 






K, /Cm •*• t^i^r ^ ^ ^n* 



Hence, the limit of the remainder of the series after Un 
is less than the sum of the series, 

kun + k^Un + . . . k^Un ... od infinitum. 

therefore, by Art. 67, less than 

ku. 



tfi 



7, since k< i, 

I -k 

Hence, since u^ decreases as n increases, and becomes infi- 
nitely small ultimately, the remainder after n terms becomes 
also mfinitely small, when n is taken sufficiently great ; and^ 
consequently, the series is convergent, and has a finite limit. 
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Again, if the ratio -^ be > i , for all values of n beyond 

a certain number, the series is divergent, and has no finite 
limit. This can be established by a similar process ; for, 
assuming A > i, and less than the least of the fractions 

— \ . . . then by Art. 67, the series 

Un 

M„ + kun + k^Un + &c. ad infinitum. 
has an infinite value, but each term of the series 

m 

is greater than the corresponding term in the above geometrical 
progression ; hence, its sum must be also infinite, &c. These 
results hold also, if the terms of the series be alternately posi- 
tive and negative ; for in this case k becomes negative, and 
the series will be convergent or divergent according as - A 
< or > I ; as can be readily seen. 

In order to apply the preceding principles to Taylor's 
Theorem, it will be necessary to determine a general expression 
for the remainder, after n terms in that expansion ; in order 
to do so, we commence with the following : — 

69. Iiemma. — If a continuous function ^ (ar) vanish when 
x= a^ and also when x =b; then its de9*ived function 0'(aj), if 
also continuouSy must vanish for some value of x between a 
aiid b. 

Suppose b greater than a ; then, if <l>\x) do not vanish be- 
tween a and b, it must be either always positive or always ne- 
gative for all values of ar be ween these limits; and, conse- 
quently, (since d 0(aj) = (j/ {x) dx), the increment of ^ (^), as x 
increases from a to b, must be always positive or always nega- 
tive between these limits, i. e. {x) must constantly increase, 
or constantly diminish, as x increases from a to 5, which is 
impossible, since 0(^) vanishes for both limits. Accordingly, 
^Yoj) cannot be either always positive or always negative ; and 
hence, it must change its sign between the limits, and, being 
a continuous function, it must vanish for some intermediate 
value. 

This result admits of being illustrated from geometry. 
For, let y = ^ {x) represent a continuous curve ; then, since 
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^ (a) = o, and ^ (J) = o, we have y = o, when ^ = a, and also 
when a? « 6 ; therefore, the curve cuts the axis of x at distances 
a and b from the origin ; and accordingly at some intermediate 
point it must have its tangent parallel to the axis of x. Hence, 
ty Art. 8, we must have 0' {x) = o for some value of x between 
a and b. 

70. ZiAgraiige's Theorem on the Ziimito of Taylor's Series. — 
Suppose jB« to represent the remainder after n terms in Tay- 
lor s expansion, then writing X for a; + y ^^ (i)> ^^ shall 
have 

•^'^~''^""-/^— »(«) + i2» ...(21) 



n- I 



L 

in which /(«),/' (a;) /^"H^) are supposed finite and 

continuous, for all values of the variable between X and x. 

From the form of the terms included in -K„ it evidently 
may be written in the shape, 

(X - xY ^ 

where P is some function of X and x. 
Consequently we have 

AX) - {/(.) . (^/ (.).... ^ ^-f^>-X-) 






Now, let 2 be substituted for x in every term in the pre- 
ceding, ti;/^ the exception of P, and let F{z)he the resulting 
expression, we shall have 

F(»)=/(Z)- {/(,)+(^/(^) + ... + (^"pj (23) 

in which P has the same value as before. 

Again, the right-hand side in this equation vanishes when 
2-X; .'.F{X) -o. 
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Also, from (22), the right-hand side vanishes when z = x\ 
.'. F(x) = o. 

Accordingly, since the function F{z) vanishes when z = X, 
and also when 2 = J?, it follows firom Art. 69, that its derived 
function F (2) also vanishes for some value of z between 
the limits X and x. 

Proceeding to obtain F' (2) by differentiation from equa- 
tion (23), it can be easily seen that the terms destroy each 
other in pairs, with the exception of the two last. Thus we 
shall have 

^ ' n - 1 •^ ^ / n - I 



Consequently, for some value of z between x and X, we 
must have 

/^"^ {z) = P. 

Again, if be a positive quantity less than unity, it is 
easily seen that the expression, 

x-\- 6l(X-a?) 

by assigning a suitable value to 0, can be made equal to any 
number intermediate between x and X. 
Hence, finally, 

where is some quantity > o and < i . 

Consequently, the remainder after n terms of Taylor's 
series can be represented by 

R'-^^^f'^'no^^H^r'^)) •••(24) 

Making this substitution, the equation (21) becomes 

/<^)-/(.)t£:i>A-)*a^/"W.... 

The preceding demonstration is taken, with some slight 
modifications, from Bertrand's Differential Calculus. 
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Again, if A be substituted for X-x^ the series becomes 

f(x + h) =/(^) + hf{x) + &c. + -^ /-») (or) 



n- I 



+ j^/'(^ + eA) . . . (26) 

In this expression n may be any positive integer, i, 2, 3, &c. 
If n = I, the result becomes 

f(x + A) = fix) + A/(a: + 0A) ... (27) 

when n = 2, 

f{x + A) =/(x) + hf(x) + ^ /> + eA). . . . (28) 

and so on. The student should observe that d has in general 
different values in each of these functions, but that they are 
all subject to the same condition, viz. > o and < i. 

It will be a useful exercise on the preceding method, for 
the student to investigate the formulae (27) and (28) inde- 
pendently, by aid of the Lemma of Art. 69. 

The preceding investigation may be regarded as furnish- 
ing a complete and rigorous proof of Taylor's theorem, and 
formula (26) as representing its most general expression. 
7 1 . Oeometiioal Zlliurtration — The equation 

f(X)=f(x) + (X-x)f{x + aiX-x)) 

admits of a simple geometrical verification ; for, let y - f(x) 
represent a curve referred to rectangular axes, and suppose 
(A, Y)j (x, y) to be two points Pi, P2 on it, then 

y(X)-/-(^) F-y 

X - a; X - X* 

but -== — - is the tangent of the angle which the chordJPi Pj 

makes with the axis of x. Also, since the curve cuts the 
chord in the points Pi, P2, it is obvious that the tangent to Hie 
curve at some point between Pi and P, must be parallel to the 
chord PiPj ; out by Art. 8, f\xi) is the trigonometrical tan- 
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gent of the angle which the tangent at the point (a?!, y^ 
makes with the axis of x. Hence, for some value a?i, between 
X and a?, we must have 

^ X-x X-X 

or, writing Xi in the form « + (X- a?), 

f(X)^f(x)^iX-x)f[x^e{X-^x)], 

72. Second Form of iZn- — ^The remainder after n terms in 
Taylor's Series, may also be written in the form. 



( I - OY'^ 
Rn = ^ ^ . A''/")(a;+ eh) ; 



w- I 



For, it is evident that Rn may be written in the form 
(X-x)P,, 

.-. f{X) ^f(x) 4 (X - a:) /(a:) .... 4- (^Z^/n.) (^) 

Substitute z for ^ as before in every term except Pi ; and the 
same reasoning is applicable, word for word, as that employed 
in Art. 70. The value of FXz) becomes, however, m this 
case, 

and, as F^z) must vanish for some value of z between x and 
X, we must have, representing that value by a? + (X- a?), 

p^Jx^^I^Aiz^f^n^^.^eax-x)] ...(29) 



where as before is > o and < r . 

If A be introduced instead of X - x, the preceding result 
becomes 

which is of the required form. 
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Hence, Taylor's theorem admits of being written in^the form, 

*" (i-flr»/»)(^+eA). (31) 



n- 1 



The same remarks are applicable to this form as were made 
with respect to (26). 

From these formulae we see that the essential conditions 
for the application of Taylor's theorem to the expansion of any 
function in a series consisting of an infinite number of terms 
is, that none of its derived functions shall become infinite, and 
that the quantity 

shall become infinitely small, when n is taken sufficiently 
large ; as otherwise the series does not admit of a finite 
limit. 

T2. ZJmit of when n is indefinitely great. 

'-^ I . 2 . . n 

Let tin = > then — ^ = , .•. -^ becomes smaller 

I . 2 . • n Un n+ 1 Un 

and smaller as n increases ; hence, when n is taken sufficiently 

freat, the series Wn+i» «*i»+2, diminishes rapidly, and the terms 
ecome ultimately infinitely small. Consequently when- 
ever Hie n^ derived function /^"^ (x) continues to be finite for 
all values of w, howevei^ great, the remainder after n terms 
in Taylors expansion becomes infinitely small, and the series 
has a finite limit. 

74. General Foiln of Blaolaurin's Series. — ^The expansion 
(26) becomes on making ^ = o, and substituting x afterward 
instead of A, 

m =/(o) + \f (o) + ^^/'(o) + . . . + ^ /"■-'' (o) 



n-i 



x^ 



^^f^^)m ...(32) 
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Hence the remainder after n terms is represented by 



where 9 is > o and < i. 

This remainder becomes infinitely small, for any function 

/(^), whenever j— / ^"^ (fix) becomes infinitely small for in- 
- 
finitely great values of w. 

We shall now proceed to examine the remainders in the 
different elementary expansions which were given in the 
commencement of this chapter. 

75. Remainder in theSxpanidon of a'. — Our formula gives 
for Rn in this case, 

p (log aya^'. 

Now, a^* is finite, being less than a* ; and it has been proved 
in Art. 73 that ^ — | becomes infinitely small, for large 



values of n. Hence the remainder in this case vanishes when 
n is infinitely great. Accordingly, the series is a convergent 
one, and the expansion by Taylor's Theorem is always appli- 
cable. 

76. Remainder in the Saq^iansion of sin a. — In this case 

Rn^±T- sin {Oa), or + - cos (Oar). 



This value of jB« ultimately vanishes by Art. 73, and the series 
is accordingly convergent. 

The same remarks apply to the expansion of cos x. Ac- 
cordingly, both of these series hold for all values of x. 

77. Remainder in the Sxpanaion of log (i + x). — The series 

X ix^ x^ xt^ t> 
+ + &c., 

1234 

when a? is > r, is no longer convergent; for the ratio of any 
term to the preceding one tends to the limit - x ; consequently, 
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the terms form an increasing series and become ultimately 
infinitely great. Hence the expansion is inapplicable in this 
case. 

Again, the remainder Bn is denoted by 
^ — TT 9 smce/"(a:) = (- i)"-» — 7 \ ^. 

hence, if a? be positive and less than unity, ^ is a proper 

fraction, and the value of Bn evidently tends to become infi- 
nitely small for large values of n ; accordingly the series is 
convergent, and the expansion holds in this case. 

78. Btnomlal Theorem for Fraotlonal and Negative Indioes. — 
In the expansion 

, . ^ m wi (m - I ) , 

(i + «)"• = 1+ — a? + — -^ ar' + . . . . 

I 1.2 

m(m-i).,(m-7i+i)r*» « 

1.2* • .91 

if Un denote the n'* term, we have 

Un+i m - n + I 

= a, 

Un n 

the value of which, when n increases indefinitely, tends to 
become -:s; the series, accordingly, is convergent if «< i, 
but is not convergent if ar > i. 

Accordingly, the Binomial expansion does not hold when 
X is greater than unity. 

Again, as /^'^(ar) = m (»w - i) ... (m - n + 1) (i + ^)«-«, 

the remainder, by formula (29), is 

m(m-i)...(m-n + i) ^ 

1 .2 ... n ^ ^ 

m (m~ i) . . . (m-n f i ) ^ 

°^' I . 2 . . . w ( I + ea;)'»-'» ' 

F 2 
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Now, suppose X positive and less than unity, then, when 
n is very great, the expression 

m (w- i) . . . (m-n-\^ i) 

I . 2 • • • 71 

becomes indefinitely small ; also " ^ ^^ is less than unity ; 

hence, the expansion by the Binomial Theorem holds in this 
case. 

2nd. Suppose x negative and less than unity. We employ 
the form for the remainder given in Art. 72, which becomes 
in this case, 

(- i> — ^^ \ r — '— (i - 0)"^* . (1 - 8a;)"«-«; 

1 . 2. . . (w- i) ^ 

m(m-\) ... (m-n+i)(i- 0)"*"^ ar" I i - 
^ I . 2 . . . (n - i) I -0a 



or 



n-fli 



Also, since a; < i, 0a: < 0, .*. i - 0a; > i - 0; hence, 



0a; 
1-0 



1-00? 

is a proper fraction; /. any integer power of it is less than 
unity ; hence, by the preceding, the remainder, when n is 
sufficiently great, tends ultimately to vanish. 

In general (x + yY may be written in either of the forms 



^» I I + ^ 



x) ^ \ yjn 



now, if the index n be fractional or negative, and x> y^ or 
- a proper fraction, the Binomial expansion holds for the 



X 

series 



f V V w n(n-i) ..« 
(a: + y)"=a^( i +^j=af +- x^'-^y + — ^^ ^ aj"-y + &c., 



but does not hold for the series 



(<u\w u 71(71 I ^ 
I + - ) « y" +- y'^'^x + -^ ' y'^'^x^ + &c. 



Remainder in the Expamion of tan'^ x. 69 

Since the former series is convergent, and the latter diver- 
gent, we conclude that in all cases one or other of the ex- 
pansions of the Binomial series holds ; but never both, except 
when n is a positive integer, in which case the number of 
terms is finite. 

79. Remainder in the Sxpannon of tan'^or. — ^The series 

tan~^a? = + (fee. 

' 3 S 

is evidently convergent or divergent, according as a; < or > i . 
To find an expression for the remainder when a: < i, we have, 
making a = i, in Example 18, p. 45, 

In - 1 . sin ( n n tan"*ar ) 

I; ) . tan->^ = (- I)- -1-— ,: ^• 

dxj (i 4 x^)* 

Hence, we have, in this case, 

jt" sin \n — ntBXi'\Bx) > 

Rn = (- I)"-* — '^ -', 

n(i + 0V)« 

which, when x lies between + i and - i, evidently becomes 
infinitely small as n increases, and accordingly the series holds 
for such values oix. 

80. Xtxpaafldon of sin~*;r. — Since the function sin'^o; is im- 
possible, unless a: be< i, it is easily seen that the. series given 
in Art. 60, is always convergent ; for its terms are each less 
than the corresponding terms in the geometrical progression 

a; + re' + ^+ &c. 

Consequently, the limit of the series is always less than the 
limit of the preceding progression. 

A similar mode of demonstration is applicable to the 
expansion of tan"*^, when x< i , as well as to other analogous 
series. 

In every case, the value of iJn, the remainder after n 
terms, furnishes us with the degree of approximation in the 
evaluation of an expansion, on taking its first n terms for its 
value. 
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8 1. In many cases we are enabled to find the relation be- 
tween the coefficients in the expansion of a function of x, by 
aid of differential equations ; and thus to find the form of the 
series. 

For example, let 



then 



y =! sin (m sin"^a;), 

dy m cos (m sin'*a:) 
dx \/i-a?* ' 



or -f. s cos (m sm'^aj). 

m da ^ ' 

Hence, squaring and adding, we obtain 

I -x^ [dy\ 



r + 



rrv 



(ly- ■ ■■ 



dv 
from which, by differentiation, after dividing by 2 ^, we get 

Now, suppose y developed in the form 

y = a© + ttiX-k- ajja^H- . . . + fln^» + &c. 

then, ;/ ~ ^1 "*" ^^^^ "*" 3^8^ + . . . + na,^'^ + &c., 

-T^ = 2a8 + 3 . 2 . Os^ + . . . + n . (n - i)a«a:""* + &c. 

Substituting in equation (33), and equating the coefficients of 
x^ we get 

(n+ i)(»+ 2) 
Again, when a: = o, we have y = o .*. ao = o. 



JExpamiam of ^n mz and cos mz. 7 1 

Hence, we see that the series consists only of odd powers 
of a;, a result which might have been anticipated from Art. 58. 

To find tti ; when a: = o, cos (m sin**^) = i , hence f -^ J = m ; 
accordingly ai^ m; 

m^ -I m . {m^ - i) 

2.3 1.2.3 

w' - 9 m. (m^ - I ) (m^ - 9) 

dg as ^j s , 

4.5 1.2.3.45 

Hence, we get 

sm (m sm~*^) = — ^ ^ rc^ 

I 1.2.3 

^m.(m»-i)K-9)^.,.,, (34) 
1.2.3.4s 

This result can also be easily arrived at by aid of the for- 
mula given in Example 15, page 44. 

In the preceding, we have assumed that sin~*(r)is an acute 
angle, as otherwise both it, and also sin (m sin~^:r), would admit 
of an indefinite number of values. — See Art. 2 J. 

82. Ezpaafllon of sinmz and cosmz. — If, in (34)9 s be 
substituted for sin~'^, the formula becomes 



sm ms^^msm z 



I m'- I . , 

sin*2 

I 1.2.3 

,2 



1.2.3.4.5 ) 

In a similar manner it can be proved that 

m^ sin*i5 m' . (wi* - 4) . . p , ^. 

cos mz=i + ^ • sm*» - &c. . . . (36) 

1.2 1.2.3.4 

If m be an odd integer, the expansion for sin mz consists 
of a finite number of terms, while that for cos mz contains an 
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infinite number. If m be even and integer, the number of 
terms in the series for cos mz is finite, while that in sin mz is 
infinite. 

The preceding series hold equally when m is a fraction. 

These important expansions are due to Euler ; a more 
complete exposition of them will be found inBertrand's "Dif- 
ferential Calculus." 

In general, in the expansion (35), the ratio of any term 

to that which precedes it is 7 — ^. sin % which, when 

(n + i) (n + 2) 

n is very great, approaches to sin ^z. Hence, as sin z is less 
than unity, the series is convergent in all cases. Similar ob- 
servations apply to the expansion (36). 
The expansion 

e = I + — + — + -^ 01^ + — ^ a?* + . . . 

I 1.2 1-2.3 1-2.3.4 

can be arrived at by a similar process. 
83. Arbogast's Method of Derivations. 

If u = a + b- -V c + d + &c., 

I 1.2 1.2.3 

to find the coefficients in the expansion of (w), in ascending 
powers of aj — 

Let /W = 0C"), 

B C 

and suppose f{x) == A + — x + x^ + &c. 

= /(0)+-/(0) + ;^/'(0) + &C., 

then we have evidently 

A=f{o)-<t>{a). 

Also, writing u\ u'\ a'", &c., instead of 

du d^u d^u ^ 
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bj successive differentiation of the equation f(x) = ^ (w), 
we obtain, 

/(or) =0X«).«', 

fix) - 0'(«)-«" + f 'w.(^r» 

Now, when a; = o, w, t*', w", w'", . . . obviously become a, 
i, <?, rf, . . . respectively ; 
Accordingly, 

^=/(o) =«'(«). J, 

From the mode of formation of these terms they are seen 
to be each deduced from the preceding one, by an analogous 
law to that by which the derived functions are deduced one 
from the other; and, ^^f{x\f'\x) ... are deduced from/(a:) 
by successive differentiation, so in like manner B, C^ Dy ... 
are deduced from ^ (u) by successive derivation ; where, after 
differentiation, a, i, c, dj &c., are substituted for 

du d?u o 

dx' dr*' 

If this process of derivation be denoted by the letter 8, then 

B = 8.^, (7= 8.-B, D = 8.(7, &c. ... (37) 

From the preceding, we see that in forming the term 
S . (a), we take the derived function 0\a), and multiply it 
by the next letter 6, and similarly in other cases. 
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Thus, 8.6 = c, 8.c = d,... 

Also, 8 . fl^\a)b = f (a)c + 0"(a) 6*. 

This gives the same value for C as that found before ; D 
is derived &om C in accordance with the same law ; and so 
on. 

The preceding method is due to Arbogast ; for its complete 
discussion the student is referred to his " Calculus of Deriva- 
tions," published in Strasburg, i8oo. TheKules there arrived 
at for forming the successive coefficients in the simplest man- 
ner are given in " Galbraith's Algebra," page 342. 

As an illustration of this method, we shall apply it to find 
a few terms in the expansion of 

sin(a+Z>- + c + d + &c. ) 

\ I 1-2 1.2.3 / 

Here ^ <= sin a, J3 = 8 . sin a « 6 . cos a, 

C = 8 . 6 cos a - c cos a - 6* sin a, 

D = 8 . (7 « rfcos a - 360 sin a - J* cos a, 

E ^ S - D^e cos a- (46(i+ 3c') sin a - 6 b*c cos a + ^ sin a. 

If the series a+ba ^ c + &c., consist of a finite num- 

1.2 

ber of terms, the derivative of the last letter is zero — ^thus, if 
d be the last letter, 8 . d= o, and d is regarded as a constant 
with respect to the symbol of derivation 8. 

If the expansion of <p (u) be required, when u is of the 
form 

a + /Soj + 7a? + 8^ + &c., 

the result can be attained from the preceding method, by 
substituting a, 6, c, dy &c., instead of a> /3, i - 2 79 i • 2 . 3 • 8, 
&c., and proceeding as before. 

The student wiU observe that in the expression for the 
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tenns 2), E^ &c., the coefficients of the derived functions 
*'(a), ^"(a), &c., are completely independent of the form of the 
ninction ^ ; and are expressed in terms of the letters, i, c, c^ 
£c., solely ; so that \i calculated once for all^ they can be applied 
to the determination of the coefficients in every particular 
case, by finding the different derived functions ^'(«)> ♦"(^)» 
for that case, and multiplying by the respective coefficients 
determined as stated above. 
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Examples. 

I. If u=f {ax + bp)j then - . t- = t • t"- 

a. Find the three first terms in the expansion of tan x. 

3. Expand log (i — x + s^)hj Maclaurin's theorem. 

4. Prove that 

• • • 

tan"i(ii? + A) = tan"iiC+ Asina. (Asina:)'. + (A8in«)'. — ^- &c, 

where z = coir'^x. 

5. Hence prove the expansion 

TT sine siniz , sinia 

— =«H . cos z H . cos*«H .cos3«+ &c. 

21 2 3 

Let A = -cot« = -jr: &c. 



6. Prove that, 



IT z emz SU12Z smtz 

- = - + + t —^ + &C. 

221 2 % 



Let A sin « = - I, in Example 4 : then A + a? = — ; = — tan — 

sinr a 

.'. &c. 

7. Prove the expansion, 

IT sina . sinas , sin3z 
2 C0S2 cos'« cos'js 



Assume A = ; , then 

sins C0S2 

« + A = - tanjs = tan (ir - ») j .\ tt — z = tan-^ (a? + A), && 

Substituting in Example 4, we get the result required. 

The preceding expansions were given first by Euler. 
8. Prove the equations, 

sin 9 s= 9 sin « — 120 sin^a; + 432 sin^a; - 576 sin^a; + 256 sin^ir 

cos 6 a; = 32 cos^ — 48 cosmos + 18 cos?a; — i. 
These follow from the formula of Article 82. 
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9. If m = a, Euler*8 formula, Art 82, gives 

f . sin'j; sin** „ 1 

sm 2X= a< sin « &c, > 

I a 2.4 J 

?erify this result by aid of the elementary equation, sin 2j; = 2 sin « cos ». 

10. To find the n^ power of the convergent series 

ao + aiii? + <iaa^+&c + a^ + &c 

Suppose (flo + «i « + &c + apajp + &c.)''=-4o + -4i a? + -^3 *» f Ac. ; 

then, making a; = o, we get Ao = a^. 

Again, taking the logarithmic differentials of both sides, and multiplying 
up, we get 

(oo + 01 ^ + a%sfl + . . .)(Ai + 2A2 a? + &c +1? A^xr^ + . . .) 
s II (ai + 203 jp + . . . + pap «P-* . . .) (flo* + -4i« + -42«^+..- + -4pa^ + ...) 
Hence, comparing coefficients of like powers — 

^1 oo = na\ oo", ^1 ai + 2^2 Oq = sm oo** 03 -I- nA\a\ 
A\ 03 + 2^3 ai + 3^s ^ = 3ft^o'*«3 + 211 ^1 03 + M A%a\^ &c. . . . &c. 
whence 

Ai = n 0(^-1 ai, ^2 = ft a<^-i 03 + — ^ flo**"* <»i^ 

2 

N • fl(>l- l)(fl-2) - , « 

-/<3 = « . ^fo"'^ as + ft . (ft - i) ad*"* ai as + Oo*"' ai» ; &c. 

1*2.3 

1 1. If ^iz + A) + ^(« - A) = 0(a;) 0(A), for all values of x and A ; 
prove that ~r^ =• ^777-( = &c. = constant ; 

and also 0'(o) = o» 0"(o) = ©i &c. 

12. If; in the last, ^-f^ = a» ; prove that 0(ic) = ««• + «-«: 

if .?-i-^ = - a* ; prove that 0(«) = 2 cos {ax), 
^x) 

13. Apply the method of Art. 83, to find the first four terms in the expan- 
sion of 

(a + *aj + ftc* + £&* + &c.)». 

Ans. a»» 



+ n 



r(»i-i)(»-2) ^^.3 ^ ^ ^„_ ,) an-f . i . <. 4 an-i . rfj «3 + &c. 



78 Taylor's Theorem. 

^+ I 

14. Prove that the expansion of . x can contain no odd powers of x. 

c •— 1 

For if the sign of :( be changed the function remains unaltered. 

X 

15. Hence, show that the expansion of contains no odd powers of x 

beyond the first. 

Here, + _ - - . , .-. &c. 

«*— I22C*-I 

X 

16. If w = , prove that 

nl th-^u\ ft . (ft - 1) / rf»»-«w\ ldu\ , . 

i\dx^^ k 1.2 \ die" 2/0 \dxk 

and hence calculate the coefficients of the five first terms in the expansion of u. 

0« - I 2 1.2 1.2.3.4 1.2... 6 

prove that 

_i _i _i »*« 

B\ = ,, ^8 = — , Bz = — , Bi = — , &C. 

6 30 42 30 

These are called Bemouilli's numbers, and are of considerable importance 
in connexion with the expansion of certain classes of functions. 

17. Prove that 

(*'-0+ r-rrr-rC**-')- — : — ^(26-1) + ... 



^+1 2 1.2 1.2.3.4 1.2... 6 

18. Hence, prove that, 

-—=**(.« - - -1- (,« - ,) + f 7 (»«-,) - &0. 
«•+ 1 3.4 3.4.5.6 

= + &c. 

2 24 240 

19. Prove that 

2*^iaj« 2*^3** 2«^a^ 

a; cot »= I — . , — &c. 

1.2 1.2. 3.4 I . 2 . . 6 

20. Also, tan - = ^i » (2* - i) + (2* - i) + &o. 

2 3.4 

21. Given m (m - a;) = i ; find the four first terms in the expansion of « in 
terms of Xy by Maclaurin's theorem. 

22. If 

d^y dy 

expand y in powers of x by the method of indeterminate coefficients. 
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23. Expand, as &r as «*, the function 

log (i + sin x). 

24. Develope (i + x)* by Maclanrin's theorem, as far as the term oon- 
tainmgjT^ 

25. Find, by Maclaarin*8 theorem, six terms of the development of 
' in ascendinff powers of x* 

26. By reference to the general principles by which the convergence of 
leries is ascertained, prove that the humonio series, 

1234 
IB infinite. 

^^. Show that the series 

a: a^ «* «* 
— + — + — + — + . . . 

|M 2"* 7** 4."* 

is convergent when a; < i, and divergent when a; > i, for all values of m. 



CHAPTER IV. 

INDETERMINATE FORMS. 

84. XBdeterminate Forms. — Algebraic expressions sometimes 
become indeterminate for particular values of the variable on 
which they depend ; thus, if the same value a when substi- 
tuted for Xj makes both the numerator and the denominator 

of the fraction*^—— vanish, then •^-7-7- becomes of the form -, 

0(a;) 0(a) o 

and its value is said to b<e indeterminate. 

Similarly, the fraction becomes indeterminate, if/ (a?) and 
0(^) both become infinite for a particular value of x. We 
proceed to show how its true value is to be found in such 
cases. By its trtie value we mean the limiting value which 
the fraction assumes, when x differs by an infinitely small 
amount from the particular value which renders the expres- 
sion indeterminate. 

In many cases the true values of indeterminate forms can 
be best found by ordinary algebraical and trigonometrical 
processes. 

We shall illustrate this statement by a few examples. 

Examples. 
1. The fraction ; ; — -. becomes of the form -when a; = e. but since 

it can be written in the shape rr 4» its true value in this case is 7* 

b{x — ey b 

X o 

a. The fraction y > becomes - when oj = o. 

y/a-v X - y/a - X o 

To find its true valoe, mult iply it s numerator and denominator by the 00m- 
pUmentary surd, -y/a + x + v^a - «, and the fraction becomes 

« (>/o + X + y/a-x) y/a +XA- y/a - x . 
or — ■ , 

2X 2 
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true yalne of which Ib \/0 when « == o. 

multiply by the two complementary surd fonns, and the fraction becomes 

zax { y/g + g + ^<i - a?} 
20; { -^/a* + a« + X* + v^a« - oar + «»} 

a(l/a + «+ y/ a — x) 



or 



the true yalue of which evidently becomes^ a, when a; = o. From the pre- 
ceding examples, we infer that when an expression of a surd form becomes 
indetmninate, its true value can usually be determined by multiplying by the 
oomplementaiy surd form or forms. 

2« — y/ ^^ -a* v 
4. ^ when a; = a. 

« - V 2«8 - a« 

a- t/fl' -ic' V 

— when ar = o. 



«2 

asinO-sinad, o, 

6. — — - becomes - when = 0. 

(cos 'COS ad) o 



Aim, 


I 

2 




I 


11 


2a 



To find its true value, substitute their expansions for the sines and cosines, and 
the firaction becomes 

„[9._!L+...V(a«-^ + ...) 

V 1.2..^ / V 1.2.3 / 



, 02 I WW . 

{ + &c. . . . + ... I 

^ 1.2 1.2 

J (a'-a) + .. . 
or 



— (a2-i)-... 
2 



divide by 0^ (a* - i), and since all the terms after the first in the new numerator 

and denominator vanish when = 0, the true value of the fraction is - in this 

3 

case. 

7. The fraction 

ao«* + aia;*-* + . % . + «^ 

G 
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its trae value can, however, be easily determined, for, it is evidently equal to 
that of 

^+ — + — I + . . . 
ai 02 

Moreover, when « = oo, the fractions — ,—-...—,,. all vanish. Hence, the 
true value of the given fraction is that of 

a;"^"* — , wnen a; = oe. 

The value of this expression depends on the sign of m • ». 

(i). If m> ff, afl"^ =00, when a; =oo ; or the fituition is infinite, in this 
case. 

(2). If m = n, the true value is — . 

Oo 

(3). If «n < «, then gi""'^ = o, when * = 00 ; and the true value of the fraction 
is zero. 

Accordingly, the proposed expression, when a; = 00, is infinite, finite, or zero, 
according as m is greater than, equal to, or less than n. 
8. To find the true value of 

A0X9 + A\xfi + . . . 

when » = o. 

ooX^i + aixpi + . . 

where a, /3, ... are arranged in increasing order of magnitude; as also 
«i, jSi, . . . 

As in the last, it is easily seen that the true value is zero, —^, or infinite, 

Oo 
according as a is greater than, equal to, or less than ai. This result is of im- 
portance in the method of infinitesimals. 



9. w = 0* sin ( — j, when a; = 00. 



(i). If a < 1, 0* = o when a? = 00, and therefore the true value of « is zero 
in this case. 

(a). If a > I, then «• becomes infinite along with a?: butas- is infinitely 
small at the same time, we have sin - = — . Hence, the true value of m is in 

fl* 0* 

this case c. 



10. M 



r W f^ __ M 

Va«—a^ cot 7 -v/ 'is of the form o x «», when «?= a. 

* ^ a + « ^ 
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W= -^ : » 



TT la — 



Hero V la-x 

tan 

X 



tot, when - a; is infinitely small, 



, .. .^ - a? IT la — X 

tan -^/ — — =-/\/ , 

+ aj a ^ a + * 



[M 



2 ^a 



. M-.vo'-a?' « + « 4a , 
• • »• — z. — — = = — when a; = a. 

^ la — X 5 "" 

a: . sin (sin x) — sin^a; , 
II. f« = ^ , whenx^o. 

l^bstitate the ordinary expansion for sin ar, neglecting powers beyond the 
sixth, and u becomes 



{sin^ar sin*»a? \ / a^ a;* \* 
sinaj + > -l*-7- + 7— 

^ ^ ^-^ 






r r I I x*Y X^ I X «*;V 



m 

Hence, we get, on dividing by x^, the true value of the fraction to be ~ when 

lo 
4P=0. 

Similar processes may be applied in other cases; there are 
however many indeterminate forms in which such processes 
would either fail altogether, or else be very laborious. 

We now proceed to show how the Differential Calculus 
fiimishes us with a general method for evaluating indetermi- 
nate forms. 

fM 
8 c. M et hod of the DUEHrential Calonlus. — Suppose — r-r to 

be a fraction, which becomes of the form -- when x = a, 

o 

i. e./(a) = o, and 0(a) = o ; 

G2 
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substitute a + A for x^ and the fraction becomes 

f{a + h)-f{a) 

(t>{a+h) »(a-t-A)-0(g) 

h 

but when h is infinitely small, the numerator and denominator 
in this expression become /'(a) and 0'(^), respectively ; hence, 
in this case, 

fja^h) ^ fXa) 

0(a + A) 0'(^) 
Accordingly, -h-{ represents the limiting or true value of 



the fraction 



0(a)' 



(i). If /'(a) = o, and 0'(^) te not zero, the true value, of 

•^-7—; IS zero. 
0(a) 

(2). Iff '(a) be not zero, and ^'(a) = o, the true value of 

•'-Vx IS 00. 

0(a) 

(3). If /' (a) = o, and 0'(a) = o, our new fraction "^-t^ is 

<j> (a) 

of the form -. Applying the same process of reasoning to 

it, we find that its true value is that of ' ^ ,,. ! . 
. * («) 

If this fraction be also of the form -, we proceed to the 

next derived functions. 

In general, if the first derived functions which do not 
vanish, be /^"^a) and 0^"^ (a) ; then the true value of 

/(a) , , , ^rZ!:^) 

•'-^ IS that of ^T-TT-rr. 
0(a) 0^"X«) 
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Examples. 



xfiijix — 

I. u = ^— ^^^ when a? = — . 

cos a; 2 

Here /(a:) = x sina: — -. 

2 



^ («) = cosa;. 
,••/'(«) = a: cos a? + sin r. /*( — ]= i. 

^'(:r) = -8inar. ^'(^)"" 



Hence, « = — i, when a? = — . 

2 

2, w = -r —, when x- a, 

(x-ay^ 

Here /(a?) = e«* - «««. 



(af) = (ar - a)r. 

^'(«) = r(x - a)»^^ 0'(a) is o or 00, as r > or < I , 

Hence the tnie value of m is oe or o, according as r > or < i. 

This result can also be arrived at by writing the fraction in the form 



(as - ay hr 



«"«», where h^x — a\ 



hence, expanding e^ and making A = o, we evidently get the same result aa 
before. 



x — sin a; 



3- 


r — wnena; = o. 




ne 


/' (a;) = I - cos Xy 


/'(o) = o. 




0' W = 3«», 


f (o) = o. 




/*(aj) = sina;^ 


r(o) = o. 




^"W^fiar, 


0" (o) = 0. 




/'"(a;) =co8x^ 


/"(o)=i. 




^» = 6, 


r (o) = 6. 
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Hence, the true value is 7, as can also be immediately anived at by substituting 

6 

X — -r-f &c., instead of sin x. 
o 

0^ — I 

4. , when ar = o. Am. log a. 

X 

86. Form o x 00. — The expression /(a;) . 0(^) becomes in- 
determinate for any value of x which makes one of its factors 
zero and the other infinite. The function in this case is 

easily reducible to the form - ; for suppose/ (a) = o, and 0(a) 
= 00 , then the expression can be written ^^, which is of the 

required form. 

Examples. 

I. Find the value of (i - a?) tan — , when » = i. This expression becomes 

I — X 2 

the true value of which is -, when x= i. 



cot -X 

2 



^«sin«-^j. 



a. Sec » I » sin • - - |, when « = - . 



TT 

«smjr — 



Tills becomes , a form already discussed. 



cos 2 



3. Tan (x - a) log (* - a), when x = a. Atu, o. 



a* 



4. Cosec«/3*.log(cos«up), x = o. „ — -. 

87. Fonn 51. As Stated before, the fraction ''-7— v also be- 
comes indeterminate for the value x = a, if 

f{a)^<»^ and ^(a) = 00. 



Indeterminate Form ^. 

00 



87 



It can, however, be reduced to the form -, by writing it 
in the shape 



I 



The trae value of the latter fraction, by Art. 85, is that of 






■•^^ when 



Now, suppose A represents the limiting value of*^-^v 
« = 0, then we have 

That is, the true value of the indeterminate form ^, is found 

00 

in the same manner as that of the form -. 

o 

In the preceding demonstration, in dividing both sides of 
our equation by -4 , we have assumed that A is neither zero, 
nor infinity ; so that the proof would fail in either of these 
cases. 

It can, however, be completed as follows : — 

Suppose the real limit of "^-t-^ to be zero, then that of 

- — , ^^ - is h where k may be any constant ; but as the 

^C"^) ... 

latter fraction has a finite limit, its value by the preceding 

method is 

(a) (a) 
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1. r /'(«) • ^, A' /'(«) . 1 

therefore, -tM = o ; i. e. when A is zero, -77-. is also zero, 

* («) W 

and vice versa. 

fix) 
Similarly, if the true value of ^^-y— ^ be infinity, when x = a, 

then — -f is really zero, we have therefore %r7-\'"^y by what 

has been just established, .•. '^ ,, { =qo. 

Accordingly, in all cases the value of '-7^* determines 

0(a) 

■P f \ 
that of •^-—^ for either of the indeterminate forms - or ^. 

(tt) o «^ 

88. Indeterminate Sxpresaions of the Form [ f{x)]*^''\ 
Let w= [f{x)\^^''\ then log w = 0(^) log/(^). This latter 
product is indeterminate, whenever one of its factors becomes 
zero and the other infinite, for the same value of x. 



f(x) 
♦ On referring to Art. 64, the stndent will observe that ,) is of the form 

ffx) 
^whenever y-: = ~, so that the process given above would not seem to assist 

US towards determining the true value of the fraction in this case ; however, we 

generally find a common factor, or else some simple transformation, by which 

o 
we are enabled to exhibit our expression after differentiation in the form -. 

o 

For example, v is of the form when « = - ; here / ' (») 

3= sec'aj, 0'Caj)= — , and the fraction 7,-^ is still of the form ^, but it can 

w — — 

a 
X 

be transformed into ^ which is of the form - ; the true value of the latter 

C08*J? o 

IT 

fraction can be easily shown to be - 00, when * = — . 

In some instances an expression becomes indeterminate for an infinite value 
of X. The student can easily see, on substituting - for x, that our rules apply 

if 

equally to this case. 
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(i). Let ^{x) = o, and log [f{x)] = ± c» ; the latter re- 
quires/Car) = 00, or /(a?) = o. 
Hence, {/(a:))*^*^ becomes indeterminate, when it is of 
the form o^ or oo®. 

(2). Let 0(ar) = ±c» and log [f{x)] = o, oif{x) = i ; this 
gives the indeterminate forms, 

I* and !-•. 

Hence, the indeterminate forms of this class are 

o^ 00°, and I*". 

Examples. 

■ I. (rin xy^ * is of the form o<*, when a? = o. 

-n 1 ^ 1 / . X logCsina?) 

Here log u = tan * log (sin x) = ■ ^ • 

° o \ • cot a? 

The true yalue of this fraction is that of 

cos a; 

sina; . , 

— • s - coea; sm dT or o, when « = o. 
I 

sin^j: 
Hence, the yalne of (sin x)^»^ = ^ = i, at the same time. 

IT 

2. (sin a?)***^, when x =—. 

2 

This is of the form i » , hut its true value is easily found to be unity. 

1 

/tanaj\^ , 

3. I r when x = o. 

log(^) 
Here log u « L.^^ 

, ^ tanoj OB* 

but, = 1 1 — + &c. 

X 3 

, tana? . ( ar* ^ \ a;» . 
.*. log = log I + &C. 1 = - + &c. 

« V 3 / 3 

hence, the true value of log » is -, when a; = o, and accordingly, the value of » 

is #i at the same time. 
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4. « = I I + - I when jf = o. 



.-(»;)■ 



T X ' *V 1 log (1 + 05) 

Let a:= -, then log h = -2-i , 

z z 

.\ by Art 87, the true value of log w, when 2 = 00, is that of , or is zero, 

' ° i+az 

Hence, the value of m is i, at the same time. 
5. I ' "^ ~ I '^^^^ a; s= 00. 

T X ' XV 1 l0g(l4-flz) 

Let a; = -, then log u = -2-^^ , 

z z 



the true value of which is a, when z is zero. 
Hence, the true value of u is ^. 

I Xtsnx 



tl \tKnx 
-j , whendr = o. Atu. i. 

89. Complex Indeterminate Forms. — If an indeterminate 
form be the product of two or more expressions, each of which 
becomes indeterminate for the same value of a, its true value 
can be determined by considering the limiting value of each of 
the expressions separately ; also when the value of any inde- 
terminate form is known, that of any power of it can be 
determined. These are evident principles, at the same time 
the student will find them of importance in the evaluation of 
indeterminate^ functions of complex form. We will illustrate 
their use by a few elementary applications. 

Examples. 
I. To find the value of 

/ . N. I V — 2X ^ . IT 

s^ . (sin xy*^ — : when a; = - . 

\ 2 sin 2:r / a 

/ 71- \ m tan « 

The value of a;^ is ( — 1 and that of (sin x) is unity, see p. 89. 

Agaia, — : becomes — : , on substituting - — « for x. hence, its true 

2sin2a; 28ui2z 2 



value is - when 2 = 0. 

2 



Accordingly, the true value of the proposed ezpreaaion when « s= — is ^^^ 



V . ir"» 

- 18 

2 2"»» 
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2. — , when s s 00. 

This finction can be written in the form [ * ] i the true yalue of ^, by the 

method of Art. 87, ia that of -— ^ ; but the value of the latter fraction ia zero, 

— c5 

n 

when d; => 00 ; hence, the true value of the proposed function is also zero, at 

the same time. 

3. « = jpM (log x)% when 9=0, and m and n are positive. 

Here u = («* log x)"*, 

\ogx 

■ ^ - is of the form 22., when a? = o. 

its truA value is that of — ^— ^— » ^^ — • 

m 

Hence, the true value of the given expression is zero, 

This form is immediately reducible to the preceding, by assuming a;" = e~y, 

m 

4- tts-^;, when «=oo» 



"'(t^T 



Here 



but if & > I, and n > m, ^ =00, when s «= oe. Consequently the value of m 
is of the form o*, or is zero in this case. 



Again, if m >m, ^ =0, when a;= 00, and the true value of m is 00. 



I 

a** 
H = — -, when a? s= o. 



Let s = ', and this fraction is immediately reducible to the^ form discussed 
in the previous example. 

6. («-'^')-'U°8 ('+»))- ,H,^ , „ ,. ^„. L. 
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7. 1* = -^ — •■ — , wliena;=o. 

X 

From Art. 29, this is of the form - ; to find its trae yalue, proceed by the 

o 

method of Art 85, and it becomes 

Again, substituting for (i + a;)' its limiting yalue «, we get, 

{ a?-(i4-a;)log(i + a;) ^ 

the true value of which is readily found to be — , when a? = o. 



8. 



I*— I I fasina?— sina* "|n 
vax 1.3? (cos a?- cos aa;) J 



sin 



m*— I 

The true value of —. , when a? = o, is log w, 

sin a: 

a sin X — sin ax 

and that of —7 r, when a; = o, 

X (cos a? — cos ax) 

a 
has been found in Example 6, Art 84, to be - ; hence the true value of the given 

•9 



expression, when a? = o, is I - ] logm. 



90. We shall now proceed to state more accurately an 
important principle in tne Infinitesimal Calculus, which we 
have hitherto assumed ; it may be stated as follows : — 

If the difference between two infinitely small quantities 
be infinitely small in comparison with either of them, then 
the ratio of the quantities becomes unity in the limit, and 
either of them can be in general replaced by the other, in any 
expression. 

For let a, /3, represent the quantities, and suppose 



a % 



«-/3 + i,or^ = .4^. 



% 



Now the ratio tx becomes evanescent whenever i is infinitely 



Indeterminate Fonns. 93 

small in comparison with /3. This may take place in three 
diflFerent ways: (i) when j3 is finite, and i infinitely small: 
(2) when i is finite, and [i infinitely great : (3) when j3 is in- 
finitely small, and % also infinitely small of a higher order ; 

thus, if t = i/3*, then -j = ij3, which becomes evanescent along 

with)3. 

Accordingly, in any of the preceding cases, the fraction 

y. becomes unity in the limit, and we can, in general, substi- 
tute a instead of B in any function containing them. Thus, 
an infinitely small quantity is neglected in comparison with a 
finite one, as their ratio is evanescent, and similarly an infini- 
tesimal of any order may be neglected in comparison with one 
of a lower order. 

91. Again, if ai + aa + as + . • . + on, represent the sum of 
a number of infinitely small quantities, which approaches to a 
finite limit when n is increased indefinitely, ana if j3i, /32> . . . 
j3iM be another system of infinitely small quantities, such that 

i--= I+€i, — =1 +€2,...— =1 +€n, 

where €1, €2, . . . €»i, are infinitely small quantities, then the 
limit of the sum of j3i, /32, . . • jSn? is ultimately the same 
as that of ai, aa, . . • an> 

For, from the preceding equations we have 

/3i + )3a + . • . + /3« = Oi + aa + • . . + an + ai€i + OaEa + . . . + anSn- 

Now, if i|be the greatest of the infinitely small quantities, 
€1, £29 • • • £n» then we have 

/3i + /3i + . . . + /3ii - (ai + aa + . . . + a„) < ij (ai + aa + . . . + an)f 

but the factor ai + a, + . . . + an, has a finite limit, by hypo- 
thesis, and as fj is infinitely small, it follows that itiQ limit of 
jSi H- jSa + . . . + /3n is the same as that of ai + aa, . • •+ an* 



94 
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• 0(a;)-K»)' 

/ sin na; \* 

'•It-)' 

cos a?0 — C08 n9 



5- 
6. 






8. 



I — sin a: + cos a? 
sin* + cos a; — i' 

tan a? - sin a; 
sin^a; 



lO. 



^* (a» -«»)* + (a -*>* 
ar^tana; 

logsinx' 



ars + 2 cos « - a 
'3- IS , 



Examples. 



when « = «. Aim. 



a; s=o. 



xszn. 



x^a. 



n =- 1. 



« s o. 



IT 

af = -. 

2 



a? = o. 



x^a. 



X s o. 



X = — . 

a 



ar = o. 



X = o. 



14. 



(« + sin 2x ' 6 sin - J 

*v 

(4 + cos jr - 5 cos - I 



x = o. 



00. 

* 

3 



log 

I 

3 

I. 

I 

a 



(:-} 



^/2fl 
\/3 + 



I. 



alogci. 



o. 

I 
la* 



S 



(v)' 
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15. 1/^ +C08aar-8mr ^_5 y^] 



. 1^ 10 

X am 2« + ' COS X a '••• ^^ 

tan no- tan xa 

x^ tan nor - n tan X 4 

»7- —. •: 9 * = o- ~- 

I -cosma; ft sin x - sin im; mS 

(2 sin X - sin 2x)* 8 

'•• 7 ^T'f X = o. — — . 

(sec X — cos ax)* ' 125 

1 

i-« - _ , I. 

19. X * - '• - 

(x ~ y) {f (x) -f 0'(y) } - a»(^) + 2Ky) ^_^ f (y) 

'°- (:^y? ' '-y- -6" 

xlog(i +x) 

21. ^ , X = O. 2. 

I - COS X 

1 

22. X . e* X = O. 00 . 



*^- log(i+xy 



X = O. 2. 



TTX - I TT V^ 

log (tan 2x) 

25. -r-^^j- {, x = o. I. 

log (tan x) 

20. • X = o. — . 

tanx- X 2 



.7. ^^=7=. • tan -I ^'-»" COB *. i+^ CO. ^ 

(i-in)v I — m« m i-w 



ms: I. 
cos 3^ 
3 



28. ^Qg(' ^- x-f x») + log(i -X + x«> ^^^ ^^ 

sec X - COS X 

29. I r, X = O. Ol 03 . . . Ofi. 
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log or V 



- m 



X e 00. 



Ans. o. 



* ex 



(i +x)5 - * + 
31. 



^ 4; <= o. 



sin a; - log (^ cos a;) i 

32. ^ -' a; = o. -. 

a;* 2 



33. *(i+^y-«««iog^i+^), 



35. 



'* I -a? + log a?' 



38. 


^ + sina;-i 


log(i+a?)' 


39- 


e^-e-»-2X 


tan x^x ' 


An 


d 1 ax*-\-bx4-e 



-x.aloe[l] 



ill. 


a - \/ 2aa; - a:> 




tan (a+ x) — tan (a - a;) 


42. 


tan-i (a + x)- tan-^ (0 - x)* 


43- 


a' - 3jr + 2 
a;«-6aja + 8a;-3' 




siii» 


44. 


(sin x) , 


45. 


8ec»aj 



» = 00. 



i--a? + loga; 
34. 7 — -— , X = I. 



x= 1. 



36. i . x= I. 

•^ I - a? + log aj' 

cos a: - log (i + a?) + sin a? - 1 
37» ; ^ f X = o. 



» = o. 



a;s=o. 



a: =3 00, 



a 



a; = a. - i. 



a? = o. 



« = I. 



X sbO. 

a? = -. 

a 
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tan* X 

46. (anx) , x=s -. Ant. i. 

47. Find the yalue of 

(or ~y)fl* + (y- g) ag* + (g >g)y* n.n-i ^, 

(*-y)(y-«)(»-*) ' I. a * 

when g^fssa. 

Sabstitnte a + A for r, and a + A; for y, and after some eaajtransfonnationa we 
get the answer, on making A a o, and k=o, 

^ x + tanx-tan as 7 

48. 7 7 , « = 0. -r 

2jr + tana;-tan3a; 26 

X + sin's - sin 2x - 7 

49. 7 , x = o. — . 

2X + tanx-tan3d; 52 

y/x - ^a + t /ag- a i 

CO / : , X = a, ' • _ ' 



X — sin a? tan «. 



— z 



51. ^ ^ ? a? = o. — . 



B 
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CHAPTER V. 

PARTUL DIFFERENTIAL COEFFICIENTS, AND DIFFERENTIATION OF 
FUNCTIONS OF TWO OR MORE VARIABLES. 

92. Partial DifforentiatioiL. — In the preceding chapters we 
have regarded the functions under consideration as depending 
on one variable solely ; thus, such expressions as 

ef^y sin hxj a^, &c. 

have been treated as functions of a only ; the quantities a, b, 
wi, . . . being regarded as constants. We may, however, 
conceive these quantities as also capable of change, and as 
receiving small increments ; then, it we regard a as constant, 
we can, by the methods already established, find the diffe- 
rential coefficients of these expressions with regard to the 
quantities, a, J, m, &c., considered as variable. 

In this point of view, ef^ is regarded as a function of a as 
well as of ^, and its differential coefficient with regard to a is 

represented by ^ , or xef^ by Art. 30 ; in the deriva- 
tion of which, X is regarded as a cortstant. In like manner, 
sin {ax + by) may be considered as a function of the four quan- 
tities, X, y, a, bf and we can find its differential coefficient 
with respect to any one of them, the others being regarded as 
constants. 

Let these derived functions be denoted by 

du du du du • 1 1 

di' ^' Ta' dS' '««P««*>^«ly' ^^e^e « 

stands for the expression under consideration, and we have 

^^ / iL.\ du . . _ . 

— = a cos {ax + fijy), 1"^ ^ ^^^ (^ + *y)> 

^ = a: cos {ax + by), ^ = y cos (oa? + by), 
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These expressions are called the partial differential coefficients 
of u with respect to x, y, a, 6, respectively. More generally, 
if 

denote a function of three variables, x^ y, z; its differential 
coefficient when x alone is supposed to change, is called the par- 
tial differential coefficient 01 tne function with respect to x, and 
similarly for the other variables y and 2. If the function be 
represented by u, its partial differential coefficients are de- 
noted by 

du du du 

dx dy^ dz^ 

and from the preceding it follows that the partial derived 
functions of any expression are formed by the same rules as 
the derived functions in the case of a single variable. 

Examples. 

I. tt = (ax^ + by* -\- e^y, 

du 
Here — = 2nax (ax* + iy* + csi*)»»-*, 

ax 

du 

— = 2nby (ax^ + 4y* 4 ftr*)"-*, 

du 

—- = znez (««• + *y« + «')«- • . 

dz 

• -1 ' 

y 

du I du — X 



dx t/y»-xa* dy yv/^*"** 

du du 

« = «y, 3-=y*iri, — = *y.log«. 

dx dy 

du , ^ 

- = 2jr^ {xy^ + sfiy 0'(xy). 

H 2 
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93. Differentiation of a Funotion of two Variables. — Let 

u ^ iff (a!j f/f) and suppose x and y to receive the increments 
A, k, respectively, and let Am denote the corresponding in- 
crement of Uy then 

Am - (a? + A, y + A) - (a?, y), 

= (a; + A, y + *) - ^ (ar, y + i) + (x, y + A) - (^, y), 

^ »(a? + A,y + ^)-»(a?,y + ^) j^ ^ » (a?>y + ^) - » (3:,y) ^^ 

h k 

If now, A and k be supposed to become infinitely small, 
then, by Art. 6, 

0(a? + A, y + Ai) - ^(a?,y + i) c?. 0(ar,y, + *) 

A ^i ' 

^ (a?,y + A;^-0(3?,y) d.0(a;, y) 
^^d A ^ dy ' 

In the limit, when A; is infinitely small, ^ (a?, y + A) be- 
comes ^ (a?, y), and 

^•»^^;y^^> becomes "^liif lJ^ ; 
air dx 

hence, we get, neglecting infinitely small quantities of the second 
ordevy 

, du , du , 
du^^- h + -rrk, 
dx dy ' 

where A and k are infinitely small. 

If cfe, rfy, be substituted for A and A, the preceding be- 
comes 

_ du ^ du ^ 

In this equation du is called the total differential of m, 
where both x and y are supposed to vary. 

The student should carefully observe the different mean- 
ings given to the infinitely small quantity du in this equation. 
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du 
In the expression j-, du stands for the infinitely small change 

in u arising from the increment dxinxy y being regarded as 

du 
constant. Similarly m -jy du stands for the infinitely small 

change arising from the increment ^y in ^, x being regarded 
08 constant. If these partial increments be represented by 
djiUy dpU, the preceding result may be written in the form 

du B dxf^ + dy^' 

That is, the total increment in a function of two variables is 
found by adding its partial increments, arising from the difie- 
rentials of each of the variables, taken separately. 



Examples. 

I. Let 4r = r cos 0, in which r and 9 are considered yariables, to find the total 
differential of x. 



Here 


dx ^ dx , ^ 
dr dd 


Hence, 


dx^coaOdr-r aiaOdQ, 


2. 




Here 


du 2X du 2y 
H" a** dy" }^' 



.•. du- — dxi-^dy. 



3- **'^^{y/ ^®*p=«>t^ea«« = 0(«)- 

du ^ du dss _^ \y I 
dx dz dx y * 

du ^dudz ^ ^ \yj 
dp dz dy" y> * 
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94. Dilferentlatloii of a Fnnotlon of tbree or more Va- 
riables. — Suppose 

t* = ^ («, y, s), 

and let A, k^ ^ represent the infinitely small increments in a:^ 
y, 2, respectively ; then, 

Am = (aj + A, y + A, 2 + Q - (a?, y, 2?), 

(a? + A, y + A, z-\-l) - <lt (x^y+ky z-^l) 

h ^' 

which becomes in the limit, by the same argument as before, 
when (£r, dy, (£s, are substituted for h, k, I; 

^ du ^ du , du , . ^ 

Or, the infinitely small increment in u is the sum of its 
infinitely small increments arising from the variation of each 
variable considered separately. 

A similar process of reasoning can be easily extended 
to a function of any number of variables ; hence, in general, 
if u be a function of n variables, oti, x^, ars, . . . Xn ; 

^ du du J du , , . 

dxi dx2 dxn 

95. If 

where t?, w, are both functions of a, then, from Art. 93, it is 
easily seen that 

du df(v, w) dv df{v,w) dw 
dx dv dx dw dx' 

This result is usually written in the form 

du du dv du dw 

dx " dvdx dw dx ' 
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In general, if 

« = Ou ^2, . . . yn), 
where yi, y^^ - . . yny are each functions of a?, we have 

du du dyi du dy^ du dyn . v 

dx dyx dx dy% dx ' ' ' dyn dx' ' ' ' 

Also, if ^1, ^29 &o.y Vn, be at the same time functions of 
another variable Zy we nave 

du du dyi du dy^ » du dy^ 

dz dyi dz dy^ dz * dyn dz ' 

and so on. 

Examples. 

I. Let « =■ ^ (^ Y,) 

▼here X= ax + bt/, r= «'« + Ay ; 

du du dX du dY 

du ^du dX du dY 
dy~dX*dif ^ dY^d^* 

K ♦ dX dX dV , dY ., 

but — = a» — = o» — = a . — = o . 

da ' dy ' dx ' dy 

_ du du , du 

a. More generally let 

where JI = or + iy + «5, 

F = a« + i y + 02, .'I 
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When these substitutions are made, u becomes a function of x^ y^ z, and we 
have 

du du , du „ du 

daf dX^ dY^ dZ' 

du du du „ du 

du du , *du „ du 

dz dX dT dZ 

96. Siller's Theorem c»f Homogeneous Fimotions. 

If t« = AaiP y« + BaiP'y^* + Cx^^'j/i'' + &c., 

where, p + q-p'-¥ q' ^p*-^ y''= &c. = w. 

To prove that 

du du ^ , 

du 
Here, ^ j" = ^P a^ y^ + ^i>' a^' y^' +&c. 

r/j-=^Aqa!Py^ + Bq' vS^' \f^' + &c. 

= nAal^ yi + nBsP' yfi' + &c. = nw. 

Hence, if m be any homogeneous expression of the n** de- 
gree in X and y, not involving fractions, we have 

du du 
dx ^ dy 

Again, suppose tf to be a homogeneous function of a frac- 
tional form, represented by — ; where 0i, 02 are homogeneous 

expressions of the n** and m** degrees, respectively, in x and 
y, then 

01 
9a 
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hence, — =__-_--_, 

cfo; (02)' 

Accordingly, 

but, by the preceding, 

d<bi ddii d^2 d(b2 

„ dt* du ^ n^ifl>2 — mtjufpi 
Hence, "dx^'^dy (^,7 ' 

^ (ji - m)^ = (n - m) u: 

03 

which proves the theorem for homogeneous expressions of 
a fractional form. 

In the case of three variables, x^ y, z, 

let u m AoP y^ z% 

, du . du . 

then X -^^ Apafiy^z^y y -^^Aqx^y^z^^ 

du , 
z-T-^AraiPyiz^^ 

du du du . , V X X 

and the same method of proof can be extended to any homo- 
geneous function of three or more variables. 
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Hence, if u be a homogeneous function of the v^ degree 
in x^ y, z, we have 

du du du . . 

It may be observed that the preceding demonstration 
holds also if n be a fractional or negative number, as can be easily 
seen. Another proof will be found in a subsequent chapter, 
along with the extension of the theorem to differentiations 
of a higher order. 



Examples. 

Verify Euler*s Theorem in the following cases by direct diffisrentiation : — 

«* + y3 du du s^ 

I. « = 7 — ; — rr; prove rc — + y — « —. 

(» + y)* dx dy 2 

x^ + asD^y + 6y' du du 

asfi ioy* ax dy 

, «• — y* du du 

«* + y* dx " dy 






d<r dy 



97. In the application of Euler's Theorem the student 
should be careful to see that the functions to which it is ap- 
plied are really homogeneous expressions. For instance, at 

first sight the expression sin "* [ ^ — =^ ] might appear to be a 

homogeneous function in x and y ; but if the fiinction be ex- 
pandea, it is easily seen that the terms thus obtained are 
of different degrees, and, consequently, Euler's Theorem 
cannot be directly applied to it. If, however, the equation 

«17 *f* t/ 

be written in the form --r — ^ = sin m, we shall have, by Eu- 
lor s formula, 
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dsinu d sm u sinu 



or, cos 



dx dp 2 

f du du\ sin u 
\ dx ^ dy) " 2 



TT ^^ du tan ti I ^ + V 

Hence, « ^- + y t- =» = -• . == 

dx " dy 2 2 /(ari + yi)* - (a? + y)» 

If, however, the degrees in the numerator and the de- 
nominator be the same, then the function is of the degree zero, 
and we have in all such cases, 

du du 

dx ^ dy'^ ' 

-r — ^ I , tan"^ ^, e k &c., may be treated 

xh-^y^J' x-y ' ^ 

as homogeneous expressions whose degree of homogeneity is 
zero. The same remark applies to all expressions which are re- 



ducible to the form ( - ). 



98. If X- r cos 0, y = r sin 0, 
To prove that 

xdy - ydx « i^dQ. ... (8) 

In Ex. I, Art. 93, we found 

dx = cos Odr - r sin OdOy 
Similarly, dy » sin Odr + r cos Odd. 

Hence xdy - r cos Q sin 9dr + r' cos ^OdB 

ydx = r cos Q sin Odr - r* sin 'OdO 
.*. xdy - ycte = r^dfl. 

99. If X and y have the same values as in the last, to 
prove that 

{dxf + {dyY = {dry + r«(dfl)». ... (9) 

Square and add the expressions for dxj dy, found above, 
and the required result follows immediately. 



io8 
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The two preceding formulae are of importance in the 
theory of plane curves. 

ICO. If M = or* + fty» + cs* + 2dyz + 2exz + 2/ry, 

to find the condition among the constants that the same 
values of 2r, t/y z should satisfy the three equations, 



= o. 



du 



du 



df/ * dz ' 



Here 



= 2ax + 2/y + 2ez = o, 



du 
dx 

du 
dx 

-7- = 2fx + 2by + 2dz = o, 

du , 

-r = 2ex + 2dy + 2cz = o. 
dz 

Hence, eliminating ^, y^ z between these three equations, 
the required condition is 



ahe - 


ad?-be^- 


-cp 


+ 2def = ; 


or, in the determinant form, 






« / 


e 






/ b 


d 


= 0. 




e d 


c 





The preceding determinant is called the discriminant of the 
quadratic expression, and is an invariant of the function ; 
it also expresses the condition that the conic represented by 
the equation m = o should break up into two right lines. 
(Salmon's Conies, Art. 76.) 

The preceding result can be verified easily from the latter 
point of view ; for, suppose the quadratic expression, w, to be 
the product of two linear factors, X and Y; 

or, u^XYj 

where -XT = te + my + nz, Y -Ix ^^ m'y + n'2, 
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then *f.x^+F^ = /'JSrWF 

dx dx dx 

du ^dY ^dX , 
dy dy dy 

d& dz dz 

Here the expressions at the right hand side become zero for 
the values of x^ y, 2, which satisfy the equations -XT = o, F ■= o, 

or, Ix + my + n« = o, tx ^ my + nz «■ o. 

Hence, in this case, 

du du du 

dx ^ dy ^ dz 

are also satisfied simultaneously by the same values. 

loi. Differentiation of an Implioit Fnnotlon. — Suppose that 
y, instead of being given explicitly as a function of Xy be deter- 
mined by an equation of the form 

/(«,y) = o, 

then y is said be an implicit function of ^ ; for its value, or 
values, are given implicitly when x is known. 

In this case, let k denote the increment of y corresponding 
to the increment hmx\ and denote /(ar, y) by u. 

Then, since the equation /(a?, y) = o is supposed to hold 
for all values of ^ and the corresponding values of y, we 
must have 

f{x + A, y + i) = o. 

Hence du « o, and accordingly , by Art. 93, we have, when 
h and k are infinitely small, 



du, 
dx 


du 
dy 


i = 0; 


dy^ 
dx 


k 


du 
dx 
du 



hence, -£=- = .--. ... (10) 

^-^ ^ du 

dy 
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This result enables us to determine the differential co- 
efficient of y with respect to a whenever the form of the equa- 
tion /(a:, y) = o ia given. 

In the case of implicit functions we may regard a as being 
a function of y, ory a function of a, whichever we please — 
in the former case y is treated as the independent variable, 
and, in the latter, x : when y is taken as the independent 
variablCf we have 

du 

da ^dy I 

dy du dy 

dx dx 

this is the extension of the result given in Art. 19, and 
might have been established in the same manner : — 

Examples. 

dy 
I. a?' + y' - Sflury = o, to find — . 

aX 

du du 

dy x^ — ay 
' ' dx <MJ — y*' 



du mx^^ rf«_my"»-' dy ^ / a?\"«'i/ *\"* 

dx o»»"' dy 4«"' " di~"~\y/ \aj 

1 , ^y yfarlogy-y\ 

3. x\ogy-ylogx = o. ■T---[ -^r^ — ' V 

^ oi^ i^ o ^ x\xlogy^x I 

We shall now proceed to illustrate the principles of partial 
differentiation by applying them to a few elementary ques- 
tions in plane and spherical triangles. In such cases we may 
regard any three* of the parts a, 6, c, -4, jB, (7, as being inde- 
pendent variables, and each of the others as a function of the 
three so chosen. 

* The case of the three angles of a plane triangle is excepted, as they are onlj 
equiyfdent to two independent data. 
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I02. If two sides a, b and the contained angle C7, in a 
plane triangle receive indefinitely small increments, to find 
the corresponding increment in the third side c. 

We have c* «= a* + J' - zab cos C 

.•• cdc = {a- b cos C) da ^(b- a cos C) db + ab sin CrfC, 

but a = 6 cos (7 + c cos JB, ft «= a cos C + c cos A. 

Hence, dividing by c, and substituting c sin JB for b sin (7, 
we get 

cfc = cos Bda + cos Adb + a sin .BdC . . . (i i) 

Otherwise thus, geometrically. 

By equation (2), Art. 94, we have 

dc = ^r da + -zr db ■¥ -77; dC, 
da do dC 

dc 
Now, in the determination of -3- we must regard b and C as 

oa 

constants; accordingly, let us sup- 
pose the side CB or a to receive a 
small increment^ BB' or Aa, as in the 
figure. Join A B' and draw BD per- 
pendicular to AB^ produced if neces- 
sary ; then, by Art. 38, AB = AD 
in the limit when BB is infinitely ^ 
small; neglecting infinitely small ^ 
quantities of the second order. 
Hence, 

is^e^AE -^AB^AB-AB^BD 

do „ . j^Ac BD ^ 

.'. -r = limit 01 -T- = -=5-=5 a cos B ; 
da Aa BB 

. . dc 

Similarly, ^ « cos A ; which results agree with those arrived 

at before. 





1 1 2 Partial Differential Coefficients, 

dc 
Again, to find -7^ ; Suppose the angle C to receive a 

small increment AC, represented by 
B CB in the accompanying Figure, 
take CB = CJ9, join AB^ and draw 
£2) perpendicular to AB\ 
Then, 

Ac = AB -AB^ BD (in the limit) 

= BB cos ABB:^ BB' sin ABC (approximately). 
Also, in the Umit, BB = 5(7 sin BCB = aAC. 

Hence, -^p, = limiting value of —^ = a sin 5, 

the same result as that anived at by difierentiation. 

In the preceding investigation it has been assumed that 

AB - AD IS infinitely small in comparison with BD ; or that 

AB-AD 
the fraction — ^^^ — vanishes in the limit. This can be 

easily established geometrically as follows : — 
By reference to the Figure of Art. 38, we have 

AE-BE ED^ B E BD AB 
AB ^ AB ^ AB"^ AE 

Hence, j-^ — becomes infinitely small along with 

AB. 

This result admits also of being stated in the following 
form : — If one angle of a right-angled triangle be very 
small, then the difference between the sides which contain 
that angle is very small in comparison with the remaining 
side. 

When the base of a plane triangle is calculated from the 
observed lengths of its sides, and the magnitude of its vertical 
angle, the result in (11) shows how the error in \hQ computed 
value of the base can be approximately found in terms of the 
small errors in the observation of the sides and of the contained 
angle. 
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dC 
lo^. To find -=-; whan a and 6 are considered Oonstani. — 

In the preceding figure, BAB' represents the change in the 
angle -4, arising from the change A (7 in C\ moreover, as the 
angled is diminished in this case, we must denote BAB' 
by - ^Ay and we have 

BR' = ^^^^ „ aB£S.A ^ _ c^A 
°° ~ sin ABB cos 5 " cos B' 

Also, ^J? = aAC. 

dC AC ,. . ,. ..V <? , V 

••• dZ "^ a2 (^^ '^^ ^''^ ^'^^^^^Tb' ' • • ^'^> 

This result admits of another easy proof by differentiation. 

For a sin £ ■= 6 sin -4 ; 

hence, when a and b are constants, we have 

a cos BdB = b cos -4rf-4. 
Also, since -4 + jB + C = ir, we have 

dA + dB ■¥ dC - o. 

Substitute for (2J3 in the former its value deduced from the 
latter equation, and we get 

(a cos jB + J cos A)dA = - a cos BdC; 

or cdA = - a cos 5dC, as before. 

In general, if we take the logarithmic differential of the 
equation 

a sin £ » i sin ^, 
regarding a^b^A^B as all variables, we get 

da dB db dA 
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104. The result in equation (12) admits of being trans- 
formed into 

dA dC 

acosjB c ' 

but 

{?= \/a* + 6* - zab cos (7; andacos^a \/a' - ft^sin*^. 
Hence we get 

dA d£ 

y/a^ - b^ sin ^A " " \/a» t 6" - 206 cos C* 

If (7 be denoted by 1 80*^ - 21^, the angle at A by 0, and 
- by kj the preceding equation becomes 

d^ 2^; 2*/| 

V I - A? sin 20 "" V^i + 2* cos 2^ +^4* "^ \/(i + *)' - 4A sin *;/, 



2 di/^ 



. . . (14) 



I +* /i - JfeiasinY' 

where A;i «= j- • 

I + a; 

Also, the equation a sin £ ■> i sin ^ becomes 

sin (2<^ - 0) » A sin 0. 

The result just established ftirnishes a proof of Lagrange's 
transformation in Elliptic Functions. (See Hymer's Integral 
Calculus, p. 241, &c.) 

105. We shall next investigate some analogous formulas 
in Spherical Trigonometry. 

Differentiating the well-known relation, 

cos c B cos a cos 5 + sin a sin h cos C, 
regarding a and b as constants, we get 
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dc sin a sin i sin C 



dC sine 



= sin a sin B. 




dc 
Again, the value of -7- when b and C are constants, can 

be easily detennined geometrically 
as follows : — 

In the spherical triangle ABC^ 
making a construction similar to that 
of Art. 102, we have 

BB = Aa .-. -T- » limit of -7- = -htt, (in the limit) « cos B. 

da Aa BB' ^ ^ 

dc 
Similarly, when a and C are constants^ -^ e cos A. 

do 

Hence finally, 

dc = cos Bda + cos Adb + sin a sin BdC> ... (15) 

This result can also be obtained by a process of diffe- 
rentiation. 

As in the corresponding case of plane triangles, we 

have assumed that AB' » AD in the limit; i. e., that 

AB - AD 

r^rj^ — is infinitely small in comparison with AD in the 

limit. This assumption may be stated otherwise, thus — 
If the angle -4 of a right-angled spherical triangle be 

c — 6 
very small, then the ratio —j- becomes very small at the 

same time ; where c and b have their usual significations. 

This result is easily established, for by In apier's rules we 
have 

. tan b sin b cos e 

COS^ = = J--. ; 

tan c COS sm c 

I - COS A sin c cos b - cos c sin b sin (c - J) 
' * I + COS A sin c cos b + cos c sin b sin (c + i) ' 

I 2 
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or, 

riii(e-6)=taii*— am(c + 4), ' ^ ~ = sm (g -t- &) tan — . 

2 ^ -A 2 

tan — 

2 

Bat the rig^t hand nde of this equation becomes reiy small 
alongwith A, and consequently r - 6 becomes at the same time 
▼efjr small in comparison with that angle. 

The formula (15) can also be written in the foim 

-^ dc da dS} 

smasmx> am a tan x> smotan^ ' 

and the corresponding formulas for the differentials of ^ and 
B are obtained by an interchange of letters. 

Again, bj aia of the polar triangle^ formula (15) becomes 

dC ■» - cos bdA - cos adB + sin ^ sin bdc. . • • (17) 

These and the analogous formulas are of importance in 
Astronomy in determining the errors in a computed angular 
distance arising from small errors in observation. They 
also enable us to determine the most favourable positions for 
making certain observations ; viz., those in which small errors 
in observation produce the least error in the required result. 

106. The beginner must be careful to attach their proper 

significations to the expressions -7-, -— ^ &c., in each case. 

Thus, when a and b are constantly we have — = sin a sin £ ; 

dC 

but when A and a are constants, we have -77= *=■ 71 ; these 

ac7 tan C 

are quite different quantities, represented by the same 

do 
expression v>7» 

The reason is, that in the former case we investigate the 
ultimate ratio of the simultaneous increments of a side and 
its opposite angle, when the other two sides are considered as 
constant ; while in the latter, we investigate the similar ratio 
when one side and its opposite angle are constant. 
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Similar remarks apply in all cases of partial differenti- 
ation. 

When our formulae are applied to the case of small errors 
in the sides and angles of a triangle, it is usual to designate 
these errors by Aa, Ai, Ac, A^, A^, AC; and when these 
expressions are substituted for da^ dbj &c. in our form\il», they 
give approximate results. 

For instance, (15) becomes in this case, 

Ac B Aacos£ + Aicos^ + ACsinasin^ . . . (18) 

and similarly, in other cases. 

It is easily seen that the error arising in the application 
of these formulse to such cases is a small quantity of the 
second order ; that is, involves the squares and products of 
the small quantities Aa, Ai, Ac, &c. This will also appear 
more fully &om the results arrived at in the next chapter. 

107. nieoreiii. — If the base c, and the vertical angle C, of 
a spherical triangle be constant; formula (15) becomes 

da db 

o. 



cos A cos B 

Now, writing ^ instead of a, yff instead of A, and k for 

- ; — , this equation becomes, 
sin c ^ 



(, sin^ siujBs 
smce k = — : — = -, — - ) ; 
sin a sm bj 



d<p dip 

y. , + y - ... •= O. • • • ( 10) 

Vi-**sin«^ x/i'k^siahp ^ ^^ 

where and \p are connected by the following relation : — 
cos c = cos cos (^ + sin sin \{^ cos (7, 

or cos c = cos cos 1^ + sin sin 4^ v^i - i* sinV. 

108. In a Spheiioal Triangle, to prove tbaft 

da db dc 



cos A cos B cos C 

sin C 
When -; — is oonstant. 

sine 



= o. ... (20) 
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Let sin C= A; sin c, and we get 

,_ Acosc , sin^cos^; 

aC7= 7. «c = -; p: dc 

eos C sin a cos C ' 

substitute this value for dCin (15) and it becomes 

^ T, T> T cos c sin ^ sin £ _ 

dc = cos Ado + cos iwa + 7^ a(?; 

cos C 

... n, / coscsin-4sin5\ , 

or, cos ^06+ cos ^aa= i — \dc 

\ cos C I 

cos A cos J9 
cos C 

since sin A sin ^ cos c « cos C7 + cos A cos £. 

-— da db dc 

Hence, \ + v, + 7^ = o. 

cos A cos jB cos C 

Again, since cos -4 =\/i - sin'*-^ « \/i - A' sin*a, &o. the 
preceding result may be written in the form 

da db dc , . 

= 0. ... (21) 



dc; 



y/i-k^ sin^a a/ i - k^ sin^b \/ i - A* sin*<j 
where a, ft, c, are connected by the equation 

cos c = cos a cos 6 + sin a sin ft |/ 1 - A* sin'^c. 

The preceding method of demonstration of this important 
formula in Elliptic Functions is, I believe, due to Professor 
M'CuUagh. 

109. If t^ = (^ + a^, y + j30> where x, y, a, /3, are inde- 
pendent of t, and of eaoh other ; to prove that 

du du ^du . ^ 
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Let x'-x-k-at^ y-y-^fiu 

then u = 0(a/, y'), 

, da! dtf dx' dy' ^ 

Also, since y' is independent of ^, we have 

du du dx' du , du du 
dx dx' dx dxf^ dy d%f 

du du dx* du dtj du ^du 
Hence, di^'d^lt "^ d^'di " " ^"^'^cfy* 

In like manner, if x'jy\ z\ be substituted for x-^- atjy + (it, 
z + ytyioL the equation 

« = 0(a? + a<, y-^fit, z + *it)j 
it becomes t* - ^ (a/, y ', ^^ 5 

du du dx du dy' du dz' 
dx dad dx dy' dx dz' dx* 

dx dy* dz 

dx ^ dx dx 

du du . du du du du 
' ' ^ ~ dx'* dy dy'* dz d/ 

. du du daf du d]f du dd 

^g^' dt^l^di^ l^dt "^ Tzdt' 



, , dx* dy' r, d£ 



dt ' dt ^' dt 



7- 



TT du du ^du du . . 

This result can be easily extended to any number of variables. 



1 4<^ t^urHat IHfferential Coefficients. 

1 1 ku If i« « ^ (^i y)f where x and y are connected by the 
u4UuUuu/(^i y) * Of to find the total diSeroitial of m with 
iy»)>vot U» '*i }f Mng regarded as a fiincdon of x. 

Ilwih by All* 9J, we get 

du df d^ dy 
dx dx dy d£ 

SSm IVom Art. loi, 

dx dgdx 

11 dm ix dm dx' dm . . 

lUftW, — = ^ Z. .-.(24) 

di 



Examples, 1 2 1 



Examples. 



- + sin-^ I - I prove that du=^ y — ==• + y, ' — ,. 
/ y\ du du 



3. If t*=«»»^( - ], „ *^ + yT- = *»*'« 



without assuming Euler's Theorem. 

4. t* = y0 (ary), prove that du = y'0'(*y) *p + { 0(ay; + xyip'Qcy) } <fy. 

5. If/(tf) = 0(v)« where m and v are each functions of x and y, prove that 

du dv dv du 
dx dy^ dx dy 

6. Find the values of * -r- + y -;-, when 

dx dy 

(«) « = — i •, 

mx' + ny* 



(^). = tan-{^] 



7. If M = sin aa; + sin by + tan-* I - ], 



i;efy - ydt 
prove that rf« = a cos a* d« + 6 cos *y ay + o g » 

8. If « = logyar ; find -r- and — . 

9. If = tan-i - , 

y 

prove that (x^ + y^) rfO = ydx - a;rfy. 

10. IfM=ay«*, 

prove that du = y*»-i {xzdy + ya log y(*i; + xz log yrfs). 



II. If a + y^a2-y* = y« a ' 

prove that -- = /■ . ". 

dx y/ a^-y* 
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no. If w = (.r, y), where x and y are connected by the 
equation /(ar, y) = o, to find the total differential of w wit! 
respect to a;; y being regarded as a function of a?. 

Here, by Art. 95, we get 

du d(^ dijt dy 
dx dx dy dx' 

Also from Art. loi, 

dx dydx 

d(^ df df d<^ 

• . ■ ■ ^ — • ^— ^^ 

TT fl?w dx dy dx dy , . 

^'"''' d^ -w — -■■^'^^ 

dy 
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Etavpt.tm - 



(x\ f y\ ^ ^y 

- I + sm-i I f- 1 prove that rf«*= — 7===; + ., ' — - . 



a. If f#=iry0f Ij, „ «x + y^ = »«'- 

3. Iff# = «»^f|j, „ aj^ + y^ = n«. 



without aceuming Euler's Theorem. 

4. u — y^ (xy)y prove that du = y^t^Xxy) dx + {^(ay; + xy<f!{xy) } rfy. 

5. If /(m) = 0(f), where m and 1; are each functions of z and y, prove that 

du do dn du 
dx dy^ dx dy 

6. Find the values of * -r- + y -r-, when 

dx dy 

(a) u = — r, 

«Mf' + ny* 



7. If « = sin aaf + sin ^y + tan-^ ( - ], 



tdy — yrf« 
prove that du^acoaaxdx-^b cos *y dy + — ^ ^ . 

y r * 

8. If « = logyx ; find ^ and — . 

9. If « = tan-» - , 

y 

prove that (x^ + y^j ^^ - y^a - a;rfy. 

10. Ifw = y», 

prove that <?m = y*»-» {xzdy + y2 log yeic + xz log y(?s). 



II. If a\s/a^-y^^y9 a ' 

prove that -- = ,. 

rfj! V a» - y* 
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12. In a spherical triangle, when a, 6, are constant. Proye that 

dA ton A , dC D 

,, and T?: = — - 



dB tanjB' dB sin ^ cos .4' 

13. In a plane triangle, if the angles and sides receive small variations, 
prove that 

e^B + b cos A^C^ o ; a^b heing constant, 
cos CAd + cos B^e — o\ a, A being constant, 
tan il Ad B b^C\ a, ^ being constant. 

14. The base of a spherical triangle is measured, and the two adjacent base 
angles A^B axe found by 'observation. Suppose that small errors dA, dB are 
committed in the observations of A and B; show that the corresponding error 
in the computed value of (7 is 

- cos adB — cos bdA, 

15. If the base e and the area of a spherical triangle be given, prove that 

a b 

sin' -dB -{■ sin* — dA = o. 

2 2 

16. Given the base and the vertical angle of a spherical triangle, prove tiiat 
the variation of the perpendicular p is connected with the variations of the sides 
by the relation 

sin Odp ss gin a'da + sin sdb, 

9 and •' being the segments into which the perpendicular divides the vertical 
angle. 

17. If the height A of a tower be found by the angle 9 whidi it subtends at 
a measured horizontal distance a ; prove that 

hAO A^ it 

Ah = — — ; and that when —r is least, 9= — . 

COS30' AO ' 4 

18. Prove the following relation between the small increments in two sides 
and the opposite angles of a spherical triangle, 

da dB dA db 



tan a tan B tan A tan b * 



19. If « = (*« - y«), prove that 



dz dz 



20 



. If « = - / 1 - 1 , prove that 
X \x I 



dz dz 

da dy 
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21. Verify by differentiation the equation, 



* T + y T" = o» when « = sin "* I j . 



du du 



33. In a right-angled spherical trianele, proye that, if ^ be inyariable, 
v^M.db = mn.%b .de\ and if be inyariable, tan0.^ = tan&.<^. 

33. If a be one of the equal sides of an isosceles spherical triangle, whose 
lotiod angle is yerj small cmd represented by d^ ; proye that the quantity by 

wliich either base angle falls short of a right angle is ~ cos du, 

34. If the base angles A^ B of a triangle be both yery small, proye that the 
difference between the sum of the sides a, b and t^e base is a yery small quantity 
of the teeond order. 

25. If the base of a triangle be an infinitesimal of the first order, and also 
^ angles at the base ; proye that the difference between the sum of its sides 
and its base is an infinitesimal of the third order. 

16. If i#=5 ^ + (cosxyV, find -7- and — . 

ax ay 

27. If X -h X be substituted for « in the quantic 

«.(« - i) . - 

«o«* + fwi**"* H ^ • aa«*"' + «c. + a» ; 

1.3 

and if oo', ai', .... Or' ... . On' denote the coefficients in the new quantic ; 
proye that 

dOr' 

28. If be any function of the differences of the roots of the quantic in the 
preceding example ; proye that 

Id d d d\^ 

d<b 
This result follows Immediately, since ^ is zero in this case. 

aX 

29. Being giyen 



v = « ^i - y' + y 1/1 -«*; 

proye that 

du dv dv du 
dx dy dx dy 

and explain the meaning of the result. 
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30. Prove that any root of of the following equation in ^ : — 

y** + j?y = I, 
satisfies the differential equation, 

d^y du* dAfi 

31. How can we ascertain whether an expression such a» 
admits of being reduced to the form 

32. lilXJf mV-\- nZ, rx f m'F + »'Z, rx -{■m' V ■\- n'Z, be substituted 
for Xy y, 2, in the quadratic expression of Art. 100 ; and if a', b\ c\ <f , 4^ f^ be the 
respectiye coefficients in the new expression ; prove that 



a' / e' 




a f e 


f h' d: 


= 0, whenever 


f b d 


e' d' & 




e d c 



o. 



33. If the transformation be orthogonal^ L e. if «« + y» + «* = Jf* + F« + Z« ; 
prove that the preceding determinants are equal to one another. 
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CHAPTER VI. 

SUCCESSIVE DIFFERENTIATION OF FUNCTIONS OF TWO OR MORE 

VARIABLES. 

III. Bueoeatdve Partial Differentiation. — We have in the 
preceding chapter considered the manner of determining the 
partial differential coefficients of the first order in a function 
of any number of variables. 

If t< be a function of a, y^ z, &c., the expressions 

du du du 
dx dy dz^ 

being also functions of a?, y, s, &c., admit of being diflfe- 
rentiated in the same manner as the original function ; and 

du 
the partial differential coefficient of -7-, when x alone varies, 

CLX 

is denoted by 

£(du\ ^, 

as in the case of a single variable. 

du 
Similarly the partial differential coefficient of -r— , when y 

alone varies, is represented by 

d (du\ d^u 
dy \dx/ dydx* 

and in general, , m^j^ denotes that the function u is first 

differentiated n times in succession, supposing x alone to vary, 
and the resulting function afterwards differentiated m times 
in succession, where y is alone supposed to vary ; and simi- 
larly in all other cases. 

We now proceed to show that the values of these partial 
derived ftinctions are independent of the order in which the 
variables are supposed to change. 



1 26 Successive Partial Differentiation. 



112. If tf be a FiiDetk» oTx aady, iopvove thai 

d I du\ _ d^ /rfu\ dhi ^ dhi 
dy\li)^di\^P^^d^^d^' •••CO 

where x and ^ are independent of each other. 

Let u B ^ (:r, j^), then — represents the limiting value of 

h ^' 

when A is infinitely small. 

This expression being regarded as a function of y, let y 

become y + i, ar remaining constant ; then t- I t- ) is the 

limiting value of 

0(a; -t- A, y -f A) - 0(ar, y + A?) ~ <^(a? -t- A, y) -f 0(g,y) 

hk 

where both h and k become infinitely small. 

du 
In like manner, — is the limiting value of 

»(^>y+^)-»(^iy)> 

k 
when k is infinitely small, 

hence, ;/' ( j* I is the limiting value of 

0(a; + fe, y + A) -0(^+A, y) - 0(ar, y^k) + (^{x,y) 

hk 

when both k and A; are infinitely small. 

Since this function is the same as the preceding, for all finite 
values of h and i, it will continue to be so in the limit ; hence 

, d (du\ d fdu\ 



The Order of IHfferentiation is Indiferent 
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In like manner^ 



d*tt 



d^u 



dxHy dydx^'* 



for by die preceding ^ - ^. 



. rf / ePM \ rf I d?u 
dx\dxdy) dx I J^^ 






dx 



d_ 
dy 



d 
dx 



du 
dx 



similarly in all other cases. Hence, in general, 

dJi^u dP'^^u 
dofPdy^ * dy^dxP' 

Again, in the case of functions of three or more variables, 
by similar reasoning it can be proved that 



(P^U 



d^u 



, &c. 



dzdxdy dxdydz 

Hence, we infer, that the order of differentiation is in all cases 
indifferent, provided the variables are completely independent 
of each other. 



Examples fob Yebification. 



t, Iff#=tan-i(- I 



3. Ifi# = 8m(«jB»+iy») 



verify that 



dydx " dxdy 



d^u 



d^u 



»» 



II 



<^j£» dxdp* 



dHt 



dhi 



dxHy'i dy^da^ 



113. To find the Snooessive DiffBrential CoeSS^ents with 
r e a p ac t to ^, of the V nnotion 

0(a: + a^ y + /30, 
where x, y, a, /3, are independent of t, and of each other. 
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By Art. 109, we have in this case, where stands for the 
expression <p(x + ai, y + (it), 

^ ^a^ + B—. 
dt dx ^ dy' 



Hence, 



tP0 

dF 



~ " dt\ii) ^^dt \d^} 

d fd<^\ ^ d fdi^\ 
'^''Tx\dtl^^d^\dt) 



by the preceding Article, 

This result can also be written in the form 

d*0 id rid] d<f, i d ^d]^ 

dF'^Tdi^^dyl'df^rd^^^^d^] *-•• (3) 

in which ( « 3" + /3 ;y" ) ^^ developed in the usual manner, 
and -7^, &c., substituted for f y J 0, &c. 
Again, to find ^. 

dt'" dt\dt^ ) ^ dty da'^ ^ dt/J *• 



( 
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By induction from the preceding it follows that 

■i''\''Tx'^dy)'^' •••(4) 

This expression, when expanded by the Binomial Theorem, 
gives the w** differential coeflScient of the function in terms 
of its partial differential coejflGlcients of the w'* order in x and 

114. Solar's Theorems of Homogeneous Funotions. — In 

Art. 96 it has b^en shown that 

du du 

dx ^ dy ' 

where u is a homogeneous function of the n'* degree in x and 
y. This result may be written in the form 



f d d\ 

VT.^ydyr 



ntu 



Hence, it follows that 



f d d\f du du\ f d d\ , , . 

d ( du\ d}u du 

I d\f du\ , dhi du 
hence (^' d^ j (^^ ^ j " '^ ^ + ^ ^' 

... 1 f d\f du\ d'u du 

/ d\( du\ d'u 

«'»«> [''d^)VT^)''y^i,' 

K 
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Hence 

/ d d\ f du du\ „ cPw dhi d?u 



and finally, 



du du 



^d^u d^u ^d^u ' ^ ,,. 

These results can be readily extended to homogeneous 
functions of any number of independent variables, ^1, ^2, • • • ^r. 
In which case we shall have 

[ d d d \ , . 

\ ax^ dx2 dxrl 

I d d d Y 

in which the expression at the left hand side indicates that the 
operation is repeated m times in succession on u, 

A more complete investigation of these results will be 
found in the next chapter. 

115. Ifuhe any Functicm of X and y, to prove that 

where x and y are independent variables. 
Here each side on differentiation becomes 

116. More generally, to prove that 

d i dv) d i dv) 

dy \ dx) * dx | dy] ' * - - \ ) 
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where u and v are both functions of 2, and 2 is a function of x 

andy. 

p d I dv\ du dv d*v 
roTy — w — )= +tt , 

dy\ dx) dy dx dydx 



but 



d:^v 



du du dz dv dv dz 
dy dz dy^ dx dz dx 

d f dv\ du dv dz dz 

— [u — =s — + W 

dy\ dxl dz dz dx dy dydx 

and X V ^ T" 1 ^^ evidently the same value. 

This result could also have been deduced at once by 
assuming u in the preceding Article to be a function of 2. 



K 2 
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Examples. 



1. If t* = 8in(«2y), verify the equation 

2. If w = Bin (y + oa:) + (y - ax)*. 



dhi dhi 



dxdy dydx 






proTO that 
3. liu = y, 

prove that g^ = y. {i + log^ | = 



dydx 



{ x'*\ 
4. If M s sin"' I "^ » Vfi'^ t^6 equation 



dh* d'u 



dxdy dydx 



5. Ifw = 



ajya 



find the values of 

6. If w = (a?2 + y«)», 
prove that - ., 

7. If « = («» + j^)*, 
prove that 



d'u d^u , rf*« 
— — and — • 
<fo.2' dy* ^ ^•a- 



<fe« 



d»u 



■\-2xy 



d^u 



d'u 



dxdy d^ 



d^u 
dx* 



d*u . <^w 3 



dxdy ' ' rfy2 4 
3. If F B ^yS + S^y'iC + 3CVi»' + -D«^ prove that 



rf^r dV^ __ d«F^ rfT rfF ^ dV2_ 



U. 



dx^ dy* 



dxdy dx dy dy* dx^ 



^y - «y, y^ 



and show that the left hand side of this equation vanishes when F is a perfect 
cube. 






prove that 



dju d'u d'u 
dpfl'^d^'^di^'^^' 



Examples. 
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10. If tf =s («2 + yi 4. gijij prove that 

d*u d^u dhi d^t4 d*u d*u 

dx*'^d^'^dx* '^ ^ 5xia^ "*■ * ^^ ■*" * ^^^°' 



If. Ifs» 



aja+y8' 



,, . thz , ^ I . 2 . 3 . . . « . cos (« + i)A . C08»+*A 

<^a 1.2.3... an . cos {i.n 4- 1)0 . co8»^V 



where 



as tan'i 



(=} 



12. If M he a homogeneous fimctioii of the n^ degree in x^ y^ t, and mi, M3, M3, 
denote its difTerential coefficients with regard to a;, y, s, respectiyely, while 
Mut ffUf &c., in like manner denote its second differential coefficients ; prove that 



«11» «12, «13, «i, 

U2I, «32, tt23, «2, 

U81> tt32) «3S) ^3} 

«1, W2, «<8, 0» 



II- I 



Will "12, «U» 
1*21, •», «23i 
Usif tl82, tiss, 



13. If M he a homogeneous function of the n<^ degree in a;, y, e, <tf, show that 
for ail yalues of the vaiiables which satisfy the equation m = o, we have 



«ii, «i2, wia, «i, 

«21, «22t W23, Ms, 
WSlf WS29 fl3Sf W3, 
«»1, «2, ««8, O, 

14. Show that the equation 



ca' 



(" - 0* 



Wllj W12, «1S, «14 

W3I} W22» W23, t«34 

ttSl} «82) W33, U34 

M4I, M42, W43, W4A 



18 satisfied if P is any of the quantities 



- - /»», (i - /*•) cos 2©, (i - /i') sin 2©, \k^/i - fi^ cos 0, fty/i - ^* sinO 
3 

or any linear function of them. 
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CHAPTEK VII. 

EXTENSION OF TAYLOR'S THEOREM TO FUNCTIONS OF TWO OR 

MORE VARIABLES. 

1 17. Sxpaaaion of ipix + hy y + k). Suppose u to be a func- 
tion of a and y, represented by the equation 

and that x -k- at and y + ^t are substituted for a and y res- 
pectively ; the new function 

in which x, y, a, |3, are constants with respect to t, may be 
regarded as a function of t^ and represented by F(t) ; thus 

(x + a«, y + (it) = F{t). 

The latter function F(t) when expanded by Mac Laurin's 
Theorem, becomes, by Art. 74, 

Fit)^F(o) + \ F\o)^-f^r'(o) +. . . 



where F(p) is the value ofF(t) when < = o, or F(p) = ^(x, y) 
= u ; also FXo)y F'\6)i &c., are the values of 

when < = o ; where ^ stands for ^ (a; + a<, y + /3t). 
Moreover, by Art. 113, we have 
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but, when f = o, 0(a? + a<, y + fit) becomes F(o)i and 

—- becomes a ^- + fl j-, at the same time. 
dt ax '^ dy 

Hence -^W - « g + /3 ^. 

Also, by the same Article, 

which, when < = o, reduces to 

J^(o) = ««^+a«^^+/3'^. ...(2) 

&c. &c. &c. 

These equations may [also be written in the symbolic 
form 

• • • « • 

^"■W-(«S*'3|)'"- 

Again, ( « 3" ) ^ = ^'^^ J^* ^^'^ ®"^^® °> i^> ^^^ independent 

of X and y : and hence the general term in the expansion of 
F(fy can be at once written down by aid of the Binomial 
Theorem. 



13^ Extension of Taylor* s Theorem. 

Finally, we have, on substituting h for aU and ifor j3*> 

./ , ,v J du J du A' d^u ,, d^u 

0(ar + A, y+^) = M + A — + A-— + -j-, + hk 3—7- + 

oa? ay \ .2 dx^ dxdy 

it" *M 

+ . • + 



I .2di/ 



——(a t + * 3- I 0(^ -^^^y y+dk).,.. (3) 
n + i\ tf« dyj 



118. Szpanaion of fj>(x + h^ y ■\- k, z + I). — A function of 
three variables, x, y, is, admits of being treated in a similar 
manner, and accordingly the expression 

when u is substituted for (a?, y, z), becomes 

^{x^at,y^^Uz^^t)^u^\[a±^fil^y±^u 

t' ( d ^ d dy . 



or, 



<Kx^h,y^k,zU)^u-,(^h^^k^^-,l^y 

I f. d , d J dV J. 
I . 2 \ ox ay a2 / 

du ,du du h^ d^u i? dhjt, P d^u 
dx dy dz i .2 dx^ i ,2 dy^ i . 2 cfe* 

+ hk -r-^r + ^* "T^- + ^^ T~J~ + <^c- • • • (4) 
dray dxdz dydz ^^ 

The general term in this expansion, and also the remainder 
after n terms can be easily written down. 
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These results admit of obvious generalization for any 
number of variables. 

Also, by making x, y, Zy each cypher, we have 

*(«')-«-*(S)/*(|)/'(S). 



h^ fdhi\ 

1T2 v^v 



+ &c. . . . 





where ( -v- ) , f ^r 1 • • • denote the values which the functions 
V^/o \dy)o 

du du , . . 

— , — , . . . assume on makmg a? = o, y = o, and s = o. 

Tnis result may be regarded as the extension of Mac- 
laurin's Theorem, 

119. Symbolio Z>xpresaion for preceding Results. — Since 



d 

e 



\ ax ay J i ,2\ dx ay / • 
equation (3) may be written in the shape 

d d 

e ^ ^ (ar,y) =• 0(a? + A, y + A;) ... (5) 

This is analogous to the form given for Taylor's Theorem 
in Art. 62, and may be deduced from it as follows : — 

We have seen that the operation represented by e^ 
when applied to any function is equivalent to changing x into 
;r + A, throughout in the function. 

Accordingly, e^^(;r, y) = 0(a: + A, y), since y is independent 
of a;. 
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1c^ 



In like maimer, the operation ef^y when applied to any 
function, changes y into y-^h 



it± k^ ti 



.-. e^ .e^ 0(a;, y) = ef^y 0(a: +A, y) ^tp^x + h, y + k). 



^ d .d 

«— 4.*- 



or ^y ^^{x^ y) = 0(ar + A, y + *), 

assuming that the symbols k -j- and h -r- are combined accord- 

'' ay ax 

ing to the same laws as ordinary algebraic expressions. 

In an analogous manner we obtain the symbolic formula 

e^ ^^ *^(a?, y, «) = 0(a? + A, y + A, e+ 0, ... (6) 

121. Siller's Theorems of Bomogeneons Fnaotioiis. — ^We 

now proceed to give a more complete proof of Euler's 
Theorems than that given in Arts. 96 and 114. 

If we substitute gx for A, and ^ for A in the expansion (2), 
it becomes 



, . I du du\ 

i>(a! + gx,y-^gy) = u + g\x— + y-^j 



g^ / ^ d^u d^u ,dHi\ ^ 



where u stands for (x, y). 

But ^(a? + sr^, y + S'y)=0{(i+sr)^, (i+sr)y} 

and, if 0(a:, y) be a homogeneous function of the rfi^ degree 
in x and y, it is evident that the result of substituting( i ■\- g)x 
for x and (i +a)y for y in it is equivalent to multiplying 
it by ( I +gr)'*. Hence we have, in this case^ 

0(^ + 5rar, y + gry) = (i ^gY<t^{x, y)= (i +sr)«w. 
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or. 



, V f du du\ 



q^ ( d^u d^u d^u\ 



where tf is a homogeneous function of the n'* degree in x and 

y- . 

Since the preceding equation holds for all values, if we 
expand and equate like powers of ^, we obtain 

du du 
,(Pti dhk ^d^u 

^dhJt „ d?u , d^u ^d?u , . , . 

&c. &c. &c. 

The preceding proof admits of obvious extension to the case 
of a homogeneous function of three or more variables. 

Thus, substituting gx for A, gy for Aj, gz for /, in formula 
(4), Art. 118, and proceeding as before, we get 



du 


du 
dy 


du 
dz 


= WM. 










^d^u 
'^df 

& 


;c. 


dhL 


2xy 
& 


d'u 
dxdy 

cc. 


^ 2XZ 

dxdz 

(fu 
dydz ~ 

&c. 



n(n - i)w. 



These formulae were given by Euler in his Differential 
Calculus, and are of great importance in the general theory 
of curves and surfaces, as well as in other applications of 
analysis. 

The preceding method of proof is taken from Lagrange ; 
see Mech. Analy., seconde partie, p. 297. 
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121. If in the development (2) dx be substituted for A, 
and dy for A, it becomes 



d?6 
+ 2 



dxdy 



citerfy + T^ dy'^ J + &c. . . . (7) 



If the sum of all the terms of the degree nmdx and dy 
be denoted by fl?'*^, the preceding result may be written in 
the form 

, , _ , dd^ d^ d'<l, 
0(aj + oi, y + dy) « +— ^ + — - + ^— + . . . 

I 1*2 I*2*3 



+ ^ + &c. :.. (8) 

\n 



Since cto, c?y are infinitely small quantities of the first 
order, each term in the preceding expansion is infinitely 
small in comparison with the preceding one. 

Hence, since t?0 is infinitely small in comparison with rf^, 
if infinitely small quantities of the second and higher orders be 
neglected in comparison with those of the first, in accordance 
with Art. 90, we get 

dip = fl>(x ■{- dx, y + dy) - <p(x, 2^) = ^^+;£^^» 
which agrees with the result in Art. 93. 

122. If U- W0+W1 + W2+. - » + Uny 

where UqIS o, constant, and Wi, W2, • • • Un, are homogeneous 
functions of a?, y, s, &c., of the ist, 2nd, . . . nth degrees, res- 
pectively, then 

dU dU dU 

aJ -7- + y J— + 2 -r- + . . . = Wi + 2t/2 + 3^3 + • • . 

dx dy dz 

+ nun . . . (9). 
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For by Euler's Theorem 

dUr dUr dUr o 

dx "^ dy dz 

since Ur is homogeneous of the r** degree in the variables. 
Cob. If 17 « o, then 

dU dU dU , . / X 

«-^ + y-T- + ^ —...«- {M».i + 2Mn.3+ . . . -f nwo) . . • (10) 

This follows on subtracting 

fiMo + nui + . . . + nUn = o. 
from the preceding result. 
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CHAPTER VIII. 

MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE VARIABLE. 

123. Definition of a Mamfimim or a Minimum, — If any function 
increase continuously, as the variable on which it depends 
increases up to a certain value, and diminish for higher values 
of the variable, then, in passing from its increasing to its de- 
creasing stage^ the function attains what is called a maximum 
value. 

Again, if the function decrease as the variable increases 
up to a certain value, and increase for higher values of the 
variable, the function passes through a mimmum stage. 

If the increment of a variable, ir, be positive, then the 
corresponding increment of any function, /(^), of it has the 
same sign as that of/' (^), by Art. 6 ; hence, as x increases, 
f(x) increases or diminishes, according asf (ai) is positive or 
negative. 

Consequently, when f{x) changes from an increasing to 
a decreasing state, or vice versdy its derived function, f (a;), 
must change its sign. 

We now proceed to investigate the method of determining 
the maximum or minimum values of a function, and the 
criterion for distinguishing between them. 

1 24. Condition for a Maximum or a Minlmnm. — Let a be 
a value of a corresponding to a maximum or a minimum 
value of/(x) ; then, in the case of a maximum, we must have 
for small values of A, 

/(^) >/(« + *)> and/(a) >/(o - A), 
and, for a minimum, 

f(a) <f{a + A), and/(a) </(a - A). 

Accordingly, in either case the expressions 
/(a + A) -/(a) and/(a -A) -/(a), 

have both the same sign. 
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Again, by formulae (28), Art. 70, we have 

f(a + A) -/(a) = hf (a) +J^f'(a+ Oh) 

/(a - h) -/(a) = - A/ (a) + -^ /' (a - 0»A). 

Now, when h is very small, and /" (a) finite, the second 
term in the left hand side in each of these equations is 
very small in comparison with the first, and hence /(a + A) 
-/(a) and /(a - A) -/(a) cannot have the same signs un- 
less/' (a) = o. 

Hence the values of x which render f{x) a maximum or a 
minimum^ are in general roots of the derived equation f (x) = o. 

This result can also be arrived at from geometrical con- 
siderations ; for, lety =/(aj) be the equation of a curve, 
then, at a point for which the ordinate y attains a maximum 
or a minimum value, the tangent to the curve is evidently, in 
general, parallel to the axis of x ; and, consequently, f {x)^o 
by Art. B. 

Moreover, if x be eliminated between the equations 
f{jx) = z, and /(a) = o, the roots of the resulting equation in 
z are, in general, the maximum and minimum values oif{x). 

Again, since /' (a) = o, we have 



/(^a + h)-/{a) = ^fia+6h) 



> •••(') 



But the expressions at the left-hand side in these equations are 
both positive, for small values of A, when /"(a) is positive, 
and negative when f'\a) is negative ; therefore f{a) is a 
maximum or a minimum, according as /" (a) is negative or 
positive. 

If, however, f (a) vanish along with /(a), we have, by 

Art. 70, 
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f(a 4 A) -f(a) = -^^ /"{a) . J-^/^ (a. Ok) 

/c« - h) -f(a) = ,-^/» . r^/" (« - eh). 

Hence it follows that /(a) is neither a maximum nor a 
minimum, unless /'"(a) also vanish; but if /'"(aj = o, then 
f(a) is a max. when/*^(a) is negative, and a minimum when 
f"(a) is positive. 

In general, let /^"^(a) be the first derived function that 
does not vanish; then, if n be odd, /(a) is neither a max. nor 
a min. ; if w be even, f(a) is a max. or a min. according as 
f^'^^Xa) is negative or positive. 

125. Application to Rational Algebrido Sxpressions. — 
Suppose /(^) a rational function containing no fractional 
terms, and let the real roots o{f'(x) = o, arranged in order of 
magnitude be a, /3, 7, &c., no two of which are equal. 

Then f\x) = (a;-a) {x-p) (ar-y) . . . 

and /'(a) = (a-i3)(a-7)... 

but by hypothesis, a - j3, a - 7, &c., are all positive ; hence 
f"{a) is also positive, and consequently a corresponds to a 
minimum value of /(a?). 

Again, /"(/3) = (/3 - «) (^ - 7) • • • 

here j3 - a is negative, and the remaining factors are positive ; 
hence /"(jS) is negative, and/(/3) a maximum. 

Similarly, f{y) is a minimum, &c. 

126 maxima and Minima Values occur alternately. — We 
have seen that this principle holds in the case just considered. 

A general proof can easily be given as follows: — Suppose 
/ {x) a maximum when x =a and also when a? = J, where b is 
the greater ; then when x = a -vh^ the function is decreasing, 
and when a; = 6 - A, it is increasing (where A is a small incre- 
ment) ; but in passing from a decreasing to an increasing 
state it must pass through a minimum value ; hence between 
two maxima one minimum at least must exist. 

In like manner it can be shown that between two minima 
one maximum must exist. 
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127. Case of Squal Roots. — ^Again, if the equation /'(;r) 
B o have two roots each equal to a, it must be of the form 

/(^)-(^-a)«;/.(;r). 

In this case/"(«) *= o, f'\a) » 2^(a), and accordingly, from 
Art. 124} a corresponds to neither a maximum nor a mmimum 
value of the function /(x). 

In general \if\x) have n roots equal to a, then 

Here, whenn is even, /(a) is neither a max. nor min. a solu- 
tion ; and when n is odd, /(a) is a max. or a min. according 
as ^(a) is negative or positive. 

128. Ca»o where /'(a?) =c». — The investigation in Art. 
123 shows that a function in general changes its sign in pass- 
ing through a value for which it vanishes. 

In like manner it can be shown that a function changes 
sign, in general, in passing through an infinite value; i. e. if 

J^(a) « 00, 0(a - h) and ^(a + A) have in general opposite signs, 
or small values of A. 

For, if u and - represent any function and its reciprocal, 

they have necessarily the same sign ; because if u be positive, 

- is positive, and if negative, negative. 
u 

Suppose Wi, W2> ^ three successive values of u^ and 

— , — , — the corresponding reciprocals. 
1*1 Wb '^z 

Then if ti2 = o, by Art. 123, Ui and u^ have in general 
opposite signs. 

Hence if— = 00, — and — have also opposite signs ; and 

U% Ui u^ 

we infer that the values of x which satisfy the equation / (a?) 
a 00 may furnish maxima or minima values off(x). 

It is not considered necessary to go more fully into the 
discussion of this case here. 

L 
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129. We now return to the equation 

fix) = (x - aY4,{x\ 

in which n is supposed to have any real value, positive, nega- 
tive, integer, or fractional. 

In this case, when a: = a, /'(') is zero or infinity according 
as 11 is positive or negative. 

To determine whether tiie corresponding value of/ (a?) is 
a real maximum or minimum, we shall investigate whetiier/'(a:) 
changes its sign or not as x passes tiirough a. 

When x=a + *, /'(a + *)-*" ^(« + A), 

x = a-A, r{a-h)^{-hyxp(a-h). 

Now, when h is infinitely small, \p(a -^h) and xfj (a~h) 
become each ultimately equal to xfj (a) : and therefore/'(a + h) 
and/' (a - h) have the same or opposite signs according as 
(- i)" is positive or negative. 

(i). If n be an even integer , positive or negativCj/'Ca;) does 
not change sign in passing through a, and accordingly a cor- 
responds to neither a maximum nor a minimum solution. 

(2). If w be an odd integer y positive or negative, /'(a 4 h) 
and/^(a-A) have opposite signs, and a corresponds to a real 
maximum or minimum. 

^r 
(3). If n be a fraction of the form ± — , 

« 

I, and a corresponds to neither a max. 

form±i ^, tiien (- i)~ p = (- i)p 

p ^ ^ 

is imaginary y if p be even, but has a real value (- i) when pis 
odd. In the former case, /'(a - h) becomes imaginary, in the 
latter, /'(a + A) and /'(a -A) have opposite signs, and/(a) is 
a real maximum or minimum. 



then (- 




nor a mm. 


(4)- 


If n be of the 
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Examples. 

Hero /'(*) ^ *(^ + ft) = o, hence x = -i-. 

And ' is a max. or a mio. yalue otaa^ •¥ ib^ 4- e according as a is nega- 

a 

tiTO or pOBitiye. 

a. /(a?) = 2a;' - i5«« + 363? + 20. 

( i). Let flj as 2 ; then/''(x) is negatiTe. 
Hence/ (2) or 38 is a maximum. 

(2). Let « *= 3 ; then/''(jr) is positive 
Hence/ (3) or 37 is a minimam« 

It is erident that neither of these values is an absolute maximum Of fnini- 
mnm, for when a; = 00, /(«) = 00, and when 4? = - 00, /( a?) = - 00 ; accordin^y, 
the proposed function admits of all possible values, positive or negative. 

Agion, neither + 00 nor ^ co is a proper maximum or minimum value, beoauso 
Ibr large values of a;, f(jc) eonateintly increases in one case, and constancy dimi-* 
nishes in the other. 

It is easUy seen that as x increases from — 00 to 4- 2, f'Qo) increases frbm. - 00 
to 38 ; as X increases from 2 to 3, f(x) diminishes from 38 to 37 ; and as a; in- 
creases firom 3 to 00, / (ar) increases from 37 to 00. When considered geometri- 
cally, the preceding investigation shows that in the curve represented by the 
equation 

y = 2a?' — 15a?' + 36a: + 20, 

the tangent is parallel to the axis of a; at the points a; = 2, y :a 38, and a; = 3, 
y = 37 ; and that the ordinate is a maximum in the formw, and a minimum in 
the latter case, &c. 

3. /(a:) =3 a + b(x- cfi. Ans. x^e. Neither a max. nor a min, 

4. /(ar)s3d + <?(4r-a)i + i?(«-a)». 
Substitute a + A for a:, and the equation becomes 

/(a + A) = ft + cAt + dhl, 

also /(« - A) = ft + cAt - M ; 

L 2 
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but when h is yery small, A! is small in comparison with Ai, and accordingly 
6 is a miTiimiim or a maximum yalue of f(x) according as (; is positive or 
negative. 

Ana, x=:±i gives neither a max. nor a min. ; a; = — 2 gives a min. 

(x- 0(*-6) 

6. ^ ', Let 05 - 10 = «, and the fraction becomes 

JT— 10 

or 2 + 13 H — . 

S M 

The maximum and minimum yalne are giyen hy the equation i - g = o. 

.*. s = + 6, and hence x=i6 or 4.; the former gives a min., the latter a max. 
value of the fraction. 

(x - iV 

Hence, f{x) = ^-^^ • (« + 5). 

If a; = I, /(o;) is neither a max. nor a min. ; if ri; a ~ SifOO ^ ^^ iil&z* 

(aj + i)« . 
Again, the reciprocal function ) ^ ^ is evidently a max. when « = — i ; 

for if we substitute for a?, - i + A, and -^i-h, successively, the resulting values 
are both negative ; and consequently the given function is a minimum, 

130. The principle that when a function is a max. or a 
min., its reciprocal is at the same time a minimum or a maxi- 
mum, is of frequent use in finding such solutions. 



i^ 







Examples. 


u = 


X 

«* + 1* 




I 


X 


= x + i=/(«; 


/'(*) = 


I 




/"(*) - 


2 
5»' 





Here 



then f'(x) t= I - - . /. « = + I. 



X 

Hence x= 1 gives a min., and a; = - i a max., i e. the fraction is 

as>+ I 

situated between the limits - and — , for all real values of x, 

2 a 
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a;' —05+ I 2— 2j? 



a. «= ■;; =1+ » 

I — fl? sfl ■\-x " 1 , 

is a max. or a min., according as is a min. oramax., i. e. as 



flB>-l-«— I i—x 

I 



- j; is a max. or a mm. 



1 - X 

.*. dp s o, or « = 2 ; the former gives a max., the latter a min. solution. 

131. There are other considerations by which the determi- 
nation of maxima and minima values is often facilitated. 

Thus, whenever t« is a max. or a min. so also is log (ti), 

except where u vanishes along with — . 

Again, any constant may be added or subtracted, i. e. if 
/(;r) be a max., so also is/(^) ± c. 

Also, if any function, w, be a maximum, so will be any 

positive power, — , of w, unless m be an odd and n an even 

number, in which case it is necessary that the max. and min. 
values should be positive. 

In general, if u (any function of x) be a maximum or mini- 
mum, so also is /(w), unless fXu) becomes infinite when 
du 

dx 

132. To find the Mairima and Bduma Values of the Frao- 
lioii 

<wj» + ihxy + cy^ 



u = 



a'x^ + zb'xy + cy*' 



Let - = £, then u = -y 



y a'z^ t 26 2 + c 

or z^ (a - aw) + 2» (6 - Vu) + ((? - c'u) = o. 

Differentiate with respect to 2, and as -7- = o for a max. or 

a min., we have 

25 (a - d\C) + (/; - Vxi) = o. 
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Multiply this latter equation by Zj and subtract from the 
former, and we get 

z{h- Vu) + (c- </ti) = o. 

Hence, eliminating z between these equations, we obtain 

(a - du) {c - cu) = (6 - Vu)\ 

or uHad-h'^) - u {ac^-cd- ibV) + (oc- J^)- o. ... (3) 

The greatest root of which determines the maximum, and the 
least the minimum, value of u. 

The corresponding values of ^ are got from the following 
quadratic. 

s» {aV - ha') + 2 (ac' - ca') + Jc'-ci' • 0, ... (4) 

wMch is obtained by eliminating u from the two preceding 
linear equations. 

The eouation (4) can also be written in a determinant 
form, as follows : — 



I 


- z 


Z' 


a 


b 


c 


d 


V 


d 



If the roots of the latter equation be real, so also are those 
of the former, and mce versa. 

It may be observed that the coefficients in (3) are the 
im,v(xn(xnU of the quadratic expressions in the numerator and 
denominator of the proposed fraction ; as is evident also from 
the principle that its maximum and minimum values cannot be 
altered by linear transformations. 

This result can also be proved as follows : — 

T a:K}^^hXY^cY^ 

where X, F denote any functions of a? and y ; then in seeking 
the maximum and minimum values of w, we may substitute 

z for — , when it becomes 
Y 

as* + ihz + c 
axr* + ib'z + c 
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and we obviously get the same maximum and minimum values 
for ti, whether we regard it as determined from the original 
fraction or from the equivalent fraction in z. 

Again, let X, Y be linear functions of x and y, 

i. e. Jf = tr + my J T-Vx^- m^y^ 

then u becomes of the form 

Ax"^ + 2Bxy + Cy^ 

where A, JB, C, A\ B', C denote the coefficients in the trans- 
formed expressions ; hence, since the quadratics which deter- 
mine the max. and min. values of u must have the same roots 
in both cases, we have 

AC-&^\{ac- b% AC'-¥ CA' - iBB' = A(ao' + ca' - 2bb% 
A'C-B'^^X {afc' - 6'2). Q. E. D. 

It can be easily seen in this case that 

X = (Zm' - miy. 

We shaU next illustrate the use of equations (3) and (4) 
by applying them to the following question, which occurs in 
the determmation of the maximum and minimum radii of cur- 
vature at any point on a curved surface. 

133. To find tlie MaKima and Minima Values of 

u^r cos*a + 28 cos a cos j3 -k-t cos^jS, 

where cos a and cos (i are connected by the equation 

(i +p') cos'a + 2pq cos o cos j3 + (i + q^) cos'jS = i, 

and j>, g, r, «, t are independent of a and /3. 

Substitute s for :, and we ffct 

cosp 



rz^ + 2''iz + t 
u = -■ 



( I + p^) 3^ + 2pq2 -^ ( 1 + q^) 
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The maximum and minimum values of this fraction, by the 
preceding Article, are given by the quadratic 

M'{i +p* + 5'2} -u[i ^q^)r- 2pq8-\'{i+p^)t] +r^-a* = o. . .(5) 

cos II 

While the corresponding values of z or are given by 

s« { ( I + p^)s - pqr\ + 2 { (i + p*) ^ - (i + 5*)r} 

+ [pqt - (i + q'')8) «= c* ... (6) 

1 34. To find the Mairiinnni and Miiiliiiiim Radius Vector of 
tlie Ellipse 

ax^ + zhxy + cy^ - i. 
( I ). Suppose the axes rectangular ; then 

7-3 z= a^ ^ y* is to be a maximum or a minimum. 

Let — = z, and we get 



r^^ 



z^ + I 



as* + zbz + c 



Hence the quadratic which determines the maximum and 
minimum distances from the centre is 

r* (ac - 6*) - r* (a + c) + I = o. 

The other quadratic, viz., 

ba^ - {a- c) xy - by^ *= o, 

gives the directions of the axes of the curve.t 

(2). If the axes of co-ordinates be inclined at an angle cu, 
then 

^•2 e- /j;2 + ^ ^. 2Xy cos (t> 

2' + 2Z cos (M) + I 

"" as* + 2bz + c ' 



♦ lAcroix, Dif. Cal., pp. 575, 576. 
t Salmon's Conies, Art. 155. 
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and the quadratic becomes in this case, 

r* {ac - J«) - r^ (a + <? - 26 cos w) + sin *cii ■■ o, 

the coefficients in which are the invatnanta of the foregoing 
quadratic expressions.* 

The equation which determines the directions of the axes 
of the come can also be easily written down in this case. 

135. To Investigate the MaKimnin and Minlmnm values of 

oar' + 36^?^^ + '^cxy^+dtf 

OB 

Substituting z for -, and, denoting the fraction by ti, we have 

y 



u 



az^ + 36s* + 3C2 + d 
az^ + 36's* + 3^/2 + d'' 



Proceeding as in Art. 133, we find that the values of u and s 
are given by aid of the two quadratics 

az^ + 2bz + c = (dz^ + Q.b'z + c') u 

bz* + 2CZ + d=^ ib'z*' + 2c'z + cZ') u. 

Eliminating u between these equations, we get the following 
biquadratic in a : — 

-J* {aV - bd) + 2^3 {ac - cd) + g» {«<^' - «'^ + 3 (^«' - «*') } 
+ 22 (W - dV) + {c^ - c*d) =-0. ••.(?) 

Eliminating z between the same equations, we obtain a 
biquadratic in u^ whose roots are the maxima and minima 
yalues of the proposed fraction. Again, as in Art. 132, it can 
easily be shown that the coefficients in the equation in u are 
invariants of the cubics in the numerator and denominator 
of the fraction. 

136. To out the Maximum or Minimum Ellipse fix>m a Right 



* Salmon's Conies, Art. 159. 
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Gone whioli Btands on a given otronlar base. — Let AD repte- 

sent the axis of the cone, and suppose 

JBP to be the axis major of the required 

section, its centre, a, b its semi-axes. 

Through and P draw LM and Pfi, 

parallel to jB (7. Then BP = 2a, b* = LO. 

Oi/(Euclid, Book iii., p. 35) ; butiO = 

2 24 

Hence BP^. PR is to be a maximum. B 
Let L BAD = a, PBC = 0, BC^ c. 




Then 



BP^BC 



sin BCP c cos a 



sin BPC cos (0 + a)' 



PR^BP'l!"^^^ 



<?cos(0 + a) 



sinPi?j5 cos(0-a) ' 

cos (0 + a) . 

** = — TTfl ( IS a max. 

cos^ (0 - a) 



Hence 

du sin 20-2 sin 2a 
50° cos *(0 - a) 



o, .-. sin 20 = 2 sin 2a. 



The solution becomes impossible when 2 sin 2a > i ; i. e. if 
the vertical angle of the cone be > 30°. 

The problem admits of two solutions when a is less than 
15*^. For, if 01 be the least value of derived from the 

equation sin 20 =» 2 sin 2a ; then the value — 0i evidently gives 

a second solution. 

Again, by differentiation, we get 

d^U 2 cos 20 , , - ix 

W " cos \B - ay (^*^"° «'° ^^ = ^ '''' *«^ ' 

this is positive or negative, according as cos 20 is positive or 
negative. Hence the greater value of corresponds to a 
maximum section, and the lesser to a minimum. 
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In the limitmg case when as 15^ the two solutions coin- 
cide. When a > 15**, they are both impossible. 

137. Mudmnm or TVnniniiiin in case of a Funotion of two 
dependent VaiiaUes. — ^To determine the maximum or minimum 
values of a function of two variables, x and y, which are con- 
nected by a relation of the form 

Let the proposed function, ^(a?, y) be represented by u ; 
then by Art. 1 10, we have 

dtp df dip df 
du dx dy dy dx 
dx"^ d£^ 

But the maxima and minima values of u satisfy the equa- 
tion —- = o, hence the values of x and y derived from the 
equations /(«, y) = o and 

d^ df d^ df 
dx dy dy dx 

furnish the solutions required. To determine whether the 
solution so determined be a maximum or a minimum it is neces- 
sary to investigate the sign of -r— ^. 

138. Example, Given the four sides of a quadrilateral, to 
find when its area is a maximum. 

Let a, by Cy d be the lengths of the sides, <p the angle be- 
tween a and J, v{^ that between c and d. Then ab sin^ + cd sin \p 
is a max. ; also a' + 6* - 2ab cos tp = c^ + d^- 2cd cos xp^ being 
each equal to the square of the diagonal. 

Hence, ab cos <p + cd cos 4^ j^ == o, for a max. or a min. 

utp 

also ab sin tp^cd sin i/'-r , 

/. tan + tan t/* = o, or + 1// - 1 80". 
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Hence the quadrilateral is inscribable in a circle. 

That the solution arrived at is a maximum is evident from 
geometrical considerations ; it can also be proved to be so by 
aid of the preceding principles. 

For, substitute —r-- — r instead of -r^, and we get 

cd sin \P d^ ^ 

du ah sin (^ + yp) 



dtp sin xj. 



Hence — = ^i25?ii±i0 / ^ ^ #\ 
d^^ sinxl^ \ d^J 



+ a term which va- 



nishes when <p -h xfj == 1 80° ; 



d^ 
and the value of -7— becomes in this case 

00' 



ab / ab\ 
sm\p\ cd/ 



which being negative the solution is a maximum. 
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Examples. 
I. FroTO that a tanO + 6 cot is a minimuin when tan = A-, 
3. Find when 4x' — i5«'+ 12a;- i is a maTiTnuTn or a Tnim'Tnum. 

3. •# = r 7—7 -, a maximum. Ant, *^y/ ah^ m = 



4. Find the Talue of « which makes 

flin X . cos 4; 

co62(6o" - 4?) 
a mazimiim. Ant, z = 30°. 

5« If TTT — ^^ he a maximum, show immediately that -7-7 is • mini- 
nram. 

6. Find the value of cos a?, when — is a Tnaximum. 

V^5-4C0B* 



^119. cosajs 



6 



7. Find when . is a maximum. 

8. Apply the method of Ex. 5 to the expression ^ 

9. What are the values of » which make the expression 

i** - 2tafl + 36a? - 20 

a mn-giiwTiTn or a Tninimum ? and (2) what are the maximum and minimnTn 
Talnes of the expression? . Ana, a; = i, a max. ; a; s 6, a min. 

10. u = i^a - af)»». Ant. x = , a maximum. 

fn-{- n 

11 . Given the angle (7 of a triangle ; prove that Bin>^ + 8in>^ is a maximum 
and 008*^ + cos'^ a minimum, when A^B, 

12. Find the least value of 00^*4 hr^. Am, 2\/7S, 

(a + a?) (^ + x) ^ ,— 

'5- (a -^) (*-*)• Ans,x^±,/ab. 
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14. Show that 6 + <; (x - a)S, when x = a, is a minimnm or a maximnm, 
according as <; is positive or negative. 

15. Mad* sin X. Ans. a; = - tan jr. 

16. Prove that a^ is a maximum when x = «. 

17. tan'^x . tan«(a - a;) is a maximum, when tan (a - la?) =» tan a. 

1 8. Prove that ^ is a minimum when « «= «. 

logd; 

19. Given the vertical angle of a triangle and its area, find when its base 
is a minimum. 

20. Given one angle ^ of a right-angled spherical triangle, find when the 
difference hetween the sides which contain it is a maximum. 

dc 
Here tan c cos A = tan b ; and, since e-bisA maximum, ^r^ = i. 

do 

Hence we find tan b ^ <^cos A. 

This problem admits of an easy solution by aid of Art. 105, for 

Bin (c — ^) A 
.^ . .X = tan> — ; 

consequently sin (c - b) becomes a maximum along with sin {b + «), since A is 
constant ; and hence e — bia& maximum when <; + ^ = 90°. 

21. Through a fixed point within a given angle, draw a line so that the 
triangle formed shall be a minimum. 

22. Prove that the problem, to describe a circle with its centre on the cir- 
cumference of a given circle, so that the length of the arc intercepted within the 
given circle shall be a maxiimim, is reducible to the solution of the equation 

e = cot 9, 

Many cases of geometrical maxima and minima ai'e solved by elementary 
geometry, without the aid of the calculus ; q. few examples of this class are here 
added. 

23. To find the area of the greatest triangle which can be inscribed in a given 
ellipse. 

Project the ellipse orthogonally into a circle ; then any triangle inscribed in 
the ellipse is projected into a triangle inscribed in the circle, and the area of the 
triangles are to each other in the ratio of the area of the ellipse to that of the 
circle. See " Salmon's Conies," Art 368. Hence the triangle in the ellipse is 
a max., when the triangle in the circle is a max. ; but in the latter case the max. 
triangle evidently is equilateral. 

\/ 27 
Hence the area of the greatest inscribed triangle is ■^- — - (area of ellipse). 

4?r 

Also the centre of the ellipse is evidently the point of intersection of the bi- 
sectors of the sides of the triangle. 
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24. ProTe that the area of the greatest ellipse Inscribed in a given triangle is 
7=1, (area of the triangle). 



v/a7 

35. Find the area of the greatest ellipse circumscribed to a giyen triangle. 

26. Place a chord of a giyen length in an ellipse so that its distance from 
the centre shall be a maximum. 

The lines joining its extremities to the centre must be conjugate diameters. 

27. Show that the preceding construction is impossible when the length of 

the given chord is > a\/ 2 or < b*y 2 ; where a and b are the semiaxes of the 
ellipse. Prove in this case that if the distance of the chord from the centrci 
be a maximum or a minimum, the chord is parallel to an axis of the curve. 

2S. A chord of an ellipse passes through a given point, find when the triangle 
formed by joining its extremities to the centre is a maximum. 

The subsequent examples are investigated by the method of the Bif. Cal. 
The solution of some of them can probably be arrived at in the simplest manner 
by aid of the method of indeterminate multipliers, a method which will be con- 
sidered in a subsequent chapter. 

29. A perpendicular is let fall from the centre on a tangent to an ellipse, 
find when the intercept between the point of contact and the foot of the perpen- 
dicular is a max. Prove ihsXp = *yah^ and intercept = a — b. 

ta The portion of the tangent to an ellipse intercepted between the axes is 
a nunimum ; find its length. Ana, a -v b, 

31. A semicircle is described on the axis-major of an ellipse ; draw a line 
from one extremity of the axis so that the portion intercepted between the circle 
and the ellipse shall be a maximum. 

32. Braw two conjugate diameters of an ellipse so that the sum of the per- 
pendiculars from their extremities on the axis major shall be a maximum. 

33. Through a point on the produced diameter AB of a semicircle, draw 
a secant ORE so that the quadrilateral ABRK inscribed in t^e semicii'cle shall 
be a maximum. 

34. If sin ^' =s k sin 1//', and if/ + if/' = a, where a and k are constants, prove 
that cos ^ cos 0' is a maximum when tan^^ = tan 1// tan if/'. 

35. Find the area of the ellipse 

aafl -j- 2kxp + by* =» Cf 

in terms of the coefficients in its equation, by the method of Art. 134. 



(i) for rectangular axes. Ans. 



(2) for oblique. 



y/ab - hi ' 
iTC sin'o) 



3^. Find X when 8in2jr - sin :r is a maximum or a minimum. 
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37* Find the maximum and minitmiTn yalues of 

ax* -t- i{a + 3) a?* + g + 2^ + g 
ax*^ + 2(a + *') a;« + a* + 2*' + c'* 

Denote the fraction by m, and substitute yiox 3^ \ then by Art. 132 we get 

i»«(aV -*'«)+» (2W - flkj' - a'<?) + (a<? - ^) = o. 

Thia result is also evident since the fraction may be written, 

a{x^ + 0* + 2b(jifl + 1) + « 
a'{«« + 0* + 26'(*« + i) + e' 

3S. Find the maximum and minimum yalues of the fraction 

ac* + 2j? 4- r I 5 

«^ + 4JC^+ 10* ' ' 6' 

39. A triangle inscribed in a given circle has its base parallel to a given line, 
and its vertex at a given point, find an expression for the cosine of its vertical 
angle when the area is a maximum. 

40. Find when the base of a triangle is a minimum, being given the vertical 
angle, and the ratio of one side to the difference between the oUier and a fixed 
line. 

41. Of all spherical triangles of equal area, that of the least perimeter is 
equUateraL 

42. Let tt' + jp' - z^xu = o ; determine whether the value x = o gives m a 
n^ft-gimnm or minimum. Am. Keither. 

43. Show that the maximum and minimum values of the cubic expression 

dx* + 2^x^ -k- $ex + d 
are the roots of the quadratic 

flfjfi _ aOs + A = o, 

where QsaH- labc + a^, and A = a'<f* + 4ac* + 4<^» - 3**^* - Sabed. 
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CHAPTER IX. 

MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE INDEPENDENT 

VARIABLES. 

139. BKaxiiiia and Minima for two Variables. — In accordance 
with the principles established in the preceding chapter, if 
0(ar, y) be a maximum for the particular viilues, Xq and yo? 
of the independent variables, x andy, then for all small posi- 
tive or negative values of A and A, (a?o, y©) must be greater 
than {Xq + A, ^o + ^) J and for a minimum it must be less. 

Again, since x and y are independent, we may suppose 
either of them to vary, the other remaining constant ; accord- 
ingly, as in Art. 1 24, it is necessary for a maximum or mini- 
mum value that 

du J du , ^ 

-=o,and^=o; . . . (i) 

omitting the case where either of these functions becomes in- 
finite. 

140. Ziagrange's Condition. — We now proceed to consider 
whether the values found by this process correspond to real 
maxima or minima, or not. 

Suppose Xo, yo to be values of x and y which satisfy the 
equations 

du J du 

-7- = o, and —- = o, 

dx dy 

and let -4, J5, (7 be the values which — , jt—j-j -f-^t assume 
when Xo and y© are substituted for x and y ; then we shall have 

+ &c. ... (2) 

M 
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But when A and k are very small, the remainder of the 
expansion becomes in general very small in comparison with 
the quantity Ah^ + ^Bhk + CA^; accordingly the sign of 
0(^0 + ^> yo +^) - 0(^o> Vq) depends on that of 

Ai.. TJi; />L2 • AAh- Bk)Uk^ (AC-m 

Ah} + 2-BAA + (7*^, 1. e. of ^^ <- — j-^ ^. 

A 

Now in order that this expression should be either always 
positive or always negative for all small values of h and A, it is 
necessary that AC- B* should be a positive quantity ; as, if it 
be negative, the numerator in the preceding expression would 
be positive when A = o, and negative when Ah - Bk = o. 

Hence the condition for a real maximum or minimum 
is that AC should be greater than -B*, or 

and, when this condition is satisfied, the solution is a maxi- 
mum or a minimum value of the function, according as the 
sign of A is negative or positive. 

1£ ff he > ACj the solution is neither a maximum nor a 
minimum. 

The necessity of the preceding condition was first es- 
tablished by Lagrange, by whom also the corresponding con- 
ditions in the general case of a function of any number of va- 
riables were first discussed. Again, if-4 = o, J5=o, (7 = o, 
for a real maximum or minimum it is necessary that all the 
terms of the third degree in h and k in expansion (2) should 
vanish at the same time, while the quantity of the fourth 
degree in h and k should preserve the same sign for all values 
of these quantities. See Art. 123. 

The spirit of this method, as well as the processes em- 
ployed in its application, will be illustrated by the following 
examples. 

141. To find the position of the point the sum of the 
squares whose distances from n given points situated in the 
same plane shall be a minimum. 

Let the co-ordinates of the given points referred to rec- 
tangular axes be 
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(«!, 6|), (as, 62), (as, 63) • . . (a„,6n)» respectively; 
(jr, y) those of the point required ; then we have 

M = fjT -a,)« + (y - ii)* + (a; - 02)' + (y - ij)' + . . . 

+ (a? - «„)« + (y - i„)^ 
a minimum. 

rft* 

.'. — = ^ - ai + ar - ^2 + . • • + ^ - «n = wic - (ai + fla + . . . + flfn) " o 

■7- . . • • • = wy - (6| + 62 + . • • + ^n) = o. 

ay 

Hence 



, fli + Oa + . . . + f7n 6i + 62 + • • . + i 

* = z » y = 



n '' ?i 



n 

> 



and the point required is the centre of mean position of the n 
given points. 

From the nature of the problem it is evident that this re- 
sult corresponds to a minimum. 

This can also be established by aid of Lagrange's con- 
dition, for we have 

A ^*^ « ji^ ^^ - r - ^'* - 
dx^ ' dxdt/ ' df/^ 

In this case AC - & is positive, and A also positive; 
and accordingly the result is a minimum. 

142. To find the TWa»iinwin or Minlmnm value of the ex- 



u - aaf^ i- bt/^ + zhxy + igx f ify + c. 
Here ^ = 2{ax + Ay + ^) = o, 

~ = 2(Aa; + 5y4./) = o. 
M 2 



u (ah - h^) = 



• • • (3) 
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Multiplj^ing the first equation by x, the second by y, and 
subtracting their sum from the given expression, we get 

u = gx -^ fy ■\' c. 

Whence, eliminating x and y between the three equations, we 
obtain 

a, h, g 

K b, f 

This result may also be written in the form 

dA ^ 
ac 

where A denotes the discriminant of the proposed expression. 
Again, 

d?u (Pu d?u , 

dT' ° "''' %^ = '*' ^=='*- 

Hence, if ab - h? be positive, the foregoing value of u is 
a max. or a min., according as the sign of a is negative or 
positive. 

If h!^ > ab, the solution is neither a maximum nor a 
minimum. 

The geometrical interpretation of the preceding result is 
evident ; viz., if the co-ordinates of the centre be substituted 
for a?, y in the equation of a conic, w = o, the resulting value 
of ti is a maximum if the curve be an ellipse, but is neither 
a maximum nor a minimum for an hyperbola, as is also evident 
from other considerations. 

1 43. To find the Maxima or Minima values of the Fraction 



ax^ + by^ 4 2hxy + 2gx + ify + c 
do^ + Vxf + %lixy + 2gx + 2/y + c'' 

Let the numerator and denominator be represented by 
^i and 02 5 then, denoting the fraction by «, we get 

01 = u^%. . . . (a). 
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Differentiate with respect to x and t/ separately, then 
dtfti du ^ d^2 ^01 ^^ ^ ^8 



dx dx^^ dx^ dy dy 



but for a max. or a min» we must have 



du 



du 



dx ^ dy ' 
Hence the required solutions are given by the equations 
ax + hy •¥ g ^^ u {a'x + h'y + gf'), 

lix -^-by ^ f = u {h'x + b'y + f^). 

Multiplying the former by x, the latter by y, and subtracting 
the sum from the equation (a), we get 

gx -^fy -^c-- u{gx-\-fy + d). 

These equations may be written, 

(a - a'u)x + (A - h!u)y + g - gu ^ Oy 

(h - h'u)x + (& - bu)y + / - f'u = o, 

(ff - /w)a? + (/ - fu)y + c - cu = o. 

Eliminating x and y, we get the determinant, 



a - a'u h " h'u g - cfu 
h-h'u b-b'u f-fu 
ff-ff^ f^f^ c-c'u 



= o. 



. . . (4) 



The roots of this cubic equation in u are the maxima and 
minima required. 

This cubic is the same as that arrived at by Dr. Salmon 
for the three systems of right lines which pass through the 
points of intersection of the conies 0i = o, 02 = c* 



* Salmon's Conies, Art. 370. 
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The cubic is written by Dr. Salmon in the form 

Aw' + Gm* + O^u + A' = o, • . . (5) 

when A, A' denote the discriminants oi ih^ expressions 0i and 
02» and 9, 9' are their two other invariants. 

On the proof of the property that the coefficients are in- 
variants, compare Art. 132. 

The cubic reduces to a quadratic if either the numerator 
or the denominator be resolvable into linear factors ; for in 
this case, either A = o, or A' = o. 

If both the numerator and denominator be resolvable into 
factors, the cubic reduces to the linear equation 

9w + 9' = o, 

and has but one solution; as is evident also geometrically. 
144. To find the MairiTna or minima values of 0^ -V y^ + s^, 

where or' + hy^ + cz^ + 2hxy + 2gxz + 2/ys = 1 . 

X XI 

Let tt = a:' + y^ + ^:* ; substitute x' and y' for - and -, 

z z 

and we have 



a;'* + «/'2 + I 
w = 



= o. ... (6) 



ax'^ + by^ + c + 2hx'y + 2gx' + 2fy'' 
Accordingly, the cubic of formula (4) becomes in this case, 

a — M, A, g 
h, b-u, f 
gy /, c-u 

This is the well-known cubic* for determining the axes of 
a surface of the second degree in terms of the coefficients in 
its equation ; when expanded it becomes 

w* - (a + 6 + c) w* + (aJ + ic + oc -/* - ^* - A«) u 

+ (^/' ■»■ fciT* + ch* - abc - 2fgh) = o. 



* Sec Salmon's Surfaces, Art. 79. 
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145. Application of Iiagraiige's Condition. — In applying 
this condition to the general ease of Art. 143, we write the 
equation in the form 

r !_• 1 ^ , . du . du 

Irom wnicn we get, on making -7-= o, and -7- = o, 

ax di/ 



d^iti d^<tn d 



-""^Li-^i^ 



u 



dx^ dx^ ^' dx^' 
d^i d^^i (Pu 



= u -T--J- + 



but 



dxdt/ dxdy ^ dxdy^ 
*0i _ cP02 d^u 



flp0x d^^ , d«0x . ^ 



Hence 



*;lS$-(^)'|-H«-«'.)(*-^")-(»-'.'«)-i. 

Accordingly, the sign of ^(7- jB^ is the same as that of 
the quadratic expression, 

(ah - W) - {aV + bo! - 2M') w + {a'V - K^)u\ ... (7) 

where w^is a root of the^cubic (4) or (5). 

If A2 represent the determinant in (4), the preceding 
quadratic expression may be written in the form -7—. 

Again, t^i, Wj, u^ representing the roots of the cubic (4), a, 
/3 those of the quadratic (7), if u be a real maximum or 
minimum value of ?«, we must have (wi - a) {ui - /3) {a'b* - A'^) 
a positive quantity. 

Accordingly, if a'h' - A'* be positive, u^ must not lie 
between the values a and /3. Similarly for the other roots. 
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If all the roots of the cubic lie outside the limits a and /3, 
they correspond to real maxima or minima, but any root 
which lies between a and j3 gives no max. or min. 

In the particular case discussed in Art. 144, the roots of 
the cubic (6) are all real, and those of the quadratic 



a - t/, h 
h, b - u 



I = o, are interposed between the roots of the 

cubic. (See Salmon s Higher Algebra, Art. 44). Accordingly 
in this case the two extreme roots furnish real maxima and 
minima solutions, while the intermediate root gives neither. 
This agrees with what might have been anticipated from the 
properties of the Ellipsoid ; viz., the axes a and c are real 
maximum and minimum distances from the centre to the sur- 
face, while the mean axis b is neither. 

It would be unsuited to the elementary nature of this 
treatise to enter into further details on the subject here. 

146. Maadma or Minima ofFunotions of three Variables. 
Next let u - ip{x, y^ s), and suppose a?o, yo» 2o to be values of 
a?, y, 2 which render u a maximum or a minimum ; then if 
aj, y, z be independent of each other, by the same reasoning as 
betbre, it is obvious that ^o> Vo^ ^0 niust satisfy the three 
equations 

du du du 

dx ^ dy ^ dz ' 

omitting the case of infinite values, as before. 
Accordingly we must have 

0(^0 + fh Vq + *> 2o + ^) - 0(^0, yo» 2o) = A + B + C — 

'l'*<2 1.2 I*2 

+ Fkl + Ghl + Hhk + &c. 

where Ay JB, C, F, (?, JET are the values that 

d'^u d^u d^u d^u <Pu d^u 
dix?^ dy^^ dz^^ dydz dxdz* dxdy 

respectively assume when Xq^ y^, Zq are substituted for x, y, z 
in them. 
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Now in this, as in the case of two independent variables, 
it is necessary for a real maximum or minimum value that the 
preceding quadratic function should be either always positive 
or always negative for all small real values of A, A, ana I, 

Substituting al for A and j3/ for A, and suppressing the po- 
sitive factor ?, the expression becomes 

Aa^ + £j3' + a + 22^ + 2(Ta + iHafi, • • • (8) 



or 



\ (l?/3 + G) 



+ JB/32 + 22?|3 + c. 



Completing the square in the first term, and multiplying by -4, 
we get 

{Aa + ^jS + Gy + {AB - jgr«)/3« + 2{AF'- gh)^ + {ac- g% 

Moreover, since the first term is a perfect square, in order 
that the expression should preserve the same sign, it is ne- 
cessary that the quadratic 

(AB - H^) /3* + 2{AF- GH)fi ^AC-^G' 

should be positive for all values of j3 ; hence we must have 

AB -m>o, ... (9) 

and {AB - JT«) {AC - G') > {AF- GH)\ 

or A{ABC^2FGH-AF''BGP-ClI')>o ... (10) 

1. e. A and A must have the same sign, A denoting the 
discriminant of the quadratic expression (8), as before. 

Accordingly, the conditions (9) and (10) are necessary 
that a?o, yo» ^0 should correspond to a real maximum or mini- 
mum value of the function u. 

When these conditions are fulfilled, if the sign of A be 
positive the solution is a minimum, if negative, a maximum. 

147. The preceding theory admits of easy extension to func- 
tions of any number of independent variables — the values which 
give 'the max. and min. in that case are got by equating to 
zero the partial derived functions for each variable separately, 



1 70 Maxima or Minima for two or more Variables, 

and the quadratic function in the expansion must preserve the 
same sign for all values ; i. e. it must be equivalent to a num- 
ber of squares, multiplied by constant coefficients^ having 
each the same sign. 

The number of independent conditions to be fulfilled in the 
case of w independent variables is simply n- i and not 2"- i as 
stated by some writers. These conditions can be exhibited in 
a simple manner by aid of the principles established in Salmon's 
" Higher Algebra," Lessons 6 and 1 5. The mode of arriving at 
them would occupy too much space for insertion here. 

148. To investigate the TWa»iiniiin or Btiwlmwin Value of 
the Saqjiression 

o^ + bi/^ + ez^ + 2hx7/ + 2gxz + 2fyz + ipx + 2qj/ + 2rz + d. 

Let u denote the function in question, then for its maxi- 
mum or minimum value we have 



~ = 2{ax + hi/ + gz +^) = o, 
— = 2(hx + bi/ \fz + j) = o, 



du 



,^=2(flrar+/y + C2 + r) = o, 



hence, adopting the method of Art. 142, we get 

u^ px-\^qy^rz^d\ 



eliminating a?, y, z between these four equations, we obtain 



a h g p 

h b f q 

g f c r 

p q r d 



u 



a h g 

h b f 
9 f <^ 



Again, since ^^ = aa, — = 26, &c., 
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the result is neither a maximum nor a minimum, unless 



a h 
h b 



be positive, and 



a h g 
h b f 

g f <^ 



has the same sign as a. 



The student who is acquainted with the. theory of sur- 
faces of the second degree will find no difficulty in giving the 
geometrical interpretation of the preceding result. 

149. To find a point suoli that the sum of the squares of 
its distamoes firom n given points shall be a Hflnlmnm. — Let 
(a, 6, c), (a', b\ c'), &c., be the co-ordinates of the given points 
referred to rectangular axes ; x^y^z the co-ordinates of the re- 
quired point; then 

{x - ay + (y - by + (s - c)8, 

is equal to the square of the distance between the points 
(a, 6, c) and (x, y, 2). 
Hence 

w = (a: - a)^ + (y - by + (z - cy + {x-af^ (y - by -^ (z ^ c'y 

+ &c. = S (x - ay + S (y - 6)* + S (s - c)% 

where the summation is extended to each of the n points. 
For the maximum or minimum value, we have 

du 

-T- = 2S (aj - a) = 2nx - 22a = o, 

-7- = 22 (v - 6) = 2nt/ - 226 = o, 
dy 

du ^ , . ^ 

-r = 22 (s - c) = 2nz - 22c = o, 

dz 



2a 



2i 



'. Xq , Vq — — -» *o 

n n 



Za = 



2c 



n 



or Xoy yoy So arc the co'-ordinates of the centre of mean position 
of the given points. 
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Again, 

d?u dhb (Pu dhi - 

-T-^ = 2n, "i— = 2n, -TT = 2n, , , = o, cfcc. 

The expressions (10) and (11) are both positive in this case, 
and hence the solution is a minimum. 

It may be observed with reference to examples of rnaxima 
and minima, that in most cases the circumstances of the prob- 
lem indicate whether the solution is a maximum, a minimum, 
or neither, and accordingly enable us to dispense with the 
labour of investigating Lagrange's conditions. 
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Examples. 
Find the maximum or minimum values of 

ax ^- by A- c 

'• -^ ? . 

«^ + y* + I 

€^ A- by ■{- c 

3. a:* + y* - «* + a;y - y«. 

(a), a; = o, y = o, a maximum. 

(j3). » =s y = j- -, a minimum. 

(y}. a; = - y = + IL_f , a minimum. 

2 

4. w^-\- bxy + <fo« + Ixz + my« 

a; = y = 2= o, neither a maximum nor a minimum. 

5. Find the minimum value of 

70;' + 6y2 + 522 - 4a; - 4y - 62. 

6. If « = aar^yj _ 3.4^2 _ ^'^t^^ prove that a; = -, y = -, makes w a maximum. 

2 3 

7. Prove that the value of the minimum found in Art. 149 is the - th part 

n 

of the sum of the squares of the mutual distances hetween the n points, taken 
two and two. 

8. Let w = »* 4- y* - «* + xy - y* : determine whether the value w = o, corre- 
sponding toa;=y = o, isa maximum or a minimum value of u. 

Ana, A maximum. 

9. Find the maximum value of 

{ax + *y + ez) e' a»^" -/3»y» -7»a". 

10. Find the values of a; and y for which the expression 

{aix + b\y + ci)2 + (aaa: -I- % + <?2)' + . . . + («».« + bny + c»)* 
becomes a minimum. 
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CHAPTER X. 

METHOD OF UNDETERMINED MULTIPLIERS APPLIED TO THE INVES 
GATION OF MAXIMA AND MINIMA IN IMPLICIT FUNCTIONS. 

150. Method of ITndetermmed Multipliers. — In many cai 
of maxima and minima the variables which enter into t 
function are not independent of one another, but are cc 
nected by certain equations of condition. 

The most convenient process to adopt in such cases 
what is styled the method of undetermined* multipliers. \ 
shall illustrate this process by considering the case of a fui 
tion of four variables, which are connected by two equatio 
of condition. 

Thus, let M = ^ (iTi, Xij ars, x^), 

where oji, a?2> ^3, ^4 are connected by the equations 

Fi (xi, Xi, oTg, Xi) = o, F2 (iPi, X2fXi^Xi) = o, . . . (i) 

The condition for a maximum or a minimum value oJ 
evidently requires the equation 

d(b , ^0 , ^^7 ^0 J 

— aari + -p- ctej + -7^ oa's + -r^ dx^ = o. 
a.r, aXi ax^ axi 

Moreover, the diflFerentials are also connected by the 
lations 

dF,. dF, . dF. dF, 

-r— dxi + dx2 + -z — 0^3 + - — dXi = o, 

dxi dx2 dxz ax^ 

dFi , dFr^ . dFz , dFi , 

dxi + -3 — dx2 + -T — dXi + • aXi = o. 

dxi dX2 dx^ dXi 

Multiplying the first of the two latter equations by the arbitr. 



♦ This method is also due to Lagrange. See Mech. Anal, tome i, p. 74- 



.87 



5) 



c obtain 

the same 

{uestion, 

".ing these 



u equation 

. = o, 

■ degree in 
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differential equations by a?i, X2, ^s, x^^ respectively, and add, 
we can often find the result with facility by aid of Euler's 
Theorem of Art. 96. 

There is no difficulty in extending the method of undeter- 
mined Multipliers to a function of n variables, Xi^ x^^ a's, . . . 
Xn^ the variables being connected by m equations of condition 

JPi = o, i^2 = o, i^3 « o, , . . Fm = o, 

m being less than n ; for if we differentiate as before, and 
multiply the differentials of the equations of condition by the 
arbitrary multipliers, Xi, A2 • • . Am respectively, by the same 
method of reasoning as that given above we shall have the 
n following equations. 

d^ , dF, dFm 

"j — + ^l T~ + . . • + Am --: — = O. 

axi axi axi 

d(i> . ^-Pi ^. dF„, 

"j — "*■ Ai "T~" + • • • + Am "1 — — O. 
0X2 CLX% CtXo 



d(t» dFi dFm 

•3 — + Ai -J— + . . . + Am ~1 = O. 

dXn dXn dXn 

which, combined with the m equations of condition, are theo- 
retically sufficient for the determination of them -fw unknown 
quantities, 

M/jj «^2> • « . Xji^ Aij A2> . • . Am* 



Examples. 

I. To find the area of the maximum triangle inscribed in a given circle. 
Let i? denote the radius of the circle, A, B^ C the angles of an inscribed 
triangle, u its area ; then 

abc 
u — ——• = iR^ sin A%m B sin C 

Also -4 + 5 + C =i 180% .-. dA + dB + dC =: Of 

and sin C sin B cosAdA + sin A siaC cos BdB + sin A sin B cos CdC= o, 

whence sin A sin B cos C = sin ^ sin C cos fi = sin J5 sin C cos A = \] 
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and conseqnently tan^ = tan B = tan C\ hence A oB:=Css6d* ; 
and therefore the triangle is equilateral. 

3. Find a point such that the sum of the squares of the perpendiculars drawn 
firom it to tiie sides of a given triangle shall he a minimum. 

Let Xy y, z denote the perpendiculars : a, d, e, the sides of the triangle, then 

u= 4;> + y2 + sH is to he a minimum, 
also ax-\-bff + ez = douhle the area of the triangle = 2 A (suppose), 

.•. xda + ydy + zdz=^Oj adx + bdy + edz = o^ 

••. flssXo, y=Xd, z=i\e; multiplying these equations hy », y, «, respectively, 
and adding, we ohtain 

fl*+*y + c« = X(a' + ^+c*)» orX= - — - — ^ 
2Aa 2Ad 2A<; 

which determine the position of the point. The minimum sum is 

aS + iJ + ca 

3. Similarly, to find a point such that the sum of the squares of its distances 
from four given planes shall he a minimum. Suppose A, ^, (7, D to represent 
the areas of the faces of the tetrahedron formed hy the four planes ; x, y, «, «;, 
the perpendiculars on these faces respectively ; then, as in the preceding example, 
we have 

Ax + ^y + Ck + J>w = three times the volume of the tetrahedon = 3 F* (suppose), 
and « = «2 + y«+«> + fi>2, a minimum. 

.'. xdx + ydy + afe + wdw = o, 

Adx + Bdy + Cife + Ddw = o, 
hence x = \Ay y = XJ?, z = XC, w = \D\ 



and proceeding as hefore we get u s 



A^-\'Bi+ (P-\'JD» 



4. To prove that of all rectangular parallelopipeds of the same volume, the 
cube has me least surfeuie. 

Let Xf y, z represent the lengths of the edges of the parallelopiped ; then, if 
A denote tiie given volume, we have 

xyz = A, and xy + xz-\' yz, a minimum. 

.*. yzdx + xzdy + xydz = o 

{y + z)dx+(x-\'Z)dy-\'(x + y)dzsso 

hence yz = \(y+ z), xz = \(x + z')f xysi\(x + y); 

from which it appears immediately that x = y = z, 

N 
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151. To find the Mairifna and Mlwlina Values of 

where the variables are connected by the equations 
Lx + My + JVis = o, and aj» + y» + jg* = i. 
In this case we get the following equations : 

oa? + Ay + jr2 + \iL + Xp: = o 

A* + &y + /« + ^1^ + A^ = o 
gx •\' fy -¥ cz •\' \iN + A^s = o. 

Multiply the first by 2?, the second by y, the third by 2, and 
add; then 

w+X2 = o, or Xa = -w. 

Hence (a- u) x-^hy + gz + XiZ = o 

ha + (6-w)y +^ + AiJf " o 

« 

gx +Jy + (c-u) z+XiN^ o 

Lx + My + Nz = o 

eliminating x^ y, z^ and Ai, we get the determinant equation 



a-w, A, g^ 



L 

hy b-Uj /, M 
g, /, c-w, i\r 
i, Jf, N, o 



o. 



. . . (2) 



The roots of this quadratic determine the maximum and mi- 
nimum values of u. 

The preceding result enables us to determine the principal 
radii of curvature at a given point on any surface. See 
** Sahnon's Surfaces," Art. 289. 
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Again, the tenn independent ofu in this determinant is 
evidently 

a, A, ^, L 
h, 6, /, Jf, 

5» /» <?, -^, 
i, Jf, JV, o^ 

and the coefficient of u^ is i' + Jf" + JV'. Accordingly, the 
product of the roots of the quadratic (2) is equal to the 
fraction whose numerator is the latter determinant and de- 
nominator L^ + M^ + JV*. From this can be deduced an ex- 
pression for the meamre of curvature* at any point on a sur- 
face. 



* Salmon's " Surfaces/' Art. 400. 
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Examples, 
I. Find the minimum value of 

a?; + »; + «^ + . . . + «n», 

where ri, «,, . • . a^ are subject to the condition 

aiX\ + ih(e% + . . . + OffiBn = ^» Ana, -^ ^ 



k^ 



a* + a» . . . + 0*2 



2. Find the maximum value of 

where the variables are subject to the condition 

«* + ^ + «8 = Ar. 

3. If tan - tan - = m ; find when sin - m sin is a maximum. 

2 2 

4. Find the maximum value of (x t ') (y + (« + 0> where a/^Iflf (^ = A, 

Am, log (-^fl^O' 

* 27 . log a . log b . log tf' 

5. Find the volume of the greatest rectangular parallelopiped inscribed in 
ellipsoid, whose equation is 

a* y* 2* ^ 8ai<? 

6. Find the max. or the min. values of m, being given that 

u = «^+ ^y' + <?•«*, ««+ y" +«* = I, and te + wy + jw = o. 
Proceeding by <the method of Art 150, we get 

a'«+ X« + f4/=o, J'y + Xy + fim=o, <?2a+X2 + fin = o. 
Again, multiplying by a, y, «, respectively, and adding, we get \ = - «, 

.•. (w - a«) a? = fi^, (« - fc^jy «= fiw, («-«")» = fiw. 
Hence the required values of u are the roots of the quadratic 

+ n + T= O. 



w-o* «-i* « — c* 
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ffi ifi ^ 

7. Given — + 1- + - = i, and te + my + n« = o, find when 4"+y* + 2'isa 

oS 0? ^ 

mazimuin or minimum. FroceedingI as in the. last example, w& get the quad- 
ratic 

a^P *»m« <j2«i 

+ r: + r = o. 



This question can be reduced to the last by substituting in our equations ax^ by^ 
and at, instead of x, y, z, 

8. Inscribe in a given circle a triangle, haying two of its ddes in a given 
ratio, and such that the sum of the third side and the perpendicular on it from 
the opposite angle shall be a maximum. 

9. Divide the quadrant of a circle into three parts, such that the sum of 
the products of the sines of every- two shall be a max. or a min. ; and determine 
which it is. 

ID. Of all polygons of a given number of sides circumscribed to a circle, the 
regular polygon is of minimum area. For, let0i, 02? • ' • ^ be the^, external 
angles of the polygon, then its area can be easily seen to be 



r« [ tan^^f tan^ + . . . + tan^V 



where ^i + 02 • • • + ^n *» ^ir. 

Hoice 01 = 02 <= 0& = . . . = 0n*^ 

11. Of all polygons of a given number of sides circumscribed to any closed 
oval curve, whicn has no singular points, that which has the minimum area 
touches tne curve at the middle point of each of the sides. 

12. Given the ratio sin : emrj/ and the angle 9: find when the ratio 
sin (0 + 0) : sin (1^ + 0) is a maximum or a TninimiiTn. 

13. Required the dimensions of an open cylindrical vessel of given capacity, 
so that the smallest possible quantity of metal shall be employed in its construc- 
tion, the thickness of the base and sides being given. 

Ans. Its altitude must be equal to the radius of its base. 

14. Show how to determine the maximum and minimum values of ^2 4. ^ ^. gt 
subject to the conditions 

15. Of all triangular pyramids having a given triangle for base, and a given 
altitude above that base, find that of least surface. 
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CHAPTER XL 



ON TANGENTS AND NORMALS TO CURVES. 

153. Sanation of the Tangent. — If (Xj y)y {xu Pi)i be the 
coordinates of any two points, P, Q, taken on a curve, and if 
(JT, T) be any point on the line which joins P and Q ; then 
the equation of the line PQ is 

If now the point Q be taken 
infinitely near to P, the line PQ 
becomes the tangent at the point 
P, and, as in Art. 8, we have for 
its equation 




r-,.(x-.,| 



■ ••(■) 



where X, Y are the coordinates of any point on the line, and 
a?, y those of its point of contact. 

If the equation of the curve be of the form /(a;, y) = o, 
and if/ (a?, y) be denoted by w, we have from Art. 10 1, 



dy 
dx 



du 
dx 
du 
dy 



and hence the equation of the tangent becomes 



• ■ ■ w 



Tangents parallel to a Oiven Line, 1 83 

The points on the curve at which the tangents are par- 

du 
allel to the axis of x must satisfy the equation ;r ■= o ; they 

are accordingly given by the intersection of the curve, w = o, 

du 
with the curve whose equation is t- = o. The y ordinates at 

such points are evidently in general either maxima or 
minima. 

Similar remarks apply to the points at which the tangents 
are parallel to the axis of ^. 

To find the tangents parallel to a given line, y^mx + n. 
The points of contact must evidently satisfy 

du du 
-r -^m-j- =0. 
ax ay 

The points of intersection of the curve represented by this 
equation with the given curve are the points of contact of the 
system of parallel tangents in question. 

. The results in this Article evidently apply to oblique as 
well as to rectangular axes. 



Examples. 

1. To find the equation of the tangent to the ellipse 

and the required equation is 

xX yY a?« y^ 
a* *' a* i» 

2. To find the equation of the tangent to the curve 
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Taking the logarithmio differentials of both sides, we get 

n m df/ dy ny 

z y dx ' ' 'dx mx' 

and the equation of the tangent becomes 

fiZ mY 

— + =3 in + n. 

r y 

If we make -£= o, and F= o, separately, we get x and y for the 

» m 

lengths of the intercepts made by the tangent on the axes of x and y, respectively. 

This result fumii^es an easy geometrical method of drawing the tangent at any 

point on a curve of this class. 

If m = I, and n s i, the preceding equation represents an hyperbola ; if m = 2, 

and It s- 1, it represents a parabola. 

3. Find the equation of the tangent at any point on the curve 

— + V = I. Ana, — --— + -T — = I. 

154. Equation of Normal. — Since the normal at any point 
on a curve is perpendicular to the tangent, its equation, when 
the coordinate axes are rectangular, is 

Y-y __ X-x 
du " du ' ' ' ' ^^^ 

dy dx 



Examples. 

1. Find the equation of the normal at any point (ar, y) on the ellipse 

— +j3 = i. Ana. ssa*-&2. 

«• ^ X y 

2. Find the equation of the normal at any point on the curve 

y^ = ax**. Ana. wFy + mXx » «y« + mx*. 



Subtangent and SubnormaL 
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155. Subtangent and Subnormal. — In the accompanying 
figure, let PT represent the tan- ^ 
gent at the point P, PN the 
normal ; OJf, PM the coordi- 
nates of P ; then the lines TM 
and MN are called the subtan- 
gent and subnormal correspond- o' 
ing to the point P. 




To find expressions for their lengths, let = Z. PTMj 



then 



PM dy 



MN dy 



dy 
dx 

MN^y% 
^ dx 



The lengths of PT and PN are sometimes called the 
lengths of the tangent and the normal at P : it is easy to find 
expressions for them in terms of the coordinates of the point 
P. 



Examples. 
I. To find the length of the subnormal in the ellipse 



Here 



dy 



h^ 



^5^ = -^^^ 



the negative sign signifies that iify is measured from if in the negative direc- 
tion alon^ the axis of a;, i. e., the point JVlies between M and the centre ; as 
is also evident from the shape of the curve. 

2. Prove that the subtangent in the logarithmio curve, y = a*, is of constant 
length. 



P 
3. Prove that the subnormal in the parabola, y* =j?;t;, is equal to -. 
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156. Perpendicular on the Tangent. — hetp be the length 
of the perpendicular from the origin on the tangent at any 
point on the curve 

F(x, y) « c, 
then the equation of the tangent may be written 

Xcosa>+ ysina>=^, 

where a> is the angle which the perpendicular makes with the 
axis of X. 

Denoting F{x^ y) by % and comparing this form of the 
equation with that in (2), 

du du du du 

dx dy dx dy ^ , . 

we ffet — ^— = -r-^- e ^ g A (suppose). 

° cos 01 sma> p \ rr / 

du du 

J dx ^ dy , V 

and p s ^ . ... (4) 



4\dx) "" \dy) 



Cor. If F{x, y) be a homogeneous expression of the w'* 
degree in x and y, then by Euler's formula, Art. 96, we have 

du du 

and the expression for the length of the perpendicular be- 
comes 

nc 



I 



dx) \dy) 
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157. In the curve 



to prove that 

m m m 



p^^ = (a cos 0))"*"^ + (6 sin a>)"*"^ • • • (5) 

By Ex. 3, Art, 153, the equation of the tangent is 



a"* 6™ 



= I ; 



comparing this with the form 

X cos w + Fsin w = p, 



we get 



cos W x^~^ 


sm (0 3/*""^ 


1 
a cos w'^"*"^ ^ 


jt? ft™ 

1 
lb sinw\"*"^ 



or 



Hence, substituting in the equation of the curve, we obtain 
the result required. 

158. laocus of the foot of the perpendicular in the same 
curve. — Let X, T be the co-ordinates of the point in question, 

X Y . . 

and we have, evidently, cos a> -= — , sin a> = — ; substituting these 

values for cos w and sin a> in (5), it becomes 

m «i m 

(X^ + F^)^ « (a X)^' + (6 F) *"■', 

since p^ « J^ + F^. 

159. Another form of equation to tangent. — If the equation 
of a curve of the n^ degree be written in the form 

where Un denotes the homogeneous part of the w'* degree in 
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the equation, «/„-!, that of the (n - i)'*, &c. ; then by Cor. Art.. 
122, we have 

d^ d<h 

^ -f + y "^j -" l^n-i + 2t«n-2 + &c. . . . + nUQ]. 

Hence the equation of the tangent in Art. 153 becomes 

X 1^+ F r^ + Un-i + 2Wn-2 + • . . + Wl/o = O, ... (6) 

an equation of the (n - i)** degree in x and y, 

1 60. Nmnber of Tangents firom an external point. — ^To find 
the number of tangents which can be drawn to a curve of the 
n'* degree from a point (a, /3), we substitute a for X and ^ 
for Y in (6), and it becomes 

d4> ryddt . . 

a -T- + p ^ + Wn-i + 2Mn.2 + • • • + Wt^o " O. • • • (7) 

This represents a curve of the (n- i)** degree in a: and y, 
and the pomts of its intersection with the given curve are the 
points of contact of all the tangents which can be drawn front 
the point (a, /3) to the curve. Moreover, as two curves of 
the w** and (w - i y* degrees intersect in general in w (w - i ) 

{)oints, real or imaginary ("Salmon's Conies," p. 214), it fol- 
ows that there can in general be n(w - i) real or imaginary 
tangents drawn from an external point to a curve of the w'* 
degree. 

If the curve be of the second degree, equation (7) becomes 

dd> f> ddt 
a -^ + p ~ + Wi + 2tto = o, 

an equation of the first degree, which evidently represents the 
polar of (a, j3) with respect to the conic. 
In the curve of the third degree. 

t^3 + 2*2 + Wl + Wo = o, 

equation (7) becomes 

d(h n d<b 
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which represents a conic that passes through the points of 
contact 01 the tangents to the curve from the point (a, j3). 

This conic is called the polar conic of the point ; for the 
origin it becomes 

2^2 + 2Wi + 3M0 = O. 



161. Zfamber of Normals which pass through a given point. 

— If a normal pass through the point (a, /3), we must have 
from (3), 

This represents a curve of the w'* degree, which intersects the 
given curve in general in v? points, real or imaginary, the 
normals at which all pass through the point (a, /3). 
For example, the points on the ellipse 

a^ • h" ' 

^at which the normals pass through a given point (a, /3) are 
determined by the intersection of the ellipse with the hyper- 
bola 

xy {c? - b^) = a^ay - b^fix. 

For the modification in the results of this and the pre- 
ceding article, arising from the existence of singular points 
on the curve, the student is referred to Dr. Salmon's " Higher 
Plane Curves," Arts. 81 and 119. 

162. BiflRerential of the aro of a ourve. — If the length of 
the arc of a curve, measured from a fixed point A, on it, be de- 
noted by ^, then an infinitely small portion of it is represented 
by ds. Again, if 0' represent the angle QPi, we have 

, PL , . , QL 
cos 0' = -pQ, and sin «' = pQ ; 



I go 
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but in the limit, PL -^ dx, QL =^ dy, and PQ = ds,* and also 
ip! becomes PTX^ or 0. 
Hence 



dx . dy 



..(8) 



squaring and adding, we get 



(S)'^(l)'- 



• • (9) 



This result is often written thus, 

ffe* = dx* + dy^j 

a form of frequent use in the theory of plane curves. 

On account of the importance of these results, we shall 
give another proof, in addition to that contained in the note, 
as follows : — 

Let, as before, PR be the tangent to the curve at the 
point P, 

OM^x,PM = y, Y 

zPrX = 0,arcPQ = A5. 



Then if the curvature of the 
elementary portion PQ of 
the curve be continuous, 

we have evidently the line 

PQ<B.TcPQ<PR+QR; t 




M N 



or v/ Aaj* + Ay^ < As < Aa? sec ^ + Ay - A« tan 



* In Art 38 it has been proved that the difference between the length of 
an infinitely small arc and its chord is an infinitely small quantity of the third 

order in comparison with the length of the chord ; i. e. —^ — - is infinitely 

«mall of the second order, and therefore this fraction vanishes in the limit. 

„ arcPQ ,^. ^ , 

Mence - — r^rr = i, ultimately. Q. B, D, 



chord FQ 
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. / /AvV As Ay , 

Again, in the limit -J' = -^ = tan 0, and /i + ( -r^ I be- 

^x ax ^ y \Aj?/ 

comes /i +( T- ) or sec ; accordingly each of the preced- 
ing expressions converges to the same limiting value and 



we have -=- "^ Ji +{;p ) 5 which establishes the required re- 
sult. 

Another simple demonstration of this property from geo- 
metrical considerations will be found in Newton's Principia 
B. I., Lemma 7. 

163. Polar Co-ordinates. — The position of any point in a 
plane is determined when its distance from a fixed point 
called a poUy and the angle which that distance makes with a 
fixed line, are known ; these are called the polar co-ordinates 
of the point, and are usually denoted by the letters r and 6. 
The fixed line is called the prime vector, and r is called the 
radius vector of the point. 

The equation of a curve referred to polar co-ordinates is 
generally written in one or other of the forms, 

^=/(0),ori?'(r, 0) = o, 

according as r is given explicitly or implicitly in terms of B, 
Also if 6 be positive when measured above the prime vector, it 
must be regarded as negative when measured behw it. 

164. Angle between Tangent and Raditui Vector. — Let be 

the pole, Pand Q two near points on the 

curve, PM a perpendicular on OQ, OP 

= r, POX = 0, and \p the angle between 

the tangent and radius vector. 

PM PM 

Then tan OQP - ^, sin OQP^y^ 

cos OQP = -pr^ : but in the limit when 
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Q and P coincide, the angle OQP becomes equal to xfj, and* 



QM dr PM rdO 



PQ ds' PQ 



ds 



, at the same time ; 



or 



dr 



cos \p = -T-, sin yfj = '-~, tan ;// = 



rdd 
ds' 



rdO 
dr' 



Also 



\ds J \dsj 



. . . (lo) 



. . . (ii) 



these results are of considerable importance in the general 
theory of curves. 

165. Polar Snbtangent and Subnomial. — Let ON be drawn 
perpendicular to PTj the tangent at P, s 
and OT perpendicular to OP^ meeting 
the tangent in Ty and the normal in 8. 
The lines OT and 08 are called the polar 
subtangent and subnormal, for the point 
P. To find their values, we have 

OTr. OP tan OPT« r tan ;/; = -y^. 

^ dr 




08^ OPtanOPS=rcot;/;=^. ' 



Aisoifi^-i, or« -^. 

r du 



y 



. . . C12) 



* These results can be easily established from Art 38 ; or otherwise as 
follows : — 

PJf2 = 0P« - 03n = (OP- OM) (0P+ OM), 
OP- OM PM 



PM 



OP\OM 



hence, when PM is infinitely smistll, we have — jprz — = o, therefore the limit 

OQ-OP ,. .. ^ OQ-OM QM _^^ dr 

PQ = limit of —j^ — ^ PQ "^ ^ PQJf, or - = cos ^, &c. 



of 
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1 66. Sxpresslon for 

fore, let p = ON^ then 

. , r^de 
p^rsin^p^—, 



on Tangent. — As be- 



hence 



f 



r^dO' 



dr^ + r'^de^ dr^ 



r*dd' 



r'dO' 



or 



I „ /du\2 



(13) 



Examples. 



I. To find the length of the perpendicular from a focus on the tangent to as 
•ellipse. 

The focal equation of the curve is 

a(i — ^) I - tf cos 9 

r = — ^ -, or M = 



lience 



i—e cos 9 

du e sin 9 
d9" a(i-e*y 



a(i -««) ' 



I ■*■ e^ — te cos 



_ I I 2a \ 



3. Froye that the angle hetween the radius vector and the tangent at any 

point of the logarithmic spiral, r = a , is constant. 

3. Prove that the polar suhnormal is constant in the curve r = a9. 

167. Inverse Curves. — If on each radius vector, OP, drawn 
from a fixed origin, 0, a point, P', be taken, such that the rect- 
angle OP . OP' is constant, the point P^ is called the inverse 
of the point P ; and if P describe any curve, P describes 
another curve called the inverse of the former. 

The polar equation of the inverse is obtained immediately 
from that of the original curve by 

substituting — instead of r in its 

equation ; where k'^ is equal to the 
constant OP . 0P\ 

Again, let P, Q be two points, 
and P', Q' the inverse points ; then 
since OP . OP = OQ. 0Q\ the four 
points P, Q, Q, P, lie on a circle 
{Euclid, B. III., p. 36), and hence 
the triangles OQP and OPQ are equiangulai. 
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PQ OP OP.OQ OP. OQ 
'*' P'Q ~ OQf~ OQ.OQ'~ k^ ' " ' ^^"^^ 

Again, if the points P, Q be infinitely near, denoting the 
lengths of the corresponding elements of the curve and its 
inverse by ds and ds\ the preceding result becomes 



r« 



ds^-^^ds'. . . . (ij) 

1 68. To draw the Tang^ent to the Inverse Curve. — Let the 

points P, Q belong to one curve, and P\ Q' to its inverse ; 
then when P and Q coincide, the lines PQ, P'Q become 
the tangents at the inverse points, P and P ; again, since the 
angle 8PP' = the angle SQ'Q, it follows that the tangents 
at P and P^ form an isosceles triangle with the line PP^. 

By aid of this property the tangent at any point on a curve 
can be drawn, whenever that at the corresponding point of 
the inverse curve is known. 

1 69. Squation to Inverse of a given Curve. — Suppose the 
curve referred to rectangular axes drawn through the pole 
0, and that x and y are the co-ordinates of a point, P, on the 
curve, X and Y those of the inverse point, P ; then 



X 



OP OP. OP' k' . ., , v k 



, similarly ^ = 



X or OF^ X^+F^' -J Y X^+T^' 

accordingly the equation of the inverse is got by substituting 

k^x J k^y 
and ^ 



instead of x and y, in the equation of the original curve. 

Again, let the equation of the original curve, as in Art. 
159, be 

Wn + Un.\ + Wn-a + . . . + Wi + Wq = O. 

When -T and » ^ are substituted for x and v> Wn 

becomes evidently 7—- — ^^. 
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Accordingly the equation of the inverse curve is 
F»M„ + k^^'-^Un.i (^' + y') + *'''"*w»-2 {x" + y^)2 + . . . 

^u^ip? \-y^Y =0. ... (16) 
For instance, the equation of a conic is of the form 

t/a + Wi + Wo = o ; 
hence that of its inverse with respect to the origin is 

which represents a curve of the fourth degree of the class 
called " bicircular quartics." 

If the origin be on the conic, the absolute term, Uq^ va- 
nishes, and the inverse is the curve of the third degree repre- 
sented by 

1e^U2 + Ml {x^ + y^) = o. 

This curve is called a " circular cubic." 

170. To find the position of the tangent to the locus of 
the foot of the perpendicular drawn from the origin to the 
tangent to a given curve. 

Let OiV, ON' be the perpendi- 
culars from the origin on the 
tangents drawn at two points P and 
Q, T the intersection of these tan- 
gents, join NN^ \ then since the 
angles ONT and ON'T are right Ry 
angles, the quadrilateral ON'NT 
is inscribable in a circle 

.'.lONN^lOTN. 

In the limit when P and Q coincide, L OTN = z OPN 
and iVW becomes the tangent to the locus of N\ hence the 
latter tangent makes the same angle with OiVthat the tangent 
at P makes with OP. This property enables us to draw the 
tangent at N to the curve locus m question. 

The locus of N is called the first pedal with respect to O 
of the original curve ; in like manner, if perpendiculars be 
drawn to the tangents to the first pedal, we get a new curve 
called the second pedal of the original ; and so on. 

2 
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Again, if jo' be the perpendicular on the tangent at iV to 
the first pedal, from similar triangles we evidently have 

r = — . 

P , 

Hence, if the equation of a curve be given in the form 

r=f{p\ that of its first pedal is of the form - = /(/>), in 

which p and ^' are respectively analogous to r and p in the 
original curve. In like manner the equati(m of the next pedal 
can be determined, and so on. 

171. Reciprocal Pdars. — If on the perpendicular ON a 
point P be taken, such that OP' . ON is constant ^i^ sup- 
pose), the point P' is evidently the pole of the line Pi\r with 
respect to a circle of radius k ; and if all the tangents to the 
curve be taken, the locus of their poles is a new curve. We 
shall denote these curves by the letters A and jB, respectively. 
Again, by elementary geometry, the point of intersection of 
any two lines is the pole, with respect to the circle of the 
line joining the poles of these lines.* Now if the lines be 
taken as two inBnitely near tangents to the curve -4, the line 
joining their poles becomes a tangent to B\ accordingly, the 
tangent to the curve B has its pole on the curve A. Hence 
A is the locus of the poles of the tangents to B. 

In consequence of this reciprocal relation, the curves A 
and B are called reciprocal polars of each other. 

Since to every tangent to a curve corresponds a point on 
its reciprocal polar, it follows that to a number of points in 
directum on one curve, correspond a number of tangents to 
its reciprocal polar, which pass through a common point. 

We have seen in Art. 160 that the greatest number of tan- 
gents from a point to a curve of the w'* degree is n(n- i ) ; 
hence the greatest number of points in which its reciprocal 
polar can be cut by a line is n(n- i ), or the degree of the 
reciprocal polar is n{n- i). For the modification in this result 
arising from singular points in the original curve, as well as 
for the complete discussion of reciprocal polars, the student is 
referred to Dr. Salmon's " Higher PL Curves." 

As an example of reciprocal polars we shall take the 
curve considered in Arts. 157, 158. 



* Townsend's "Modem Geometry," vol. i., p. 219. 
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If r denote the radius vector of the reciprocal polar cor- 
responding to the perpendicular p in the proposed curve, we 
have 

T 

Substituting this value for^ in equation (5), we get 



m 



- j = (a cos w)"»-* + (6 sm w)"*'^ 

2m m m 

or k^^ = (flw?)"*^ + (bif)^-\. 

which is the equation of the required reciprocal polar. 

The theory of reciprocal polars indicated above admits of 
easy generalization. Thus, if we take the poles with respect 
to any conic section ( ?7) of all the tangents to a given curve 
-4, we shall get a new curve B ; and it can be easily seen as 
before, that the poles of the tangents to B are situated on the 
curve A, Hence the curves are said to be reciprocal polars^ 
with respect to the conic IF. 

It may be added that if two curves have a common point, 
their reciprocal polars have a common tangent ; and if the 
curves touch, their reciprocal polars also touch. 

For illustrations of the great importance of this " principle 
of duality," and of reciprocal polars as a method of investiga- 
tion, the student is referred to Salmon's Conies, ch. xv. 

172. Theorem. — If the polar equation of a curve be 

r'** = a"* sin mdy 

to prove that 

7^+1 = a'^p^ ^ . . (17) 

Taking the logarithmic differentials of the given equation,. 

dr cos mO ^ ^ ^ , . n 

we ffet —77, = -s n = cot mu^ or cot \L = cot muy 

^ rdd sm mti ' ^ 
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hence \p » m0, and sin ;/. » sin m0, also r sin \fj=p\ 



|.m+i 



.*. p = r^mmQ- — . 



a"* 



The same result can be readily arrived at for the curve 

7»» s a* cos mO. 

Moreover the preceding results evidently hold for all values 
of w, whether positive or negative^ integer or fractional ; accord- 
ingly, if the sign of m be changed, the equation of the curve 
becomes 

but by the preceding we have in this case 

r"***! = a'^py or pr^~^ = a"*. 

The student will find no difficulty in giving an independent 
proof of the latter result. 

From Art. 167, it is evident that the curves 7^ = a'"cos mO, 
and T^cosmO = a^ are inverse to each other with respect to a 
circle of radius a. 



Examples. 

1. The equation of a parabola referred to its focus as pole is 

r ( I + cos 0) = 2a 
to j&nd the relation between r and p. 

Here y* cos - = a*, and consequently 

2 

p* = — ; a well known elementary property of the curve. 
2 

2. The equation r« cos'0 = a* represents an equilateral hyperbola j hence we 
have pr=a^. 

3. The equation r^- a* cos 20 represents a Lemniscate of Bemouilli ; find 
the equation connecting p and r in this case. Am. r* = 2a*p. 



Expressmt for the Intercept PN- 



r=o(i + cosd). Aru. r'tziap^. 

It U evident that the oardioid ia the inverse of a parabola with leapect to 
ito focus ; and the Leiimiacat« that of an equilateral hyperbola with respect to 
ita centre. Accordingly we can aaaily draw the tajigents at any point on either of 
these curves by aid of the Theorem of Art. 1 6S. 

1^3- KxpreMdim fOr PN. — ^To find the value of the inter- 
cept Detween the point of con- 
tact, P, and the foot, N, of the 
perpendicular from the origin 
on the tangent at P. 

Letp = ON.w = lNOA, . 
P]!f=k,thenL]VTN' = LNON' ■ 
= Aw, also «JV= r-S sin STN", 

limit when PQ is infinitely small, 
T8 becomes PN or k. 

,.k.±. ..(,8) 

174. To prttva th»t 

da dk 

On reference to the last figure, we have 




- = limit of 



PT+TQ 



d^ 

but Pr+ TQ-QN+PN^ TN- TN, 

, ds 

hence — - 



= ON^p. 

ds _ dk 
diD dot 



(.9) 
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This result is of importance in the Integral Calculus in 

connexion with the rectification of curves. 

dp 
If — be substituted for A, the preceding formula becomes 



d(a} 



ds dh) , ^ 

_- = p + -£1 ... (20) 



This shape of the result is of use in connexion with cur- 
vature, as will be seen in a subsequent chapter. 
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Examples. 

1. Find the lengths of the subtangent and subnormal &t any point of tne 

curve y»» = a»"U. Ans. ttXy — . 

nx 

2. Find the subtangent to the curve 



nx 



a;»wyn — «»»+n. Ana, . 



m 



3. Find the equation of the tangent to the curve 

, mX nY 
X y 

4. Show that the points of contact of tangents from an external point to the 
curve 

are situated on an hyperbola. 

5. In the same curve prove that the portion of the tangent intercepted be- 
tween the axes is divided at its point of contact into segments which are to each 
other in a constant ratio. 

6. Find the equation of the tangent at any point to the hypocycloid, a;i + 
= ai ; and prove that the portion of the tangent intercepted between the axes 
is of constant length. 

7. In the curve x^ + y'» = a", find the length of the perpendicular drawn 
from the origin to the tangent at any point, and find also the intercept made by 
the axes on the tangent. 

8. Find the length of the normal at any point in the catenary 



y us -\ ec -{- ec I Ans. —. 

2\ J c 



9. Find an expression for the polar subtangent to the curve 

r (e^ + e-^) = a. 

10. The coordinates of every point in the cycloid satisfy the equations 

a; = a (0 - sin 0), y - a (i - cos 9) ; 

prove that the angle which the tangent at any point makes with the axis of y 

. 9 

18 -. 
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„ dy d9 .9 

Here -£ = —» = cot-. 

dx dx 2 

d9 

1 1. Proye that the locus of the foot of the perpendicular from the pole on 
the tangent to an equiangular spiral is the same curve turned through an angle. 

12. Prove that the reciprocal polar, with respect to the origin, of an equi- 
angular spiral, is another spiral equal to the original one. 

13. An equiangular spiral touches two given lines at two fixed points, prove 
that the locus of its pole is a circle. 

14. If two curves intersect at any angle, prove that their inverse curves in- 
tersect at an equal angle. 

15. Find the equation of the inverse of a conic, the focus being the pole of 
inversion. 

16. Apply (14) Art. 167, to prove that the equation of the inverse of an 
ellipse with respect to any origin, 0, is of the form 

lap = OFi . pi + OF2 . P2, 

where Fi and F2 are the foci, and p, pi, p2 represent the distances of any point 
on the curve from the points 0, }^i, and JF2, respectively. 

17. The equation of a Cartesian Oval is of the form 

r ■\- kr' ^ Uf 

where r and t^ are the distances of any' point on the curve from two fixed points, 
and a, k are constants. Prove that the equation of its inverse with respect to 
any origin is of the form 

api + /3p2 + yps = o, 

where pi, p2, pa are the distances fro^ any point on the curve from three fixed 
points, and a, j3, y arc constants. 

18. In general, prove that the inverse of the curve 

api + j8p2 + yps = o» 

with respect to any origin, is another curve of similar form. 

19. In the cardioid, r = a (i + cos 0), prove geometrically, and also analy- 
tically, that the angle between the radius vector and the normal at any point i& 
9 

2 

20. Find in terms of 0, the angle which the radius vector makes with the 
normal at any point on the curve 

r^ = a"^ cos m9. » 
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21. Find the equation of the reciprocal polar of the curve 

3 

with respect to the origin. 

22. Find the equation of the reciprocal polar to the curve 

JUL ffiQ _!!L 

r*>* cos m9 = a»». Ans. r"*-^ cos = a»» - 1, 

m-i 

23. Prove that all the catenaries obtained by varying a in the equation 



y--\eii-\-e-a\ 






are similar curves. 



24. In the ellipse • - + jz = i, if a: = a sin 0, 

Or vr 

prove that -- = a v^i - e« sin'0. 

25. If ^ be the element of the arc of the inverse of an ellipse with respect 
to its centre ; prove that 



** = ^ I« — ^-^ '^0. where n = — — — . 

26. If w be the angle which the normal at any point on the ellipse 
-g + T^ = I, makes with the axis-major, prove that 

as ^ — 



»(i-A»sin«w)S 



27. Express the differential of an elliptic arc in terms of the semi-axis major, 
ft, of the confocal hyperbola which passes through the point 



^n..Jy^... 



28. A Cartesian Oval is the locus of a point, P, such that its distances, PM, 
FM\ from the circumferences of two given circles are to each other iu a constant 
ratio ; prove geometrically that the tangents to the oval at P, and to the circles 
at M and M', meet in the same point. 
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29. If the coordinates of every point on a curve satisfy the equations 

X =< c sin 20 (i + cos 20), y = c cos 20 (i — cos 20), 

prove that the tangent at any point makes the angle*0 with the axis of x. 

30. If the radius vector, OP, drawn from the origin to any point Pon a 
curve be produced to Pi, until FFi be a constant length ; prove that the normal 
at Pi to the locus of Pi, the normal at P to the original curve, and the perpen- 
dicular at the origin to the line OP, all pass through the same point. 

This follows immediately from the value of the polar subnormal given in 
Art. 165. 

31. If a constant length measured from the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
which is the locus of their extremities. 

32. An angle of constant magnitude moves in such a manner that its sidea 
constantly touch a given plane curve ; prove that the normal to the curve de- 
scribed by its vertex, P, is got by joining P to the centre of the circle passing 
through P and the points in which the sides of the moveable angle touch the 
given curve. 

33. If P(ar, y ) = o be the equation to any plane curve, and <p the angle be- 
tween the perpendicular from the origin on the tangent and the radius vector to 
the point of contact, prove that 

dF dF 
. ^ dx dy 

X \-y — 

dx dy 

34. Show that the first positive pedal of the curve r»»cos m9 = «"» is the 
curve 

m m 

i — ^ ts 1 — 

r*'*»» COS = a*"*". 

I - w 

35. Show that the first negative pedal of r^ cosm0 = a»» is 

m m 

yl+mco8 = a>^. 

I + m 

36. Prove that the polar reciprocal of the first positive pedal (Bemouilli's 
Lcmniscate) of an equilateral hyperbola, with regard to the equilateral hyper- 
bola, is the first negative pedal. 

37. The equation of an ellipse of Cassini is rr' = ab, where r and r are the 
distances of any point P, on the curve from two fixed points, A and P. If be 
the middle point of AB, and PiV the normal at P, prove that L AFO = L BFN. 
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CHAPTER XII. 



ASYMPTOTES. 



175. Intersection of a Curve and a Right Iiine. — Before enter- 
ing on the subject of this chapter it will be necessary to 
consider briefly the general question of the intersection of a 
right line with a curve of the n^^ degree. 

Let the equation of the right line be y = jua? + v, and sub- 
stitute julx + V instead of y in the equation of the curve ; then 
the roots of the resulting equation in x represent the abscissae 
of the points of section of the line and curve. 

Moreover, as this equation is always of the w'* degree, it 
follows that every line meets a curve of the w** degree in n points, 
real or imaginary, and cannot meet it in more. 

If two roots in the resulting equation be equal, two of the 
points of section become coincident, and the line becomes a 
tangent to the curve. 

Again, suppose the equation of the curve written in the 
form of Art. 159, viz. : 

Wn + ^^11-1 + t*»-2 + . . . + ^2 + «^i + Wo = o ; 

then, since Un is a homogeneous function of the w'* degree in x 
and y, it can be written in the form oj^/o ( - ) ; similarly, 

And accordingly, the equation of the curve may be written, 

.Vo(|)^^v.g)--»-y«(f)-&c.=o....(.) 

Substituting jlc + - for ^, this becomes 
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a!"/o (l" + ^) + '^Vi U + ^) + ^""'/» U + ^ j + &c. = o. 



Or, expanding by Taylor's Theorem, 



v« 



+ fz{fl) ) + &C. e O. • • • (2) 

The roots of this equation determine the point of section in 
question. 

We add a few obvious conclusions from the results 
arrived at above : — 

Cor. I . Every line must intersect a curve of an odd de- 
gree in at least one real point ; for every equation of an odd 
degree has one real root. 

Cor. 2. A tangent to a curve of the w'* degree cannot 
meet it in more than {n - 2) points besides its point of contact. 

Cor. 3. Every tangent to a curve of an odd degree must 
meet it in one other real point, besides its point of contact. 

Cor. 4. Every tangent to a curve of the third degree 
meets the curve in one other real point. 

176. Definition of an Asymptote. — An asymptote is the 
limiting position of a tangent to a curve when its point of 
contact is situated at an infinite distance. 

Cor. I . No asymptote to a curve of the n'* degree can 
meet it in more than (n - 2) points distinct from that at infinity. 

Cor. 2. Each asymptote to a curve of the third degree 
intersects the curve in one point besides that at infinity. 

177. Method of finding the Asymptotes to a Curve of the 
w'* Deg^ree. — If one of the points of section of the line y = fix-v v 
with the curve be at an infinite distance, one root of equa- 
tion (2) must be infinite, and accordingly we have in that* 
case 



* This can be easily established by aid of the reciprocal equation ; for if we 

substitute - for x in equation (2), the resulting equation in z will haye one root 

z 

zero, when its absolute term vanishes, i. e. when/o(/4) =0; it has two roots 
zero, when we have in addition v/o' (ft) + /i(|i) = o ; and so on. 
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/o(m) = o- • • • (3) 

Again, if two of the roots be infinite, we have in addition 

yfo'ip) +/i(m)='0- . . • (4) 

Accordingly, when the values of fi and v are determined 
so as to satisfy the two preceding equations, the correspond- 
ing line, 

meets the curve in two points at infinity, and consequently 
is an asymptote. (See Salmon's "Conies," Art. 154.) 

Hence, if fix be a root of the equation /©(/x) = o, the line 

is in general an asymptote to the curve. 

If /i (ju) = o and /> (/x) = o have a common root (;ii sup- 
pose), the corresponding asymptote passes through the origin 
and is represented by the equation 

y = fiii^' 

In this case %„ and Un.\ evidently have a common factor. 

To each root of /o {fi) = o corresponds an asymptote, and 
accordingly, every curve of the n'* degree has in general n 
asymptotes^ real or imaginary. 

From the preceding it follows that every line parallel to 
an asymptote must be regarded as meeting the curve in one 
point at infinity. This also is immediately apparent from the 
geometrical property that a system of parallel lines must be 
considered as meeting in the same point at infinity — a prin- 
ciple introduced by Desargues in the beginning of the seven- 
teenth century, and which must be regarded as one of the 
first steps in the progress of modern geometry. 

Cor. No line parallel to an asymptote can meet a curve 
of the n^^ degree in more than (^ - i) points besides that at 
infinity. 

Since every equation of an odd degree has one real root, 
it follows that a cuive of an odd degree has one real asymp- 
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tote, at least, and has accordingly an infinite branch or 
branches. Hence no curve of an odd degree can he a closed 
curve. 

For instance, no curve of the third degree can be a finite 
or closed curve. 

The equation /o (ju) « o when multiplied by ar" becomes 
?i„ = o ; consequently the n right lines, real or imaginary, 
represented by this equation are, in general, parallel to the 
asymptotes of the curve under consideration. 

In the preceding investigation we have not considered 
the case in which a root of /o (ju) = o either vanishes or is in- 
finite ; i. e. where the asymptotes are parallel to either co- 
ordinate axis. This case will be treated of separately in a 
subsequent Article. 

If all the roots of /©(ju) = o be imaginary the curve has no 
real asymptote, and consists of one or more closed branches. 

Examples. 
To find the asymptotes to the following curves : — 

1. y^ - aifl + s^. 

Suhstituting fix + v for ^, and equating to zero the coefficients of o;^ and a;' sepa- 
rately, in the resulting equation, we obtain 

/m' — I = o, and 3/i'i' = a, 

a 
3 

hence the curve has but one real asymptote, viz., 

a 

y = « t ". 
3 

2. y* - a:* + 2aa% = 6'a:*. 
Here the equations for determining the asymptotes are 

^4- I =o, and 4;i'i/ + la/w = o ; 
accordingly, the two real asymptotes are 

a a 

y-x — , and y + « + - = o. 

2 2 

3. ar3 + ^xhj ^ guyi _ 3y3 4 a;* - 2jry + 3y« + 40? + 5 = o. 

Am, y+- = -5 yT=x-\r-, y \x=^, 
3 4 4 2 
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178. Case in which Un = o represents the n Asymptotes. — 

If the equation of the curve contain no terms of the (n - i )'* 
degree, that is, if it be of the form 

the equations for determining the asymptotes become 

/o (jjl) = o, and vfo' {fi) = o. 

The latter equation gives v = o, unless /q (jj) vanishes along 
with /o (ju), i. e. unless /o (ju) has equal roots. 

Hence, in curves whose equations are of the above form, 
the n right lines represented by the equation Un - o are the 
n asymptotes, unless two of these lines are coincident. 

This exceptional case will be considered in a subsequent 
place. 

The simplest example of the preceding is that of the 
hyperbola, 

ax^ + zhxy + by^ = c, 

in which the terms of the second degree represent the asymp- 
totes (" Salmons Conies," Art. 195). 

Examples. 

Find the asymptotes to the curves 

1. xf/^-x'^y = a^{x-\- 1/) + i^. Ana. x = o, y-o^ x-y=o. 

2. y^- a? = a^x. Am. There is but one real asymptote, viz., y-x-o. 

3. X* -y* = a*xy-\-b^yK Am. ar + y = o, x-y^o. 

I ng. Asymptotes parallel to the Co-ordinate Axes. — Sup- 
pose the equation of the curve arranged according to powers 
of iT, thus 

aoX" + {a{y + h)x^'^ + &c. = o ; 

then if ao = o and ai^ + 6 = o, or y = -- -, two of the roots of 

Cv 

the equation in x become infinite ; and consequently the line 
a,2/ + 6 = o is an asymptote. 

p 
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In other words, whenever the highest power of ar is want- 
ing in the equation of a curve, the coefficient of the next 
highest power equated to zero represents an asymptote 
parallel to the axis of x. 

If Oo = o and 6 = 0, the axis of x is itself an asymptote. 

If JB" and jf^^ be both wanting, the coefficient of x^'^ repre- 
sents a pair of asymptotes, real or imaginary, parallel to the 
axis of X ; and so on. 

In like manner, asymptotes parallel to the axis of ^ can 
be determined. 



Examples. 

Find the asymptotes in the following curves : — 

1. y'iP - ay® = «' - flKC* + 6*. Ana. x = a, i/ = x+a, y-\-x-{-a = o. 

2. y(iP» - 3^+2*') = «*- 300:' + a*. «= d, a: = 2*, y + 3fl, = « + 3*. 

3. «*y« = «•(«• + y*). x = ±a, p = ±a. 

4. «' y« = a* («* - y'). y + a=o, y-a = o. 

5. y'a - y*aj = ar*. The only real asymptote is, a; = a. 

i8o. Case of equal Roots. — Suppose /o (/i) = o has equal 
roots, then /o'(/Ai) vanishes along with /o(j[a), and the cor- 
responding value of V found from (5) becomes infinite, unless 
/i (ft) vanish at the same time. 

Accordingly, the corresponding asymptote is, in general, 
situated altogether at infinity. 

The ordinary parabola, whose equation is of the form 

(cur + ^t/y '^ Ix ■¥ my + n, 

furnishes the simplest example of this principle, having the 
line at infinity for an asymptote. (See " Salmon's Conies," 
Art. 254.) 

Branches of this latter class belonging to a curve are 
called parabolic, while branches having a finite asymptote are 
called hyperbolic. 

181. From the preceding investigation it appears that the 
asymptotes to a curve of the w** degree, depend, in general, 
only on the terms of the w'* and the (w - i )'* degrees in its 
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equation. Consequently, all curves which have the same terms 
of the two highest degrees have generally the same asymptotes. 

There are, however, exceptions to this rule, one of which 
will be considered in the next Article. 

182. Parallel Asjrmptotes. — We shall now consider the 
case where /o(/>i) = o, has a pair of roots equal to/^i, suppose, 
and where /i(/ii) = o, at the same time. 

In this case the coefficients of a?* and x^'^ 111 (3) both 
vanish independently of v, for the root fii ; we accordingly infer 
that all lines parallel to the line y = fiix meet the curve in two 
points at infinity, and consequently are, in a certain sense, 
asymptotes. There are, however, two lines which are more 
properly called by that name ; for substituting n^x + v instead 
oiy in (3), the two first terms vanish, as already stated, and 
the coefficient of a?""* becomes 



v' 



v^ 



A • JS, 

hence, if vi and V2 be the roots of the quadratic 

, , fo'M + v/i Vi) + A(fii> =0, ... (6) 

the lines y = juliX + vi and y = fxix + vj 

are a pair of parallel asymptotes, meeting the curve in three 
points at infinity. 

If the roots of the quadratic be imaginary, the correspond- 
ing asymptotes are also imaginary. 

Again, if the term Wn-i be wanting in the equation, and if 
/q^h) = o have equal roots, the corresponding asymptotes are 
given by the quadratic 



v« 



I . 2 



/o"(Mi) -^Aif^i) = O- 



In order that these asymptotes should be real, it is neces- 
sary that/2(jui) and/o"(/i) should have opposite signs. 

There is no difficulty in extending the preceding investiga- 
tion to the case where /©(/x) = o has tnree or more equal roota. 

P 2 
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•eeordinglj yi = a, v, = - «, 

•ad tlie corretponding aflymptotes are 

y + d; - a = o, and y -^ x + a — o. 

The otlier ajjmptotes in thia case are eridentlj imaginary. 

t, «•(* + y)* + 2fly8 («+ y) + Sa'jfy +«'y= o. 

Hero /o(/i) - (i + fi)', /i (/*) = aa/ti* (i + m), /jCm) = 8«V. 

and the corresponding aaymptotes are 

y + a? — la = o, and y -f- * + 4a = o. 

183. If the equation to a curve of the rfi^ degree be of the 
form 

(y + a.r + j3) 01+02 = 0, , 

where the highest terms containing x and y in 0i are of the 
(w - i)'^ degree, and those in 0^ are of the (n - 2)** degree, at 
most, the line 

y + aar + j3 = o 

is an asymptote to the curve. 

For, on substituting - aa:-/3 instead of y in the equation, 
it is evident that the coefficients of a?" and af^^ both vanish ; 
hence by Art. 177, the liney + aar + j3 «= o is an asymptote. 

Conversely, it can be readily seen that if y + a« + fi be an 
asymptote to a curve of the n** degree, its equation aomits of 
bemg thrown into the preceding form. 

In general, if the equation to a curve of the n'* degree be 
of the iorm 

(y + a,x + /3i) (y + a,a? + /3,) » . . (y + a«ir + /3«) + 0, « o, . . .(7) 
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where 0, contains no term higher than the (n-2)'* degree, 
the lines 

y + ai^ + /3i = o, y + aa^r + /Sa = o . . . y + a^^ + j3« = o 

are the n as3nnptotes of the curve. 

This follows at once as in the case considered at the com- 
mencement of this Article. 

If the curve be of the third degree, 02 is of the first, and 
accordingly the equation of such a curve, having three real^ 
asymptotes may be written in the form 

(y + ai^ + /3) (y + a^x + ^2) (y + 03^;+ jSa) + te + my + n = o. . . (8) 

Hence we infer that the three points in which the asymp- 
totes to a cubic* mset the curve, lie in the sam£ right line, viz., 

Ix + my + n = o. 

For example, the asymptotes to the curve 

iry (^ + y + ai) (a? + y + 02) + b[x + b^y = o 

are evidently the four lines, 

X = o, y =0, ^ + y +ai = o, ^ + y+a2 = o. 

1 84. To prove that in general, the distance of a point in any 
branch of a curve from the corresponding asymptote, diminishes 
indefinitely as its distance from the origin increases indefinitely. 

If y + ao? + /3 = o be the equation of an asymptote, as in 
the preceding Article the equation of the curve* may be 
written in the form 

(y + aa?+j3)0i + 02 .= 0, 

where 02 is at least one degree lower than 0i, in x and y. 

* This name has been given to curves of the third degree by Dr. Salmon in 
his " Higher Plane Curves," and has been adopted by subsequent writers on the 
subject. 
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Hence y + oiT + )3 = - — , 

and the perpendicular distance of any point (aro» ^o) on the 
curve from the line, y + ax + /3 = o, is 

a/i + a» ' Vi +a*\0i/o' 

where the suffix denotes that Xq and y© are substituted for x 
and y in the functions 0i and 0,. 

Now when Xq and y^ are taken infinitely great, the value 
of the preceding fraction depends, in general, on the terms of 
the highest degree (in x and y) in 0i and 02, and since the 
degree of 02 is ons lower than that of 0i, it can be easily seen 

by the method of Example 7 Art. 84, that the fraction — be- 

^^ 
comes in general infinitely small when x and y become infi- 
nitely great. 

Hence the distance of the line 2^ + arc + j3 from the curve 
becomes infinitely small at the same time. 

It is not considered necessary to go more fully into this 
discussion here. 

The subject of parabolic and other curvilinear asymp- 
totes is omitted as being unsuited to an elementary treatise. 
Moreover, their discussion, unless in some elementary .cases, 
is both indefinite and unsatisfactory, since it can be easily 
seen that if a curve has parabolic branches, the number of its 
parabolic asymptotes is generally infinite. The reader who 
desires full information on this point, as well as the discussion 
of the particular parabolas called osculating, is referred to a 
paper by M. Plucker, in Liouville's Journal, vol. i., p. 229. 

1 86. Asjrmptotes in Polar Curves. — If a curve be referred 
to polar co-ordinates, the directions of its points at an infinite 
distance from the origin can be in general determined by 
making /• = cxd, or m = o, in its equation, and solving the re- 
sulting equation in 0. The position of the asymptote corre- 
sponding to any such value of 0, is obtained by finding the 
length of the corresponding polar subtangent, i. e. by finding 

the value of — corresponding to w = o. 
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It should be observed that when -r is positive, the 

du * 

asymptote lies above the corresponding radius vector, and if 

negative, below it ; as is easily seen from Art. 165. 

This method will be best explained by applpng it to one 

or two elementary Examples. 



Examples. 
I. Let the curve be represented by the equation 

r=:a (sec B + tan &). 
^cosO 



Here u = 



a(i+8m0)' 



9r du I 
when 9= — we have w = o, and ■;t = . 

The corresponding polar subtangent is 2a, and hence the line perpendicular 
to the prime vector at tiie distance 2a from the origin is an asymptote to the 
curve. 

Again, if9=—, the polar subtangent = 2a; and thus we get another 

2 

asymptote, &c. 

2. r = a (sec tn9 -(- tan m9). 

COB m9 



Here u = 



a(i -I- sin m9)' 



when 9 = — we have w = o, and -rr = , 

2m d9 2a 

whence we get one asymptote. 

Again, when = — ; w = o and -r: = — , which gives the position of a 
° 2m d9 2a 

second asymptote. 

On making 6 = ~ , we get a third asymptote, and so on. 

2m 
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187. JBjMpiniin circilM — In some polar curves, when 
is infinitely great the valoe of r tends to a fixed limiting 
value, and accordingly the curve approaches more and more 
nearly to the circular form at the same time : in such a case 
the curve is said to have a circular asymptote. 

For example, in the curve 

aO 



so long as fl is positive r is less than a, a being supposed 
positive ; but as increases with each revolution, r continually 
increases, and tends after a large number of revolutions, to 
the limit a ; hence the circle described with the origin as 
centre and radius a is asymptotic to the curve, which always 
lies inside the circle for positive values of 0. Again, if we assign 
negative values to 0, similar remarks are appucable, and it is 
easily seen that the same circle is asymptotic to the corre- 
sponding branch of the curve, with this difference, that the 
asymptotic circle lies within the curve in the latter case, but 
outsiae it in the former. Similar remarks apply to other 
curves, such as 

aB aO^ a(d + cosO) ^ 

4* m T s= 7* ^ — - — — • <XC. 

e+emff e^-a'' + sinfl ' 

188. Curves Symmetiioal with respect to a Xiine, and 
Centres of Curves. — It may be observed here, that if the 
equation of a curve be unaltered when y is changed into - y, 
to every value of ,v correspond equal and opposite values of 
y, and when the co-ordinate axes are rectangular, the curve 
18 symmetrical with respect to the axis of x. 

In like manner, a curve is symmetrical with respect to 
the axis ofy, if its equation remain unaltered when the sign 
of X is changed. 

Again, if when we change x and y into - x and - y, the 
equation of a curve remains unaltered, every right line drawn 
through the origin and terminated by the curve is divided 
into equal parts at the origin. This takes place for a curve 
of an even degree, when the sum of the exponents of a? and 
y in each term is even ; and for a curve of an odd degree 
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when the like sum is odd. Such a point is called the centre 
of the curve. For instance, in conies when the equation is of 
the form 

ax^ + 2hxy + hy^ = c, 

the origin is a centre. Also if the equation of a cubic be re- 
ducible to the form 

^3 + ^1 = o, 

the origin is a centre, and every line drawn through it is bi- 
sected at that point. 

Thus we see that when a cubic has a centre, that point 
lies on the curve. This property holds for all curves of an 
odd degree. 

It should be observed that curves of higher degrees than 
the second cannot generally have a centre,* for it is evi- 
dently impossible, by transformation of co-ordinates, to 
eliminate the requisite number of terms from the equation of 
the curve. For instance, to seek whether a cubic has a centre, 
we substitute X + a for a; and IF + /3 for y, in its equation, 
and equate to zero the coefficients of X*, XT and ]^^ as well 
as the absolute term, in the new equation ; as we have but 
two arbitrary constants (a and /3) to satisfy four equations, 
there will be two equations of condition among its constants, 
in order that the cubic should have a centre. The number of 
conditions is obviously greater for curves of still higher de- 
grees. 

* For a general meaning of the word " centre" as applied to curves of higher 
degrees, see Chaj:les' " Aper9u Historique," p. 233. Note : also Salmon's 
" Higher Curves," p. 285. 
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Find the equations of the asymptotes to the following curyes : — 

1. y (a* - a^) = 4* (ix + «). Ans. y=o, 4f + a = o, z — a = o. 

2. ** -jp'ys + a-x* +^ao. af + y = o, j?-y = o, x=o. 

3. «* — x«y* + a:' + y*-a* = o. 4f-i = o, fl?+i = o, «-y = o, jf + y=o. 

5. (a + 4p)«(i* + x*) =irV- a: = o, y = fl? + a, y + «+« = o. 

6. a'y — 2x*y« + iry* = a*x* + ^y2. x = o, y = o, «— y = o. 

7. ^3 -4J5y« - 3*« + I axy - I2y* + S:r + 2y + 4 » o. 

-4«#. x + y=o, x-2y = o, «+2y«3. 

8. «*y>-afl?(aj + y)«-2a«y*-«* = o. « + 2aso, a? — a = o. 

9. If the equation to a curve of the third degree be of the form 

«« + «i + Ho = o, 
the lines represented by ui = o are its asymptotes. 

10. If the asymptotes of a cubic be denoted by a = o, /3 = o, y = o, the 
equation of the curve may be written in the form 

a/37 = -4a + ^i3 f Cy. 

1 1. In the logarithmic curve 

prove that the negative side of the axis of a; is an asymptote. 
1 2 Find the asymptotes to the curve 

r cos n9 = a. 

13. Find the asymptotes to 

r cos m9 = a cos n9, 

14. Show that the curve represented by 

x' + abx — axy = o, 

has a parabolic asymptote, x"^ + bx + b- = at/. 
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15. Find the circular asymptote to the curve 

aO + b 



r = 



+ a. 



do 


di 


d2 


di 


d2 


di 


Co 


e\ 


e% 



16. Find the condition that the three asymptotes of a cubic should pass 
through a common point. 

Let the equation of the curve be written in the form 

«o + 3M + 3*iy + 3<^»* + 6cia:y + 3<4y* + di^ + 3<^i«*y + 3<^* + %' = ©> 
then the condition is 



= 0. 



This result can be easily arrived at by substituting x + a and y + j3 instead 
of X and y in the equation of the cubic, and finding the condition that the part 
of the second degree in the resulting equation shoidd vanish. See Art. 183. 

17. When the preceding condition is satisfied, show that the co-ordinates, a 
and /3, of the point of intersection of the three asymptotes are given by the 
equations 

_ c\d\ — Codi cqcIi — Cido 

dod2 — di* dod2 — di^ 

18. If from any point, 0, a right line be drawn meeting a curve of the «'* 
degree in Ei, i?2, . . . Rn, and its asymptotes in n, rs, . . . rn, prove that 

OBi + ORi + . . . + ORn = Ori + Ora + . . . + Or». 

N. B. — The terms of the «'* and (« — i)* degrees are the same for a curve 
and its asymptotes. 

19. If a right line be drawn through the point (a, 0) parallel to the 
asymptote of the cubic (05 - a)' - x*y = o, prove that the portion of the line in- 
tercepted by the axes is bisected by the curve. 

20. If &om the origin a right line be drawn parallel to any of the asymptotes 
of the cubic 

y(ax^ + 2hxy-{- by^ + 2gx + 2fy -\- c) - s^ - o, 

show that the portion of this line intercepted between the origin aikl the line 
^jf +/y + c = o is bisected by the curve. 
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CHAPTER XUI. 

MULTIPLE POINTS ON CURVES. 

189. In the following elementary discussion on multiple 
points of curves, the method given by Dr. Salmon in his 
" Higher Plane Curves" has been followed, as being the 
simplest and at the same time the most comprehensive method 
for their investigation. 

The discussion given here is to be regarded as merely 
introductory to the more general investigation given in 
Dr. Salmon's treatise, to which the student is referred for 
full information on this as well as on the entire theory of 
curves. 

We commence with the general equation of a curve of the 
w'* degree, which we shall write in the form 

+ M + hy 

+ &c. + &c. 

+ /o^" + lix^'^y + &c. + /„^ = o, 

where the terms are arranged according to their degrees in 
ascending order. 

When written in the abbreviated form of Art. 158, the 
preceding equation becomes 

Wo + ^1 + ^2 + . . . + M„_i + Wn = o. 

We commence with the equation in its expanded shape 
and suppose the axes rectangular. Transforming to polar 
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co-ordinates by substituting r cos and r sin instead of x 
and y, we get 

a© + (60 cos +'6, sin 0) r 

+ (co cos^fl + Ci cos sin + Cj sin^fl)/*' + . . . 

+ (4 cos**0 + /icos'*"*^ sinfl + . . . + /„sin*»0)r" = 0. . . . (i) 

If be considered a constant, the n roots of this equation 
in r represent the distances from the origin of the n points of 
intersection of the radius vector with the curve. 

If a© = o, one of these roots is zero for all values of ; as 
is also evident since the origin lies on the curve in this case. 

A second root will vanish, if, besides a^ = o, we have 
bo cos + 61 sin 6 = o ; the radius vector in this case meets the 
curve in two consecutive points* at the origin, and is conse- 
quently the tangent at that point. 

The direction of this tangent is determined by the equa- 
tion 

bo cos + 61 sin = o ; 

accordingly the equation of the tangent at the origin is 

boX + bit/ = o. 

Hence we conclude that if the absolute term be wanting 
in the equation of a curve, it passes through the origin, and 
the linear part (wi) in its eqtiation represents the tangent at that 
point. 

If bo = o, the axis of x is the tangent ; if Ji = o, the axis of 
y is the tangent. 

The preceding, as also the subsequent discussion, equally 
applies to oblique as to rectangular axes, provided we sub- 
stitute mr and nr for x and y ; where 

sin (w - 0) , sin 
m = : and n = -r- 



sin a> sin a> ' 



w being the angle between the axes of co-ordinates. 



* Two points which are infinitely close to each other on a branch of a curve 
are said to be consecutive points on the curve. 
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From the preceding we infer at once that the equation of 
the tangent at the origin to the curve 

is ^ - ^ = o, a line bisecting the internal angle between the 
co-ordinate axes. In like manner the tangent at the origin 
can in all similar cases be immediately determined. 

190. ICqiiation of Tangent at any Point. — By aid of the 
preceding method the equation of the tangent at any point 
on a curve can be at once found. For, transferring the origin 
to that point, the linear part of the resulting equation repre- 
sents the tangent in question. 

Thus, if w=/(^, ^) = o be the equation of the. curve, we 
substitute X + ai for ^, and Y+pi for y, where (xi, yi) is a 
point on the curve, and the equation becomes 

f(X + Xi, r+ yO = o ; 
hence the equation of the tangent referred to the new axes is 

On substituting x - Xi, andy -1/1 instead of X and Fwe obtain 
the equation of the tangent referred to the original axes, viz., 

This agrees with the result arrived at in Art. 153. 

191. Double Points. — If in the general equation of a curve, 
we have a^ = 0, ^^ = o, ^1 = o, the coeflScient of r is zero 
for all values of 0, and it follows that all lines drawn through 
the origin meet the curve in two points, coincident with the 
origin. 

The origin in this case is called a double point. 
Moreover, if be such as to satisfy the equation 

Co cos^fl + Cx cos sin + C2sin*0 = 0. ... (2) 

the coefficient of /^ will also disappear, and three roots of 
equation (i) will vanish. 
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As there are two values of B satisfying equation (2), it 
follows that through a double point two lines can be drawn, 
each meeting the curve in three coincident points. 

The equation (2) when multiplied by r* becomes 

Co^?' + Cixy + c^^ = o. 

Hence we infer that the lines represented by this equa- 
tion connect the double point with consecutive points on the 
curve, and are consequently tangents to the two branches of 
the curve passing through the double point. 

Accordingly when the lowest terms in the equation of a 
curve are of the second degree (t^j), the origin is a double 
point ; and the equation 1/3 = r^resents the pair of tangents 
at that point 

For example, let us consider the Lemniscate whose equa- 
tion is 

On transforming to polar co-ordinates, its equation becomes 

r* = aV (cos'fl - sin*0), or r* = a' COS26. 

Now when fl = o, r = + a, 
and if we con6ne our atten- 
tion to the positive values of 
r we see that as increases 

from o to -, r diminishes 
4 

TT 

from a to zero. When fl>- 

4 

and < — , r is imaginary, &c., and it is evident that the figure 

4 
of the curve is as annexed, having two branches intersecting 

at the origin, and that the tangents at that point bisect the 

angles between the axes ; the equations of these lines are 

^ + y = o, and x-y^o; 

results which agree with the preceding theory. 

192. Nodes, Cusps, and Conjugate Points. — The pair of 
lines represented hy Uz = o will be (i) real and distinct, 
(2) coincident, or (3) imaginary, according as the roots of 
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equation (2) are real and unequal, real and equal, or imagi- 
nary- 

Hence we conclude that there are three kinds of double 
points — 

( I ). For real and unequal roots, the 
tangents at the double point are real 
and distinct, and the point is called a 
node; arising from the intersection of 
two real branches of the curve, as in the 
annexed figure. 

(2). If the roots be equal, i. e. il'u^ be a perfect square, 
the tangents coincide and the point is called a cusp : the two 
branches of the curve touching each other at the point. 

These points are distinguished into two classes, according 
as the branches are restricted to one side of the double point, 
or extend to both sides. 

We shall style the former class single cusps, or cusps 
simply, and the latter double cusps. This class arises from 
the existence of two consecutive cusps ; see Salmon's " Higher 
Curves," Art. 31. Cusps are again sub- 
divided into two species, as the two 
branches lie at opposite, or at the same 
side of the common tangent. The former 
are styled* cusps of the first species, the 
latter those of the second species. The 
distinction is exhibited in the annexed 
figures. When the curve extends at 
both sides of the double point, it is some- 
times called a point of osculation ; how- 
ever as the two branches do not in general osculate each other, 
we prefer to style them as double cusps. Cusps are called points 
de rebroussement by French writers. A more complete dis- 
cussion of the different classes of cusps will be given in a 
subsequent chapter. 

(3). If the roots of U2 be imaginary, the tangents are 
imaginary, and the double point is called a conjugate or isola- 
ted point ; the co-ordiniates of the point satisfy the equation of 




* The name cusp is employed exclusively by Dr. Salmon with reference to 
this class of double point, as the other classes involve singularities of a higher 
order. 
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the curve, but the curve has no points consecutive to this 
point, which lies altogether outside or inside the curve itself. 

It should be observed also that in some cases the origin is 
a conjugate point, even when tf, is a perfect square, as in the 
preceding case. 

We add a few elementary examples of these different 
classes for illustration. 

Examples. 

1. y« (a« + ««) = «« (a2 _ a;«). 

Here the origin is a node, the tangents bisecting the angles between the axes of 
co-ordinates. 

2. «y« = a^. 

In this case the origin is a cusp of the first species ; this curve is called the 
semi-cubical parabola. 

3. y' = a?2 (a? + «). -dm. The origin is a cusp of the first species. 

4. (y - sfiy — x^. Here the origin is a cusp ; also y^afi + xS; 

hence, when x is less than unity both values of y are positive, and consequently 
the cusp is of the second species. 

5. a {x^ + y2) = ar^, j^. The origin is a conjugate point. 

6. a;' - ^axy + y' = o. 

Ans. The two branches at the origin touch the co-ordinate axes. 

193. Double Points in G-eneral. — In order to seek the 
double points on any algebraic curve, we transform the origin 
to a point (jti, y^ on the curve ; then, if we can determine 
values of .Ti, y^ for which the linear part disappears from the 
resulting equation, the new origin {xi^ y^ is a double point on 
the curve. 

From Art. 190, it is evident that the preceding condition 
gives 



|)=o, and 



(D,=- 



moreover, since {xu y\) is situated on the curve, we must 
have 

/(^i5 yi) = o. 

As we have but two variables, x^ yi, it is evident that, in 
order that they should satisfy these three equations simulta- 
neously, a condition must exist between the constants in the 

Q 
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equation, viz., the condition arising from the elimination of 
a?i, yi between the three preceding equations. 

Again, if the curve have a double point (/Pi, ^i), when the 
origin is transferred to it, the terms of the second degree in 
the resulting equation are evidently 



Jchi\ ( dH\ ^ 



( 



d^Ji 



Accordingly the lines represented by this quadratic are 
the tangents at the double point. 

The point consequently is a node, a cusp, or a conjugate 
point, according as 



\dxdy)\ 



fd^u\ (d^u 
or < 



• . 



\dx^)\dy' 



).- 



It may be remarked here that no cubic can have more 
than one double point; for if it have two, the line joining 
them must be regarded as cutting the curve in four points, 
which is impossible (Art. 175). 

Again, every line drawn through a double point on a cubic 
must meet the curve in one, and but one, other real point ; 
except the line be a tangent to either branch of the cubic at 
the double point, in which case it cannot meet the curve else- 
where. 

In many cases the existence of double points can be seen 
immediately from the equation of the curve ; a few instances 
are added for the sake of illustration. 



Examples. 

To find the position and nature of the double points in the following 
curves : — 

1. (Jbx - cyf = (a? - ay, 

ah 
The point a? = a, y = — , is evidently a cusp 

c 

of the first species, at which bx -ey =^6 \a the 

tangent, *as in the accompanying figure. 

2. (y - c)« — (x- aY {x - h\ 

The point x ^ a^ y — c^ is a cusp of the first 
species. 
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The point y = o, a? = — aisa conjugate point. 
4. at + j/f = at. 

The points a; = o, y = ±a\ and y = o, re = + a are easily seen to be cusps. 

194. The following example* will assist the student towards 
seeing the distinction, as well as the connexion, between the 
different kinds of double points. 



Let 



y2 = (x - a) (x -b) (x- c) 



be the equation of a curve, where a<h<c. 

Here, y vanishes when a? = a, or /p = 6, or ^ = c ; accordingly, 
if distances OA = a, OB = 6, OC = c, be taken on the axis of 
X, the curve passes through the points A^ jB, and C, 

Moreover, when a: < a, y^ is negative, and therefore 

y is imaginary. 

,, x>a and < 6, y'^ is positive, and therefore 

y is real. 

x>b and < c, y^ is negative, and therefore 

y is imaginary. 

x> c, y^ is positive, and therefore 

y is real. 

Hence, since the curve is sym- 
metrical with respect to the axis of 
or, it evidently consists of an oval 
lying between A and jB, and an in- 
finite branch passing through C, as 
in the annexed Figure. 

Again, suppose ft = c, then the 
equation becomes {x -d)\x- hf. 



59 



»> 





♦ Lacroix *' Dif. Cal," pp. 395-7- Salmon's " Higher Curves,'* Art. 32. 

Q 2 
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In this case, the point B co- 
incides with 6\ the oval has 
joined the infinite branch, and B 
has become a double point, as in ^ 
the annexed Figure. 

On the other hand, let 6 = a, then the equation becomes 

y2 = (a? - of {x - c), 

in this case the oval has shrunk 
into the point A^ and the curve o^ 
is of the annexed form, having 
A for a conjugate point. 

Next, let a = 6 « c, the equation becomes 

y* - (a: - a)\ 

the points A^ B, C, have come 
together, and the curve has a cusp ^ 
at the point -4, as in the annexed 
Figure. 

The curves considered in this Article are called parabolse 
of the third degree. 

As an additional Example we shall investigate the follow- 
ing problem : — 

195. Criven the position of a double point on a cubic, and its 
three asymptotes^ to find its equation. 

Taking two of the asymptotes as axes of co-ordinates, and 
supposing the equation of the third to be ax-^ bp + c = o, the 
equation of the cubic, by Art. 183, is of the form 

xy (ax + by -¥ c) ^ Ix -\- my + n. 

Again, the co-ordinates of the double point must satisfy 
the equations 

du du 

or {zax -^by-^c)y = ly ( i), (ax+ 2% + c)a= m, (2) ; 

from which / and m can be determined when the co-ordinates 
of the double point are given. 
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To find w, we multiply the former equation by j?, and the 
latter by y, and subtract the sum from three times the equa- 
tion of the curve, and thus we get 

cxy = 2lx + 2my + 3/1 ; 

from which n can be found. 

In the particular case where the double point is a cusp, 
its co-ordinates must satisfy the additional condition 



d'u d^u _( d^u\ 
diXi^ dy^ \dxdy) 



2 



or {2ax + iby + cy = ^ab xy, 

and consequently the cusp must lie on the conic represented 
by this equation. 

It can be easily seen that this conic* touches at their mid- 
dle points the sides of the triangle formed by the asymptotes. 

The preceding theorem is due to M. rlucker,f and is 
stated by him as follows : — 

'* The locus of the cusps of a system of curves of the third 
degree, which have three given lines for asymptotes, is the 
maximum ellipse 'inscribed in the triangle formed by the 
given asymptotes." 

The solution of this problem given in Gregory's Examples 
is inaccurate, in consequence of the omission of the coefficients 
I and m in the investigation. 

The student will find a very elegant solution of this, as a 
case of a more general theorem, in Dr. Salmon's " Higher 
Curves," Art. 162. 

It can be easily seen that the double point is a node or 
a conjugate point, according as it lies outside or inside the 
above-mentioned ellipse. 



* From the form of the equation we see that the lines a? = o, y = o are 
tangents to the conic, and that 200;+ iby -\^ e = o represents the line joining the 
points of contact ; but this line is parallel to the thid asymptote oa? + Jy + c= o, 
and evidently passes through the middle points of the intercepts made by this 
asymptote on the two others. 

t Lionville's Journal, voL ii., p. 14. 
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196. Multiple Points of Higher Orders. — By following out 
the method of Art. 189, the condition for the existence of 
multiple points of higher orders can be readily determined. 

Thus, if the lowest terms in the equation of a curve be of 
the third degree, the origin is a triple point, and the tangents 
to the three oranches of the curve at the origin are given by 
the equation ^3=0. 

The different kinds of triple points are distinguished, ac- 
cording as the lines represented by z^g = o are real and dis- 
tinct, coincident, or one real and two imaginary. 

In general, if the lowest terms in the equation of a curve 
be of the m'* degree, the origin is a multiple point of the m"* 
order, &c. 

Again, a point is a triple point on a curve, provided that 
when the origin is transferred to it, the terms below the third 
degree disappear from the equation. The co-ordinates of a 
triple point consequently must satisfy the equations 

da du d^u d^ii d^u 

Hence in general, for the existence of a triple point on a 
curve, its coefficients must satisfy four conditions. 

The complete investigation of multiple 'points is based on 
the method of trilinear co-ordinates. The discussion of curves 
from this point of view is beyond the limits proposed in this 
elementary Treatise. The student who desires a complete in- 
vestigation, as stated already, is referred to Dr. Salmon's 
Treatise. 

We shall conclude this chapter with a few remarks on the 
multiple points of curves, whose equations are given in polar 
co-ordinates. 

197. Multiple Points of Polar Curves. — If a polar curve 
pass through the origin, it is evident that the direction of the 
tangent at that point is found by making r - o in its equa- 
tion ; in this case, if the equation of the curve reduce to 
f{9) = o, the resulting value of gives the direction of the 
tangent in question. 

if the equation /(O) = o has two real roots in 0, the origin 
is a multiple point, the tangents being determined by these 
values of 0, 



Multiple Points on Polar Curves, 231 

If the values of be equal, the origin is a cusp ; and so 
on. 

In fact, it will be observed that the multiple points on 
algebraic curves have been discussed by reducing them to 
polar equations, so that the theory already given must apply 
to polar curves, as well as to algebraic. 

It may be observed, however, that the order of a multiple 
point cannot, generally, be determined, unless with reference 
to Cartesian co-ordinates. 

For example, in the equation 

r = a cos^O - b sin^O, 
the tangents at the origin are determined by the equation 

tan fl = + J -, and the origin would seem to be only a double 

point; however, on transforming the equation to rectangular 
axes, it becomes 

(aj2 + fy = {a^x^ - byy ; 

from which it appears that the origin is a multiple point of 
the fourth order. 
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Examples. 

1. Detennine the tangents at the origin to the curre 

y2 = »• (i - a:2). Ana. a: + y = o^ - y = o. 

2. Show that the curve 

«* — 3flafy + y* = o 

touches the axes of co-ordinates at the origin. 

3. Find the nature of the origin on the curve 

ar* - axhf + hy^ --^ o. 

4. Show that the origin is a conjugate point on the curve 

a^« - a:' + bx^ =» o. 

when a and b have the same sign ; and a node, when they have opposite signs. 

5. Show that the origin is a conjugate point on the curve 

y2(a;»- a*) = 0;*. 

6. Prove that the origin is a cusp of the first species on the curve 

7. In the curve 

(y - x^y = a^, 

show that the origin is a cusp of the first or second species, according as n is 
< or > 4. 

8. Find the numher and the nature of the singular points on the curve 

«* + 4aar3 - lay^ -f ^^^z - 302^2 ^ ^ - q 

9. Show that the points of intersection of the curve 

"with the axes are cusps of the first species. 

10. Find the double points on the curve 

ar* - 4rtfx''* + ^o^x' - b'^tf- r 2/>*y - a* - i* *■ o. 



Examples. 233 

1 1. Prove that the four tangents from the origin to the curve 

Wl + «2 + «s = o 
are represented by the equation 

1 3. Prove that to a double point on any curve corresponds another double 
point, of the same kind, on the inverse curve with respect to any origin. 

13. Prove that the origin in the curve 

x^ — lax^y — axy^ + a^y? = q 

is a cusp of the second species. 

14. Show that the cardioid 

r = a(i + COS0), 

has a cusp of the first species at the origin. 

15. If the origin be situated on a curve, prove that its first pedal passes 
through the origin, and has a cusp at that point. 

16. Find the nature of the origin in the following curves : — 

r^ = a^ sin 3©, rn = a" sin n9, r = -— , 

17. Show that the origin is a conjugate point on the curve 

jc* — ax^y + axy"^ + a*y2 = o. 

1 8. If the inverse of a conic be taken, show that the origin is a double point 
on the inverse curve ; also that the point is a conjugate point for an ellipse, a 
cusp for a parabola, and a node for an hyperbola. 

19. Show that the condition that the cubic 

xy* + ax^ + ^a?2 + ca? + d ■{■ ley - o 
shall have a double point, is the same as the condition that the equation 

ax^ + *»» + Ci;* + (iiC + c» = o 
shall have equal roots. 
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CHAPTER XIV. 

ENVELOPES. 

198. Method of Envelopes. — If we suppose a series of different 
values given to a in the equation 

/{^» y, a) = o, ... (i) 

then for each value we get a distinct curve, and the above 
equation may be regarded as representing an indefinite 
number of curves, each of which is determined when the 
corresponding value of a is known, and varies as a varies. 

The quantity a is called a variable parameter, and the 
equation / (a?, y, a) = o is said to represent a family of curves ; 
a single determinate curve corresponding to each distinct 
value of a. 

Jf now we regard a as varying continuously, and suppose 
the two curves 

taken, the co-ordinates of their points of intersection satisfy 
each of these equations, and therefore also satisfy the equa- 
tion 

/ (a?, y, g + Ag) -f{x, y> «) _ ^ 

_ o. 

Ag 

Now in the limit when Ag is infinitely small, the latter 
equation becomes 

d ,f{x ,y, a) 

da ="' •• -(^^ 

and accordintjly the points of intersection of two infinitely 
near curves of the system satisfy each of the equations ( i ) 
and (2). 
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The locus of the points of ultimate intersection for the 
entire system of curves, represented by/(»r, y, a) = o, is ob- 
tained by eliminating a between the equations (ij and (2). 
This locus is called the envelope of the system, and it can be 
easily seen that it is touched by every curve of the system. 

For, if we consider three consecutive curves, and suppose 
Pi to be the point of intersection of the first and second, and 
P3 that of the second and third, the line P1P2 joins two infi- 
nitely near points on the envelope, as well as on the inter- 
mediate of the three curves, and hence becomes a tangent to 
each of these curves in the limit. 

This result appears also from analytical considerations, 
thus : — The direction of the tangent at the point x^ y, to the 
curve /(a?, y, a) = o, is given by the equation 

dx dy dx 

in which a is considered a constant. 

Again, the equation of the tangent at the point a?, y, to the 
envelope may be regarded as of the same form, in which 
a is determined by aid of equation (2) ; consequently the 
tangent to the envelope satisfies the equation 

df df dy df (da da dy\ 

dx dy dx da\dx dy dx) ' 

or -f + -f - "^ =, o. 



dx dy dx 



df 



since -j- = o, for the point on the envelope. 
da 

Consequently the values of -j- are the same for the two 

ax 

curves at their common point, and hence they have a common 

tangent at that point. 

One or two elementary examples will help to illustrate 

this theory. 
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The equation x cos a + y sin a = p, in which a is a variable 
parameter, represents a system of lines situated at the same 
perpendicular distance, p, from the origin, and consequently 
all touching a circle. 

This result also follows from the preceding theory ; for we 
have 

f(x, y, a) = X cos a + y sin a - p = o, 

d ./(«, y, a) 

— - — -—^ = - A* sm a + ?/ cos a = o ; 

da 

and, on eliminating a between these equations, we get 

x^ + f^p\ 

which agrees with the result stated above. 
Again, to find the envelope of the line 

m 
y = ax + -, 
a 

where a is a variable parameter. 



m 



Here f{x,y, a) =y - ax -- = o, 

a 



d ,f(x,y, a) 



m 



• = - ^ + - = o, 



.*. a = /-. 



da a* 

Substituting this value for a, we get for the envelope 

y^ = 4mx, 

which represents a parabola. 

199. Envelope of La^ + 2Ma + N = o. Suppose L, Jf, N 
to be known functions of x and y, and a a parameter, then 

/(^, y, a) = La^ + 2 Jfa + iV = o, 

■J- = 2ia + if = o ; 
aa 

accordingly the envelope of the curve represented by the pre- 
ceding expression is the curve 
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Conversely, if Z, J/, N be linear functions in x and y, the 
tangent to the curve LN = JiP is of the form 

La^ + 2ifa + iV" = o.* 

200. In many cases of envelopes, the equation of the 
moving curve is given in the form 

fi^yy^ a, /3) = ci, • • • (3) 

where the parameters a, (3 are connected by an equation of 
the form 

(a, /3) = C2. ... (4) 

In this case, we may regard /3 in (3) as a function of a 
by reason of equation (4) ; hence, differentiating both equa- 
tions, the points of intersection of two consecutive curves 
must satisfy the two following equations, 

d/ dfdfi_ di, d^dfi 

~T- "*" TTS j~ =^ o, ana — + — -. -p = o. 
ax dp da da dp da 

df df 

Consequently -7- « -i^. 

d^ dfi 

If each of these fractions be equated to the undetermined 
quantity A, we get 

cla da I 

>; ... (5) 

d(i ^ dji J 

and the required envelope is obtained by eliminating a, /3, and 
X between these and the two given equations. 

The advantage of this method is especially found when 



• Salmon's *' Conies," Art. 248. 
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the given equations are homogeneous functions in a and (i ; 
for suppose them to be of the forms 

/(^, y^ a» i3) = Ci, (a, /3) = C2, 

where the former is homogeneous of the w'* degree, and the 
latter of the m'*, in a and j3. Multiply the former equation 
in (5) by a, and the latter by j3, and add, then by Euler's 
theorem of Art. 96, we shall have 

nci = mc^^ or X = , . . . (6) 

by means of which value we can generally eliminate a and j3 
from our equations. 



Examples. 

I. To find the envelope of aline of given length (a), whose extremities 
move along two fixed rectangular axes. 

Taking the givei\ lines for axes of co-ordinates, we have the equations 





- + | = i, a^^P'^a^. 


Hence 


^, = X«, J. = X/3, 


from which we get 


02 



and the required locus is represented hy 

a^ + y* = a*. 

2. To find the envelope of a system of concentric and coaxal ellipses of con- 
stant area. 

hence — = X/3, -^ = Xa, .*. i\c = i, 

and the required envelope is the equilateral hjrperbola 

2xt/ = e. 
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3. To find the envelope of all the normals to an ellipse. 
Here we have the equations 

a2 - - i2 ^ = a2 _ J2, and- + ^ = 1, 
where a and /3 are the co-ordinates of any point on the ellipse. 

Hence — = ^ ., -;^ = - ^ n» 

consequently \ = a* - b\ and we get 

a^x = (a« - *2) a3, % = - (a« - *2) jS^, 



*' a \a8-62J' 3 \a^-lfl]> 



substituting in the equation of the ellipse, we get for the required envelope, 

(aa:)l + (^)t = (a« - i«)l. 
This equation represents the evolute of the ellipse.* 

X V 

4. Find the envelope of the line " + ^ = '» where a and /3 are connected by 
the equation 

in M M 



201. The preceding method can be readily extended to the 
general case in which the equation of the enveloping curve 
contains any number, w, of variable parameters, which are con- 
nected by w - I independent equations. The method of pro- 
cedure is the same as that already considered in Chapter X. 
on maxima and minima, and does not require a separate in- 
vestigation here. 



* Salmon*s " Conies,'* Art 248. 
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X y 
I. Prove that the envelope of the system of lines 7 + — = i, where / and m 

I tn 
are connected by the equation - + — = i, is the parabola 

a 



(f)'nn- 



2. One angle of a triangle is fixed in position, find the envelope of the 
opposite side when the area is given. 

3. Find the envelope of a line when the sum of the squares of the perpendi- 
culars on it from two given points is constant. 

4. Find the envelope of a right line, when the rectangle under the per- 
pendiculars from two given points' is constant 

5. From a point Pon the hypothenuse of a right-angled triangle, perpen- 
diculars PM, FN are drawn to the sides ; find the envelope of the line MN. 

6. Find the envelope of the system of circles whose diameters are the chords 
drawn parallel to the axis-minor of a given ellipse. 

7. Find the envelope of the circle 

a;* + y* — 2aex + a' = b\ 

where a is an arbitrary parameter ; and find when the contact between the circle 
and the envelope is real, and when imaginary. 

(a). Show from this example, that the focus of an ellipse may be regarded 
as an infinitely small circle having double contact with the ellipse. 

8. Show that the envelope of the system of conies 

where a is a variable parameter, is represented by the equation 

{x ± ^/ A)« + y« = o. 

Hence show that a system of conies having the same foci may be regarded 
as inscribed in the same imaginary quadrilateral. 

9. Find the envelope of the line 
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where the parameters a and /3 are connected by the equation 

10. On any radius vector of a curve as diameter a circle is described, prove 
geometrically that the envelope of all such ckcles is the first pedal of the curve 
with respect to the origin. 

I r. If cirdes be described on the focal radii vectores of a conic as diameters, 
prove that their envelope is the circle described on the axis major of the conic as 
diameter. 

12. Prove that the envelope of the circles described on the central radii of an 
ellipse as diameters, is a Lemniscate. 

1 3. Find the envelope of semicircles described on the radii of the curve 

r» = a*» cos n9, 

as diameters. 

14. If perpendiculars be drawn at each point on a curve to the radii vectores 
drawn from a given point, prove that their envelope is the reciprocal polar of 
the inverse o^ the given curve, with respect to the given point. 

15. Find the envelope of a circle whose centre moves along the circumference 
of a fixed circle, and which touches a given right line. 

16. Ellipses are described with coincident centre and axes, and having the 
sum of their semiaxes constant ; find their envelope. 

17. Find the equation of the envelope of the line Xx ■{- fip -^ v = o, where 
the parameters are connected by the equation 

»\* + bfA* + ev^ + 2ffiV + 2ffv\ + 2h\fA = O. 



uina. 
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18. At any point of a parabola a line is drawn making with the tangent an 
angle equal to the angle between the tangent and the ordinate at the point ; 
prove that the envelope of the line is the first negative pedal, with regard to the 

focus, of the parabola ; and hence that its equation is H cos - = oi, the focus 

being pole. 

N. B.— This curve is the eamtic by r&flexion for rays perpendicular to the 
axis of the parabola. 

19. Join the centre, 0, of an equilateral hyperbola to any point, P, on the 
curve, and at Pdraw a line, PQ, making with tiie tangent an angle'equal to the 
angle between OP and the tangent Show that the envelope of PQ is the first 
negative pedal of the curve 

2 4 
r' = 2cfi sin - sin - 0, 

3 3 

the centre being pole, and axis minor prime vector, 

N. B. — This gives the eauatte by reflexion of the equilateral hyperbola, the 
centre being the radiant point. 

R 
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CHAPTER XV. 



CONVEXITY AND CONCAVITY. POINTS OF INFLEXION. 




X 



^02. Convexity and Concavity. — If the tangent be drawn at 
any point on a curve, the neighbouring portion of the curve 
generally lies altogether on one side of the tangent, and is 
convex with respect to all points lying at the opposite side of 
that line, and concave for points at the same side. 

Thus, in the accompany- 
ing figure, the portion QPQ 
is convex towards all points 
lying below the tangent, and 
concave for points above. 

If the curve be referred 
to the co-ordinate axes OX 

and OF, whenever the ordi- ^ 

nates of points on the curve ' N' M N 

near to P are greater than those of the points on the tangent 
corresponding to the same abscissae, the curve is said to be 
concave towards the positive direction of Y. 

Now, suppose y = <l>(x) to be the equation of the curve, 
then that of the tangent at a point Xy y, by Art. 153, is 

Let P be the point x, y, and MN = A, QN^ y^, TN= Fj, 
then we have 

yx = (^{x + A) = 0(a;) + h(^\x) + 0"(^) + 0"'(^) + &c. 

1«<2 1.2.3 

Fi = y + h(^\x) = 0(a;) + h^\x)^ 
... y^, Fi = ^ f (ic) + — ^*'» +&C. . . . (i) 



I . 2 



1.2.3 
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When h is very small, the sign of the right-hand side of 
this equation is the same, in general, as that of its first term, 
and accordingly the sign of yi - Fi, or of Ql\ is the same as 
that of 0"(ic). 

Hence, for a point above the axis of x, the curve is convex 
towards that axis when 0"(a;) is positive, and concave when 



negative. 



We accordingly see that the convexity or concavity at 

any point depends on the sign of i^'\x) or -7^, at the point. 

203. Points of InfloKion. — If, however, (^"(x) = o at the 
point P, we shall have 



^,-^1 = 



A3 



1.2.3 



^'\x) + 



h' 



1.2.3.4 



fp'\x)-\-&c, ... (2) 




Now, provided ip>"\x) be not 
zero, Vi - Yi changes its sign 
with A, i. e. if MN' = MN= A, 
and if Q lies above T, the 
corresponding point Q' lies 
below P, and the portions of 
the curve near to P lie at op- 
posite sides of the tangent, as 
in the figure. 

Consequently the tangent at such a point cuts the curve 
as well as touches it, at its point of contact. Such points on 
a curve are called points of inflexion. 

Again, if 0"'(^) as well as fp"{x) vanish at the point P, we 
shall have 

y, - F. = -—^z— «"W + &c. 

* • 2 . 3 . 4 

and provided 0*'(ir) be not zero at the point, yi - T\ does not 
chantje sign with A, and accordingly the tangent does not in- 
tersect the curve at its point of contact. 

Generally, the tangent does or does not cut the curve at its 
point of contact, according as the first derived function which 
does not vanish is of an odd, or of an even order ; as can be 
easily seen by the preceding method. 

R 2 
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From the foregoing discussion it follows that at a point 
of inflexion the curve changes from convex to concave with 
respect to the axis of x^ or conversely. 

On this account such points are called points of contrary 
flexure or of inflexion. 

204. The subject of inflexion admits also of being treated 
by the method of Art. 175. The points of intersection of the 
line y = /uiT + V with the curve y - <p(x)^ are evidently deter- 
mined by the equation 

0(^) - /lic + v. • • • (3) 

Suppose Af By Cy D, &c., 
to represent the points of P 

section in question, and let /^ ^"^"^^ ^^ ^ 

iPi, a?2, . . . Xn be the roots ' ^ ^ 

of equation (3) ; then the line becomes a tangent, if two of 
these roots are equal, i. e. if <^'(^i) = /i, where Xx denotes the 
value of X belonging to the point of contact. 

Again, three of the roots become equal if we have in addi- 
tion 0"(^i) = o ; in this case the tangent meets the curve in 
three consecutive points, and evidently cuts the curve at its 
point of contact ; for in our figure the portions PA and CD 
of the curve lie at opposite sides of the cutting line, but when 
the points A^ B, C become coincident, the portions AB and 
£C become evanescent, and the curve is evidently cut as 
well as touched by the line. 

In like manner if 0'"(^i) ^Iso vanish, the tangent must be 
regarded as cutting the curve in four consecutive points ; 
such a point is called a point of undulation. 

It may be observed that if a right line cut a continuous 
branch of a curve in three points, A^ B, (7, as in our figure, 
the curve must change from convex to concave, or conversely, 
between the extreme points A and C, and consequently it 
must have a point of inflexion between these points ; and so 
on for additional points of section. 

Again, the tangent to a curve of the n'* degree at a point 
of inflexion cannot intersect the curve in more than w-3 
other points : for the point of inflexion counts for three among 
the points of section. For example, the tangent to a curve 
third degree at a point of inflexion cannot meet the 




Harmonic Polar of a Point of Inflexion on a Cubic, 245 

curve in any other point. Consequently, if a point of in- 
flexion on a cubic be taken as •origin, and the tangent at it 
as axis of a;, the equation of the curve must be of the form 

^' + y^ = o, 

where represents an expression of the second and lower 
degrees in x and y. 

For, when y '= o the three roots of the resulting equation 
in X must be each zero, as the axis of x meets the curve in 
three points coincident with the origin. 

The preceding equation is of the form 

W3 + t*2 + W| = o, 

or, when written in full 
x^ + y{ax^ + 2hxy + by'^) +y {2gx + 2// + c) = o. ... (4) 

Now, supposing tangents drawn from the origin to the 
curve, their points of contact, by Art. 160, lie on the curve 

Ui + 2Wi - o, 
i. e. on the curve 

{gx '\rfy + c) y = o. 

The factor y-o corresponds to the tangent at the point of 
inflexion, and the other factor gx + fy-¥c-o passes through 
the points of contact of the three other tangents to the curve. 

Hence we infer, that if from a point of inflexion on a cubic 
tangents be drawn to the curve, their three points of contact 
lie m a right line. 

It can be shown that this right line cuts harmonically 
every radius vector of the curve which passes through the 
point of inflexion. 

For, transforming equation (4) to polar co-ordinates, and 
dividing by r, it becomes of the form 

Ar^ + J5r + C « o. 
If r\ r" be the roots of this quadratic, we have 

I ]_ B 

r'^ r"^ Cr 
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Now, if p be the harmonic mean between r^ and /', this 
gives 

211 B 2grcos + 2/sin 

p r r C c 

Hence the equation of the locus of the extremities of the 
harmonic means is 

gx +fy + (? = o. Q,E.D. 

This theorem is due to Mac Laurin (** De Linearum Geo- 
metricarum," Th. 9). 

From this property the line is called the harmonic polar of 
the point of inflexion. This line holds a fundamental place in 
the general theory of cubics.* 

205. Stationary Taagents. — Since the tangent at a point 
of inflexion may be regarded as meeting the curve in three 
consecutive points, it follows that at such a point the tangent 
does not alter its position as its point of contact passes to the 
consecutive point, and hence the tangent in this case is called 
a stationary tangent. 

The equation -7-^ « o follows immediately from the last 

consideration ; for when the tangent is stationary we must 

have -J = o, where 0, as in Art. 155, denotes the angle which 

the tangent makes with the axis of x, but tan ^ = — ; 

hence t^ " o, which is the same condition for a point of in- 
cue 

flexion as that before arrived at. 



♦ Chasles, "Aporcju Historique," note xx.; Salmon's ** Higher Curves," 
Art. 170. 
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1. Show tliat the origin is a point of inflexion on the curve 

a'y = bxf/ •{■ ea^ + dx*. 

2. The origin is a point of inflexion on the cubic us + wi = o. P 

3. In the curve a»»"iy = a^, 

the origin is a point of inflexion if m be greater than 3. ? 

4. In the system of curves 

find under what circumstances the origin is (a) a point of inflexion, (b) a cusp. 

5. Find the co-ordinates of the point of inflexion on the curve 

lb* 
a? - 3^x2 + a'y = o. Ana. x = bf y = — . 

6. If a curve of an odd degree has a centre, prove that the centre is a point 
of inflexion on the curve. 

7. Prove that the origin is a point of undulation on the curve 

wj + W4 + «5 + &o. + «» =3 o. 

8. Show that the points of inflexion on curves referred to polar co-ordinates 
are determined by aid of the equation 

d2u . I 

** + :5Jw = °» where « = -. 

dO^ r 

9. In the curve rO*^ s a, prove that there is a point of inflexion where 

Qcxs/m{\ -m). 

X 

10. In the curve ^ = <; sin -, prove that the points in which the curve meets 

the axis of x are all points of inflexion. 

I r. Show geometrically that to a node on any curve corresponds a line 
touching its reciprocal polar in two distinct points ; and to a cusp, corresponds 
a point of inflexion. 



24^ Eommpks. 

12. If the origin be a point of inflexion on the cunre 

prove that Ui must contain u\ as a faetor. 

13. Show that the points of inflexion of the cubical parabola 

■ 

he on the line 

and hence prove that if the cubic has a node, it has no real point of inflexion ; 
but if it has a conjugate point, it has two real points of inflexion, besides that at 
infinity. 

14. Proye that the points of inflexion on the curve- 

are determined by the equation 

2aj» + Spx* + 3 Cp' + 2g')«+ 2^= o. 

15. Ify'«/(«)bethe equation of a curve, proye that the abscissae of it» 
points of inflexion satisfy the equation 

16. Show that the maximum and minimum ordinates of the curve 

correspond to the points of intersection of the curve ^ -f(*) ^th the axis^ 
of ^. 

17. When y* = /(^) represents a cubic, prove that the biquadratic in ar 
which determines its points of inflexion has one and but one pair of real roots. 
Prove also that the lesser of these roots corresponds to no real point of inflexion,, 
while the greater corresponds, in general, to two. 

18. Prove that the point of inflexion, besides the origin, of the cubic 

•^ + 3&sy* + 301;^ + ifo' + 3«c* = o, 
has for its co-ordinates 



3«'« J "^abe 



ar = -i^, andy= — ^ 



where G is the same as in Example 43, p. 160. 
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CHAPTER X,VI. 

RADIUS OF CURVATURE. EVOLUTES. CONTACT. RADH OF 
CURVATURE AT A DOUBLE POINT. 

206. Curvature. — Every continuous curve is regarded as 
having a determinate curvature at each point, this curvature 
being greater or less according as the curve deviates more or 
less rapidly from the tangent at the point. 

The total curvature of an arc of a plane curve is measured 
by the angle through which it is bent between its extremities — 
that is, by the external angle between the tangents at these 
points, assuming that the arc in question has no point of in- 
flexion on it. This angle is called the angle of contingence of 
the arc. 

The curvature of a circle is evidently the same at each of 
its points. 

To compare the curvatures of different circles, let the 
arcs AB and ab of two circles 
be of equal length, then the total 
curvatures of these arcs are mea- 
sured by the angles between their 
tangents, or by the angles AOB 
and acb at their centres : but z. A CB : 

, SLTcAB arc aft i i 

Z acb = — -^^:^: = -r- : — • 

AU ac AC ac 

Consequently the curvatures of the two circles are to each 
other inversely as their radii ; or the curvature of a circle 
varies inversely as its radius. 

Also if As represent any arc of a circle of radius r, and 
A0 the angle between the tangents at its extremities, we have 

by elementary Trigonometry, r = -— . 

The curvature of a curve at any point is found by determin- 
ing the circle which has the same curvature as that of an inde- 
finitely small elementary arc of the curve taken at the x^vw^i.- 




250 Radius of Curvature. 

207. lUdlus of Curvature. — Let ds denote an infinitely 
small clement of a curve at a point, d<^ the corresponding 

ds 

angle of contingence, expressed in circular measure, then ^ 

evidently represents the radius of the circle which has the same 
curvature as that of the given curve at the point. 

This radius is called 5ie radius of curvature for the point, 
and is usually denoted by the letter p. 

To find an expression for p, let the curve be referred to 
rectangular axes, and suppose x and y to be the co-ordinates 
of the point in question, tnen, by Art. 155, we have 



tan 




• 
• • 


d • tan 
dx 


d^ 
da?' 




sec"^ 


d^ 
dx 


A. 

'da?' 





Or 

^ d^ d^y d?y 

ds d^ ^ 

cPy 
At a point of inflexion --^ = o : accordingly the radius 

(tx 

of curvature at such a point is infinite; this is otherwise 

evident since the tangent in this case meets the curve in 

three consecutive points. (Art. 204.) 

Again, as the expression ( i + ( ;p ) ) l^as always two 

values, the one positive and the other negative, while the 

curve can have, in general, but one definite circle of curvature 

at any point, it is necessary to determine which sign is to be 

taken. We shall adopt the positive sign, and regard p as 

d^y 
being positive when -r-^ is positive ; i. e., when the curve is 

convex at the point with respect to the axis o£x. 
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208. Other Expressions for p. — It is easy to obtain other 
forms for the radius of curvature; thus, by Art. 162, we have 

dos . dy 

Hence, if the arc be regarded as the independent variable, 
we get 

d(b d^x d6 cPy 

from which, if we square and add, we obtain 

Again dx = cos tpdsy dy = sin tfo, 

hence, by diflFerentiation ( substituting — for d<j> }, we have 

(dsV (dsY 
d^x = cos (j> d^s - sin <h — — , d^t/ = sin d^s + cos ^ ^^ . . . (3) 

P P 

Whence, squaring and adding, we obtain 

{d^xy + {d^^y = (d^y + ^■^*, 

p 

ds" . V 

or = — , . . . (4) 

^ V {d'^xf -^ {d^yy -- {d^sy ^ 

Again, if the former equation in (3) be multiplied by sin 0, 
and the latter by cos 0, we obtain, on subtraction, 

d^ ds^ 

cos <p d^y - sin ^d?x- — , or, dxd^y - dyd^x = — . 

„ {dx^^dy^y , . 

Hence p = -r—r^ , ^, . • • • (O 

^ dxd'y-dyd^x ^^ ' 
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The independent variable is undetermined in the fonnulae 
(4) and (r), and may be any quantity of which both x and y 
are functions. 

For example, in the motion of a particle along a curve, 
when the time is taken as the independent variable, we get 
from (4) an important formula in Mechanics. 



Examples. 

1. To find the radius of curvature at any point on the parabola x^ = 4j9y. 

dy d^ { dy \« a:* y 

Here ap 3^ = ^> 2i> Tl - '> * + I 7" « H- — ; = < + -> 

dx dx* \dx I 4p* p 

• ^ ^ • 

2. Find the radius of curvature in the catenary 

dx 2\ J dx* a^ a 

3. In the cubical parabola ^(fiy = sfi, we have 

20** 

4. To find the radius of curvature in the ellipse -; + r« = '• 

Let d? = a cos 0, then y = b amp, and, taking as the independent variable, 
we have 

ef^ = - a sin df0, rf*a; = - « cos ef0^ dy = b cos (ft d^, d^ = - b sm <[> «f0'. 

Uence by formula (5), we obtain 

Ca«8in«0 + i«cos20)8 

P= 7 

ab 
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5. In the hypocycloid a* + yi = at, let x — a cos'0, then y = a sm.^^, and 
regarding as the independent variable, we have 

dx=s— 2^ cos'0 8in0 d^f dy = — za sin^^ cos dip, 
whence 

(dx^ + ef^^)i = 3a sin cos 0e^, and dSin^ - dydl^x= — 9a' 8in*0 cos20 (^03, 

from which we obtain 

p = - 3 [axyy, 

209. General Saq^ireBcdon for Radius of Curvature. — ^The 
value of p becomes usually difficult of determination from 
formulae (i) whenever y is not given explicitly in terms 
of ar, that is when the equation of the curve is of the form 

^=/(^> y) ^o. 

We proceed to show how the equation is to be trans- 
formed in this case. Suppose 

du ^j. du ^ d^u _ . dhb ^j^ d?u ^ 

then, by Art. 10 1, we have 

i + if^-o. 
dx 

Again, differentiating this equation with respect to x 
regarding y as a function of x in consequence of the given 
equation, and observing that 

dx^ ^ ~dx dy dx dx^ ^ " dx dy dx* 
we obtain 

dL dLdy tdM dM dy\dy^ \f^ ^ 
dx ^'^ dx \dx dy dx) dx ^ dx^ ' 



254 Radius of Curvature, 

whence, on substituting - ^rz.for ;j-, we obtain 
' ^ M ax 

^ _ AM^ - 2BLM -^ CL' 
Consequently 



^ = ± 



AM''2BLM+ CL^^ 



. . . (7) 




Or, on replacing Z, i/", A, B, C, by their values 

^ ^d}u(duV__ d^dudu (Pu/daV •••V/ 

The result in (6) enables us to determine the second diffe- 
rential coefficient of an implicit function in general ; a process 
which is sometimes required in analysis. 

210. We shall next proceed to consider this subject from 
a geometrical point of view. 

As a circle which passes through two infinitely near 
points on a curve is said to have contact of the first order with 
the curve, so the circle which passes through three infinitely 
near points on a curve is said to have contact of the second 
order with it, and is called the circle of curvature, or the 
osculating circle at the point. 

Again, the centre of the circle which passes through three 
points, P, Q, R is the intersection of the perpendiculars 
drawn at the middle points of PQ and QR\ but when P, Q, R 
become infinitely near points on a curve, the perpendiculars 
become normals, and tne centre of the circle becomes the 
limiting position of the intersection of two infinitely near normals 
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^S5 



. ds 
From this it is easily seen that we obtain — for the length 

of the radius of the circle in the limit, as before. 

211. Newton's Method of investigating Radii of Curvature. 

When the equation of the curve is algebraic and rational, it 
is easy to obtain an expression for its radius of curvature* at 
any point. 

For, take the origin 0, at the 
point, and the tangent and normal for 
co-ordinate axes ; let P be a point on 
the curve near to 0, and describe a 
circle through P and touching the 
axis of X, draw PJV perpendicular to 
OX, and produce it to meet the circle 
in Q ; then by Euclid, Bk. III., Pr. 
36, we have 

Hence, if a and 1/ be the co-ordinates of P, we get 




NQ^ 



FN 



y 



But when P is infinitely near to 0, NQ becomes 07), the 
diameter of the circle of curvature, and if p be its radius, we 
have 

2/0 = limit of — when x is infinitely small. 

Again, since the axis of x is the tangent at the origin, the 
equation of the curve, by Art. 189, is of the form 

hiy = Cf/c^ + 2Cixy + c^y^ + terms of the third and higher degrees. 

= CqX^ + 2CyXy + ciy^ + i^ + W4 + &c. ... (9) 



* This method of finding the radius of curvature is indicated by Newton 
(" Principia," Bk. I., Sect, i., Lemma xi.), and has been adopted in a more or 
less modified form by many subsequent writers. 
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On dividing by y, we obtain 

hi = Co— + 2exX + c^ + — + &c. 

Again, when x is infinitely small, — becomes 2/0, and each* 

if 

of the other terms at the right-hand side becomes infinitely 
small; hence 

Thus, for example, the radius of curvature at the origin 
in the curve 

6t/ = 20!^ + 2^ - 4^' + ^ 

18 -, the axes being rectangular. 

From the preceding it follows that when the axis of a is 
the tangent at the origin, the length of the radius of curvature 
at that point is independent of all the coefficients except those 
of y and a!^, 

212. Case of Oblique Axes. — If the co-ordinate axes be 
oblique and cut at an angle cd, then PQ no longer passes 
through the centre of the circle in the limit, but becomes the 
chord of the circle of curvature which makes the angle oi with 
the tangent ; accordingly we have in this case 

2p Sin (O = rrr^rzr = — , lU thC limit. 

^ FN y 



* We have assumed above that the terms - , — , &c., become evaaescent 

y y 

along with x ; this can be readily established as follows : — 
Let ^ Ws = aic^ ^ pxhf + yx^ + ^y*, 

then _? e= a - •»- /3a;2 + yxy + ^y« ; 

each of the terms after the first vanishes with x. while the first becomes a—. 

y 

or apx^ which also vanishes with x^ when p is finite. 
Similar reasoning is applicable to the terms, — , &c. 
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Hence, in the case of oblique axes, we have 

p sin 01 = — . ... (10) 

If 61 and Co have opposite signs, p becomes negative ; this 
indicates that the centre of curvature lies on the negative side 
of the axis of y. 

The preceding results show that the radius of curvature 
at the origin is the same as that of the parabola, h\y = Cq^;*, at 
the same point ; and also that the system of curves obtained by 
varying all the coefficients in (9), except those ofyandi^^ 
have the same osculating circle, in oblique as well as in rect- 
angular co-ordinates. 

Again, as in Art. 204, the osculating circle, since it meets 
the curve in three consecutive points, cuts the curve at the 
point, in general, as well as touches it. 

If Co = o in the equation of the curve, and hi be not zero, the 
radius of curvature becomes infinite, and the origin is a point 
of inflexion. This is also evident from the form of the equa- 
tion, since the axis of x meets the curve in this case in three 
consecutive points. 

213. In general the equation of a curve referred. to any 
rectangular axes, when the origin is on the curve, may be 
written in the form 

2M + 26jy = Coir* + 2CiXy + dy^ +1/3 + &c. 

Then h^ + biy = o is the equation of the tangent at the 
origin ; the length of the perpendicular, PN^ from the point 
(a:, y) on this tangent is 

h^x + biy 



2 



Also ON^ = x^ + 1/*, in the limit. 

Accordingly, we have, when x and y are infinitely small, 

I 2PN 2h^ + 2biy 



ON* (x^ + y^) \/b^ + bi' 
c^^ 4 2CxXy + Ca^* n-i 



(a? + f) y/bo' + b} (^' + y') 1/ V + ^i^ 

(since the point a?, y is on the curve). 

s 



+ &c. 
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Again, the terms contained in -r- . &c. become eva- 



nescent in the limit, as before (note. Art. 211). 
Hence we have 



3 .2 ^o+2<?i 



X \xl 



But, for points infinitely near the origin, we have 



M + *iy = o, or ^ 



y ft 







X bi 

Substituting this value instead of- in the preceding equation, 

X 

it becomes 

p" W + 61*)* • • • • (lO 

The student will find no diflSculty in showing the identity 
of this result with that given in (7). 

214. Radii of Curvature of Inverse Curves. — It may be 
convenient to state here, that if two curves be inverse to 
each other with respect to any origin, their osculating circles 
at two inverse points are also inverse to each other with re- 
spect to the same origin. 

This property is evident geometrically from the conside- 
ration that a circle is determined when three points on it are 
given.. 

Again, since the centres of the two inverse circles are 
in directum with the origin, we can construct the centre of 
curvature at any point on a curve when that for the corre- 
sponding point on the inverse curve is known. 

We shall next proceed to establish another expression for 
the radius of curvature which is of extensive application in 
the case of curves referred to polar co-ordinates. 



Chord of Curxmture throvgh the Origin, 

215. Radius of Curvature in terms of r and p. 

and PC be the tangent and nor- 
mal at any point P on a curve 
PW and PC those at the infi- 
nitely near point P\ then C is the 
centre of curvature corresponding 
to the point P. Let be the 
origin. 

Join OC and let OC = 8, OP 
= r, OP' = /, ON^p, ON =y, 
CP = CP' = p ; then we have 

OC^^ OP + CP'-20P. CP . cos OPC, 
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•Let PN 




or 



In like manner we have 



g2 = /* + p2 - 2pp\ 



Subtracting we get 



r'2 -r' = 2p(»' -»), or = — ^ . 



Hence we have 



dr p dr 

— = •-, ov p=r-r-. 
dp r '^ dp 



• • • (12) 



216. Chord of Curvature through the Origin. — Let y de- 
note half the intercept made on the line OP by the circle of 
curvature, and we evidently have 



7 = p sin OPN ^ P- =i?-r- 
* ^ ^ r ^ dp 



• • • («3) 



This and the preceding formula are of importance when- 
ever we can express the equation of the curve in terms of the 
lines represented by r and p. 

s 2 
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Their use will be illustrated by the following elementary 
examples : — 

217. Examples. 

1. To find the radius of curvature at any point on a parabola. 

Taking the focus as polo, the equation of the curve in terms of r and p evi- 
dently is p*=3ar. 

_ dr pr /ar»V , p f^ 

Hence P^'-^-a^iTj' also y = - p = - = 2r. 

2. To find the radius of curvature in an ellipse. 
Taking the centre as origin the equation of the curve is 

ai + ^ _ r« = ^, 
dr a«i» 

3. To find the radius of curvature in the Lemniscate. 
Here, by Ex. 3, Art 172, we have r* = (fip, 

dr cfl r 

.*. 3#« — = a'; hence p = : also y =-. 
dp y ' I 

4. To find the chord of curvature which passes through the origin in the 
cardioide 

r = a (i + cos 0). 

In this case, we have r' = 2ap'. 

_ dr 2 

Hence y=j?~=-r. 

dp 3 

5. To find the radius of curvature at any point on the curve r*" = a"* cos mO. 
Here r^^^ = «"*p by Art. 172. 

Hence p = 7 r — - = 7 r— ; also 7 



(m+ i)r»»-i (m+i)p ' m+i* 

cpp 
218. To prove that p = jt? + -—. Ifp and w have the same 

signification as in Art. 174, the formula of that Art. becomes 

ds d^p 
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219. KTOlntu and Xnvolutea. — If the centre of curvature 
for each point on a curve be taken, we get a new curve called 
the ewlute of the original one. Also the original curve when 
considered with respect to its evolute is called an involute. 

To investigate wie connexion between these curves, let 
Pi, Pa, Pj, &c., represent a series of infinitely near points on 
a curve; Ci, Ca, C3, &c., the corre- ' 
sponding centres of curvature, then the 
lines PiC;,, PjOa, PjCa, &c. are normals 
to the curve, and the lines CiCj, Cfi,, 
C,Ci, &c. may be regarded in the limit, 
as consecutive elements of the evolute ; 
also since each of the normals, PiC,, 
Pa^s, Pa^si &e. passes through two in- 
finitely near points on the evolute, they 
become tangents to that curve in the 
limit. 

Again, if p,, p„ ps, pi, &c. denote 
the lengths of the radii of curvature at 
the points P,, P„ P„ Pj, &c., we have 

P, = P,C., p, - PaC„ p, = P.Ca. p. = P.O., &c. 

■■■ pi -Pi" PiU. - P.O. =• P.C. - P.Cj = CiC, 

also pa-p,= C.C„ p,-p. = CA, . . . p^i-p„=a,,C„ 

hence, by addition, we have 

P.-P« = C,C,-^C,C,^■C3C, + . . . +C,^,C«- 

This result still holds when the number n is increased 
indefinitely, and we infer that the hngik of any arc of the 
evolute is equal, in general, to the difference between the radii of 
curvature which correspond to its extremities. 




It is evident that the curve may be £ 



rated from its 



evolute by the motion of the extremity of a stretched thread, 
supposed to be wound round the evolute and afterwards un- 
rolled ; in this case each point on the string will describe a 
different involute of the curve. 

The names evolute and involute are given in consequence 
of the preceding property. 
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It follows also that, while a curve has but one evolute, it 
can have an infinite number of involutes ; for we may regard 
each point on the stretched string as generating a separate 
involute. 

The curves described by two difiFerent points on the mov- 
ing line are said to he parallel ; each being got from the other 
by cutting ofi* a constant length on its normals measured from 
the curve. 

220. involutes regarded as Snyelopes. — From the preceding 
it also follows that the determination of the evolute of a curve 
is the same as the finding the envelope of all its normals. We 
have already, in Ex. 3, Art. 200, investigated the equation of 
the evolute of an ellipse from this point of view. 

221. Svolute of a Parabola. — We proceed to determine 
the evolute of the parabola in the same manner. 

Let the equation of the curve be y^ = 2wiaj, then that of its 
normal at a point (a?, y) is 



m 



or 



y^ + 7.my (m - X) - 2m^Y =^ o. 



The envelope of this line, where y is regarded as an arbi- 
trary parameter, is got by eliminating y between this equa- 
tion and its derived equation 

32/' + 2m (m - X) = o. 

Accordingly, the equation of the 
required envelope is obtained by 

substituting 2_ _ instead of y 

in the latter equation. 

Hence we get for the required 
evolute the semi-cubical parabola 

27wr* = S{X -my. 

The form of this evolute is exhi- 
bited in the annexed figure, where 
VN = m = 2VF. If f", P reprc- 




JEvohite of Equiangular Spiral, 
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sent the points of intersection of the e volute with the curve, 
it is easily seen tl\at VM = 4 VN = 4m. 

222. Kvo^ttte of an ZOlipse. — ^The form of the evolute of 
an ellipse is exhibited in the 
accompanying figure ; the AM 
points Jf, N, JT, N' are evi- 
dently cusps on the curve, 
and are the centres of cur- 
vature corresponding to the 
four vertices of the ellipse. 
In general, if a curve be sym- 
metrical at both sides of a 
point on it, the osculating 
circle cannot intersect the 
curve at the point ; accord- 
ingly the radius of curvature is a maximum or a minimum at 
such a point, and the corresponding point on the evolute is 
a cusp. 

It can be easily seen geometrically that through any point 
four real normals, or only two, can be drawn to an ellipse, 
according as the point is inside or outside the evolute. 

It may be here observed that to a point of inflexion on 
any curve corresponds plainly an asymptote to its evolute. 

223. Svolute of an Squiangriilar Spiral. — We shall next 
consider the equiangular or logarithmic spiral, r - -^^ 

Let P and Q be two points 
on the curve, its pole, PC, 
QC the normals at P and Q ; join 
OC, Then by the fundamental 
property of the curve, (Ex 2^ 
p. 193) the angles OPCand OQC 
are equal, and consequently the 
four points, 0, P, Q, C lie on 
a circle ; hence L QOC-= L QPC, 
but in the limit when P and Q are coincident, the angle QPC 
becomes a right angle, and C becomes the centre of curvature 
belonging to the point P; hence POC also becomes a right 
angle, and the pomt C is immediately determined. 

Again, z OCP = Z. OQP ; but, in the limit, the angle 
OQP is constant, .'. z OCP is also constant; and since 
the line CP is a tangent to the evolute at C, it follows 



a* 
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that the tangent makes a constant angle with the radius vec- 
tor OC. From this property it follows that the eyolute in 
question is another logarithmic spiral Again, as the con- 
stant angle is the same for the curve and for its evolute, 
it fojlows that the latter curve is the same spiral turned ' 
round through a given angle. 

224. Radios of Cnrvature in Polar Co-ordinaiM. — On refe- 
rence to the figure of Art. 164, it is obvious that = + ;/» ; 
where is the angle the tangent at P makes with the prime 
vector OX. 

rT d<h d\L dfb ds dxL 

I rf* ^^ de 

' ' p ds ds 

dO 



or 



dr d r 

Again, denoting -rg and -^ by r^ and /', we have 

r 

tan \i = — ; and hence 
^ r 

d\L r'* - 7*/*'' , r^^ - rr" 

' _. _________ cos ^iL ^ 

dd r 2 T' ^2 ^ ^/2 • 

,. , + ^ = ^-7";^^" ; also ^* = (f.r'% 

Hence we get p = ^_^^.,^^^, - 

Or, replacing r' and r'' by their values, 

- - (gj)' 
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225. Contact of Different Orders. — As already stated, the 
tangent to a curve has a contact of the first oraer with the 
curve at its point of contact, and the osculating circle a con- 
tact of the second order. We now proceed to distinguish 
more fully the different orders of contact between two curves. 

Suppose the curves to be represented by the equations 

y =f(po), and y = (t>{x\ 

and that xi is the abscissa of their point of intersection, then 
we have 

Again, substituting Xi-v h instead of ^ in the equations, 
and supposing y^ and ^2 the corresponding ordinates of the 
two curves, we have 

3/1 =/(^i + h) =/(^0 + hf{x,) + — f\x,) + &c. 

3/2 = 0(a?i + A) = (a?i) -i-/i0' (a?i) + 0" (a?i) + &c. 

Subtracting, we get 

yi - y^ -h\f{xy) - ^'(«.)} + — {/"(a'l) - «"(»i)} + &c. (16) 

Now suppose f {xi) = 0' (a?i), or that the curves have a 
common tangent at their point of intersection ; then 

In this case the curves have a contact of the first order, 
and when h is small, the difference between the ordinates is 
a small quantity of the second order. 

If in addition f {xi) = <p"{xi\ then 

1.2.3 
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in this cafie the difference between the ordinates is an infi- 
nitely small Quantity of the third order, when h is taken an 
infinitely small of the first ; the corves are then said to have 
a contact of the second, ordevy and approach infinitely nearer 
to each other at the point of contact than in the former case. 
Moreover, since yi - y, changes its sign ¥rith A, the carves 
intersect as well as touch. 

If we have in addition f" (xi) = ^'"(xi\ the curves are said 
to have a contact of the third order ; and, in general, if all the 
derived functions up to the n^ inclusive, be me same for both 
curves when a = a?„ the curves have a contact of the wf* order, 
and we have 

yx'Vz- —— [f'^'K^i) - «^"**K^i)) + &c. . . . («7) 



w+ 1 



Also, if the contact be of an even order, n + i is odd, and 
consequently A"** changes its sign with h, and hence the curves 
intersect at their point of contact; for whichever is the 
lower at one side of the point becomes the higher at the other 
side* 

If the curves have a contact of an odd order, they do not 
intersect at their point of contact. 

From the preceding discussion the following results are 
immediately deduced. 

( I ). If two curves have a contact of the n'* order, no curve 
having with either of them a contact of a lower order can 
fall between the curves near their point of contact. 

(2). Two curves which have a contact of the w'* order at 
a point are infinitely closer to one another near that point 
than two curves having a contact of an order lower than 
the n**. 

(3). If two curves have a contact of the second order they 
have the same osculating circle. 

226. Applioaiion to Circle. — It can be easily verified that 
the circle which has a contact of the second order with a curve 
at a point is the same as the osculating circle determined by 
the former method. 

For, let (X - a)2 + ( 7 - |3)* = E" 

be the equation of a circle having contact of the second order 
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at the point (a?, y) with a given curve ; then, by the preceding, 

the values of -?• and -7-^, must be the same for the circle and 

da dor 

for the curve, at the point in question. 

Differentiating the equation of the circle twice, and sub- 
stituting X and y for X and F, we get 

^ - a + (y - ^) £ = o, 



also 



-<^-«S*(S)' 



Hence (y - j3) = - 



dx^ 



(a?-a) = 






.(18) 



iP = (a;-a)2 + (2^- j3^) = 



This agrees with the expression for the radius of curvature 
found in Art. 206. 

The co-ordinates a, j3 of the centre of curvature can be 
found by aid of equations (r8) ; and the equation of the evo- 
lute, by the elimination oif re and y beiween these equations 
and that of the curve. 

The osculating circle cuts the curve in general^ as well as 
touches it. This follows from the preceding Article, since the 
circle has a contact of the second order at the point. 

At the points of maximum and minimum curvature the 
osculating circle has a contact of the third order with the 
curve ; for example, at any of the four vertices of an ellipse 
the osculating circle has a contact of the third order, and 
does not cut the curve at its point of contact (Art. 222). 

227. Oscillating Curves. — When the equation of a curve 
contains a number, n, of arbitrary coefficients, we can in ge- 
neral determine their values so that the curve shall have a 
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contact of the (n - i y* order with any given curve at a given 
point ; for the n arbitrary constants can be determined so that 

the n quantities y, -j^, -p^, . . . -t~ shall be the same at the 

point in the proposed as in the given curve, and thus the 
curves will have a contact of the (w - i)** order. 

The curve thus determined, which has with a given curve 
a contact of the highest possible order, is called an osculating 
curve J as having a closer contact than any other curve of the 
same species at the point. 

For instance, as the equation of a circle contains but three 
arbitrary constants, the osculating circle has a contact of 
the second order, and cannot, in general, have contact of a 
higher order ; similarly the osculatmg parabola has a contact of 
the third order ; and, since the general equation of a conic 
contains five arbitrary constants, the general osculating conic 
has a contact of the fourth order. In general, if the greatest 
number of constants which determine a curve of a given 
species be w, the osculating curve of that species has a con- 
tact of the (n - I )'* order. 

228. The subject of contact admits also of being con- 
sidered in a geometrical point of view ; thus two curves have 
a contact of the first order when they intersect in two con- 
secutive points ; of the second, if they intersect in three; of the 
n'*, if in w + i. For a simple investigation of the subject in 
this point of view the student is referred to Dr. Salmon's 
" Conies," Art. 239. 

229. Curvature at a Double Point We now proceed to 

consider the method of finding the radii of curvature of the 
two branches of a curve at a double point. 

In this case the ordinary formula (8) becomes indetermi- 
nate, since — = o, and — - = o at a double point. The ques- 

tion admits, however, of being treated in a manner analogous 
to that already employed in Art. 211; we commence with 
the case of a node. 

230. Radii of Curvature at a Node. — Suppose the origin 
transferred to the node, and the tangents to the two branches 
of the curve taken as co-ordinate axes, w representing the 
angle between them. 
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By Art. 191, the equation of the curve is in this case 
2hxy = ax^ + ^x^y + yxy^ + 8y* + W4 + &c , 
dividing by xy, we obtain 

2h = a- + pj? + 7y + 8- + — + &c. 
y X xy 

Now, let px and p^ be the radii of curvature at the origin for 
the branches of the curve which touch the axes of x and y, 
respectively; then, by Art. 212, we have 

2pi sin 01 = — , and 2^2 sin oi = — , in the limit. 

y ^ 

Again, it can be readily seen, as in the note to Art. 211, 

that the terms in — , &c. become evanescent along with x and 

ocy 

X^ «*2 

y, and accordingly the limiting values of — and — can be 

y ^ 

separately found, as in the Article referred to. 
Hence we obtain 

h h . 

Also, if a e o, we getpi » 00, and the corresponding branch 
of the curve has a point of inflexion at the origin, similarly 
if 8 = o, Pi =c». 

If a = o and 8 = 0, the origin is a point of inflexion on 
both branches. This appears also immediately from the con- 
sideration that in this case % contains U2 as a factor. 

If the equation of a curve when the origin is at a node 
contains no terms of the third degree, the origin is a point 
of inflexion on both branches. An example of this is seen 
in the Lemniscate, Art. 191. 
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Examples. 

1. Find the radii of cunrature at the origin of the two branches of the cum 

as? - 2hxy + «y' = ** + y*, 

the axes being rectangular. Ans, - and -. 

a e 

2. Find the radii of curvature at the origin in the cunre 

a {y* - ««) = «». 

Transforming the equation to the internal and external bisectors of the angle 
beween the axes, it becomes 

hence the radii of curvature are «v^2 and - a\/2, respectively. 

231. Radii of Curvature at a Cusp. — ^The preceding method 
fails when applied to a cusp because the angle w vanishes in 
that case. It is easy however to supply an independent in- 
vestigation : for, if we take the tangent and normal at the 
cusp for the axes of x and y, respectively, the equation of the 
curve, by the method of Art. 191, maybe written in the 
form 

y^ = ax' + ^x^y + 7«y^ + Sy^ + u^ + &c. ... (20) 

Now in this, as in every case, the curvature at the origin 
depends on the form of the portion of the curve indefinitely 
near to that point ; consequently in investigating this form 
we may neglect y^x^ ^, &c., in comparison with y*i and x^^ 
x^y^ &c. in comparison with x^. 

Accordingly, the curvature at the origin is the same, in 
general, as that of the cubic 

y^^ac^^fix'y. ... (21) 

Solving for y we obtain 
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It is easily seen that the origin is in this case a cusp of 
the first species ; for, if a be positive, the quantity at the 
right hand side becomes negative for negative values o( x 

i less than ^ J ; and y becomes imaginary at the same time ; 

accordingly no portion of the curve near the origin extends 
to the negative side of the axis of a;. 

If a be negative, the two branches of the curve extend at 
the negative side of the axis of ^. 

Moreover, since y --7? ±x fa + — ^j , the values of y 

corresponding to any small value of x have opposite signs, 
and hence the cusp is of the first species. 

Again, to find the radii of curvature, we divide the equa- 



x^ 



tion (20) by y% and substitute 2p for -, as before, and thus we 
get ^ 

« 

from which we see that p vanishes along with a?, and the radii 
of curvature are zero for both branches at the origin. 

This result can also be arrived at immediately by diflFeren- 
tiation, by aid of formula (3). 

232. Next, suppose that the term containing tx? disappears, 
or a = o ; then the equation of the curve is 

y8 s j3aj2y + yxy'^ + Sy' + a V + &c. 

and proceeding as before, the curvature at the origin is the 
same as in the curve 

y2 - j3x2y + aV. . . . (22) 

The two branches of this curve are determined by the 
equation 

The nature of the origin depends on the sign of j3' + 40', arid 
the discussion involves three cases. 
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(i). If fl* + 4a be positive^ it is evident that the curve 
extends at both sides of the origin, and that point is a double 
cusp (Art. 192). 

On dividing the equation (21) by y' and substituting 2p 

for — , we ffet 

1 = 2/3/3 + 4oy- . • . (23) 

The roots of this quadratic determine the radii of curva- 
ture of the two branches at the cusp. 

These branches evidently lie at the same or at opposite 
sides of the axis of «, according as the radii of curvature have 
the same or opposite signs : i. e. according as a^ has a nega- 
tive or positive sign. 

(2). If)3^ + 4a he negative^ y becomes imaginary, and the 
origin is a conjugate point. 

(3). If /S'^ + 4a' = o, the equation (22) becomes a perfect 
square ; we proceed to prove that in this case the origin is a 
cusp of the second species. 

To investigate the form of the curve near the origin, it 
will be necessary to take into account the terms of the fifth 
degree in x(j/ being regarded as of the second) : this gives 

It will be observed that the right-hand side changes its 
sign with x ; accordingly the origin is a cusp. Also the cusp 
is of the second species, for the two roots of the equation iny 

Elainly have the same sign, viz., that of /3 : and consequently 
oth branches of the curve at the origin lie at the same side 
of the axis of ^. 

Moreover, as equation (23) has equal roots in this case, the 
radii of curvature of the two branches are equal, and the branches 
have a contact of the second order. 

We conclude that when the term involving a^ in equa- 
tion (20) disappears, the origin is a double cusp, a cusp of the 
second species, or a conjugate point, according as /3^ + 4a' 
> = or < o. 

Moreover if a' = o, one root of the quadratic (23) is infi- 
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nite, and the other is -—:. The origin in this case is a double 

cusp, and is a point of inflexion on one branch. Such a point 
is called a point of oscul-injlexion by Cramer. 

If /3 = o in addition to a = o, the origin is a cusp of the 
first species, the radii of curvature being infinite for both 
branches. 

It is easy to see from other considerations that the radii of 
curvature at a cusp of the first species are always either zero 
or infinite. 

For, since the two branches of the curve in this case turn 

their convexities in opposite directions, -7^ must have oppo- 
site signs at both sides of the cusp, and consequently it must 
change its sign at that point ; but this can happen only in its 
passage through zero, or through infinity. 

233. Recapitulation. — The conclusions arrived at in the 
two preceding Articles may be briefly stated as follows : — 

(i). Whenever the equation of a curve is of the form 
y^ = ax^ + terms of the third and higher degrees, the origin is 
a cusp of the first species ; both radii of curvature being zero 
at the point. 

(2). When the coefficient of a^ vanishes,* the origin is 
generally either a double cusp, a conjugate point, or a cusp 
of the second species. In the latter case the two branches of 
the curve have the same centre of curvature, and consequently 
have a contact of the second order with each other. 

(3). If the lowest term in x (independent of y) be of the 
5** degree, the origin is a point of oscul-inflexion. 

If, however, the coefficient of a;*y also vanish, the origin is 
a cusp of the first species, and is a point of inflexion on Doth 
branches of the curve. 

234. Cteneral Xnvestigation of CnsiMi. — ^Tbe preceding re- 



* In this case, if f;i be the equation of the tangent at the onsp, the equation 
of the curve is of the form 

f 1' + fif 2 + f 4 + &C' ** o- 

This is also evident from geometrical considerations. 

T 
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suits admit of being established in a somewhat more general 
manner as follows : — 

By the method already given, the equation which deter- 
mines the form of an algebraic curve near to a cusp may be 
written in the following general shape : 

y^ = 2Ax^y + jBj:* + Caf', . . . (25) 

where 2Ax^ is the lowest term in the coefficient of y, and 
Bafi^ Cixf* are the lowest terms, independent of y. 

By hypothesis, a, 6, c are positive integers, and a> 1, 6> 2, 
03; now, solving for y we obtain 

y = Axf'±\/A^x^ + Bs!' + Cx^, 

which represents two parabolaef osculating the two branches 
at the on^. 

The discussion of the preceding form for y resolves into 
three cases, according as 2a is > = or < J. 

(i). Let 2a = J + A, then 

h-\-h h 

y--Ax ^ ± x^ VB + A^a^ + Cxf^. 

b 
(a). If b be odd, x^ becomes imaginary for negative values 

of ar, and accordingly the origin is a cusp of the 

first species in this case. 
(j3). If b be even, and B positive, y is real for all values of 

X near the origin ; accordingly that point is a double 

cusp, 
(y). If b be even, and B negative, the origin is a conjugate 

point 

(2). If 2a = J, we have 



y = Ax^ ± a^ V{A^ + jB) + Car*. 



* This term is retained, as it is necessary in the case of a cusp of the second 
species. 

t The word parabola is here employed in its more extensive signification. 
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In this case, the origin is a double cusp, or a conjugate 
point, according as A^ + B is positive or negative. 
Again, if ^* + 5 = o, we have 

c-b 



y = .r«(^ + X 2 V C). 

(a). If c- 6 be an odd number, the origin is a cusp of the 
second species. (/3). If c - 6 be positive, the origin is a double 
cusp, or a conjugate point, according as C is positive or ne- 
gative. 

(3). 2a<&, or 6= 2a + A. 

Here y = Aa^ ± of" V A^ + Ba^ + Cuj^-^a^ 

and the curve evidently extends at both sides of the origin, 
which accordingly is a double cusp. 

This method of investigating curvature is capable of being 
modified so as to apply to the case of multiple points of a 
higher order ; the discussion, however, is neither sufficiently 
elementary, nor sufficiently important, to be introduced 
here. 

235. Points onSvolute oorrespondinf^ to Cusps on Curve. — 
In connexion with evolutes and involutes the preceding 
results lead to a few interesting conclusions. 

(i). If a curve has a cusp of the first species its e volute 
in general passes through the cusp. In some cases, however, 
to a cusp of this class corresponds an asymptote to the evo- 
lute. 

(2). To a cusp of the second species corresponds a point 
of inflexion on the evolute ; in some cases the point of in- 
flexion lies altogether at infinity. 

(3). To a double cusp corresponds a double tangent to the 
evolute. 

236. Equation of the Osculating Conic. — As an additional 
illustration of the principles involved in the preceding inves- 
tigation it is proposed to discuss the question of the conic 
which osculates an algebraic curve at a given point. Trans- 
ferring the origin to the point, and taking the tangent as 

T 2 
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axis of ar, the equation of the curve may be written in the 
form 

ay - 0? -^ aixy + a^y^ + b^^ + liX^y + biy^x + ^3^' 

+ <?o^* + CiT^y + &c. + doX^ + &c. . . . (26) 

In considering the form of the curve near the origin, as a 
first approximation we may, as in Art. 23 1, neglect xy, y*, &c. 
in comparison with y ; and x^^ ;ir*, &c. in comparison with a? ; 
thus the equation reduces to the form 

ay ^x^, ... (27) 

Hence the form to which every curve of finite curvature 
approximates in the limit is that 01 the common parabola, as 
already seen in Art. 212. 

To proceed to the next approximation, we retain terms of 
the . third order (remembering that when a; is a very small 
quantity of the first order, y is one of the second)^ when the 
equation becomes 

ay = iP* + a\Xy + b^x^. 

On substituting ay instead of x^ in the term b^x^y the pre- 
ceding equation becomes 

ay--x^-\r {ax + b^a) xy, ... (28) 

This represents a conic having contact of the third order 
with the proposed curve at the origin. When ai + ft^a -= o, the 
parabola ay = x^ has a contact of the third order at the origin, 
and accordingly so also has the osculating circle. 

In proceeding to the next and final approximation, we re- 
tain terms of the fourth order, and we get 

ay = fl?^ + axxy + a^y'^ + Jq^' + biix^y + c^x^, ... (29) 

Moreover, from the preceding approximation we have 
haxy « b(fi(^ + b^y (ai + abo). 
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Hence, we immediately get for the equation of the conic 
having a contact of the closest kind with the given curve, 

af/^x^-\- (ai + boo) a;y + [oj + a {bi - fliio) + a^ {cq - ^o*)] t/^ • • (30) 

This conic, since it has the closest contact possible with 
the given curve at the origin is the osculating conic (Art. 227) 
for that point. 

In like manner the parabola 

ay = x^^{ai-\-boa)xt/-\' y% . . . (31) 

4 

since it has the closest contact possible for a parabola, is t/ie 
O'sculating parabola at the point. 



278 Examples. 



Examples. 

1. Prove that the radius of curvature at the vertex of a parabola is equal to 
its semi-latus rectum. 

2. Find the length of the radius of curvature at the origin in the curve 

a 

2 

3. Find the radius of curvature at the origin in the curve 

ah/ = bx^ + cx^y. ulna, 00. 

4. Prove that the locus of the centres of ellipses having contact of the third 
order with a given curve at a common point is a right line. 

5. Prove that the locus of the centres of equilateral h3rperbol8e which have 
contact of the second order with a given curve at a fixed point, is a circle, whose 
radius is half that of the circle of curvature at the point. 

6. Prove geometrically that the centre of curvature at any point on an ellipse 
is the pole of the tangent at the point with respect to the confocal hyperbola 
which passes through that point. 

7. The locus of the centres of ellipses whose axes have a given direction, and 
which have a contact of the second order with a given curve at a common 
point, is an equilateral hyperbola passing through the point. 

8. The locus of the foci of parabolsB which have a contact of the second 
order with a given curve at the same point is a circle } 

9. Prove that the radius of ciurvature of the curve a^'^i/ = a?» at the origin 
is zero, -, or infinity, according as w is <= or > 2. 

10. Two plane closed curves have the same evolute, what is the difference 
between their perimeters? 

Arts. 2irdj where d is the distance between the curves. 

1 1. Find the radius of curvature at the origin in the curve 

3y = 4a; - isx^ - 3^3 : 

find also at what points the radius of ciurvature is infinite. 

12. Apply the principle of maxima and minima to find the greatest and least 
distances of a point from a given curve ; and show that the problem is solved 
by drawing the normals to tiie curve from the given point. 

(a). Prove that the distance is a minimum, if the given point be nearer to 
the curve than the corresponding centre of curvatiure, and a maximum., if it be 
further. 
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(6). If the given point be on the evolute, show that the solution arrived at 
is neither a maximum nor a minimum, and hence show that the circle of cur- 
vature cuts as well as touches the curve at its point of contact. 

13. Find an expression for the whole length of the evolute of an ellipse. 

Ans, 4 — -— . 
ad 

i4> Find the radii of curvature of the two branches of the curve 

X* - - — ^ - ax^ + aV = o 
2 

at the origin. An8, a and -. 

4 

15. Prove that the evolute of the hypocycloid 

isi + yi = at 
is the hypocycloid 

(a + i3)i + (a - i3)l = 2ai. 

16. In an ellipse prove that 

p = -y/a* costal + b^am^off 

and hence deduce an expression for the radius of curvature at any point on the 
curve. 

17. If the angle between the radius vector and the normal to a curve has a 
maximum or a minimum value, prove that y = r ; where y is the semi-chord of 
curvature which passes through the origin. 

18. If the co-ordinates of a point on a curve be given by the equations 

jp = sin 20 (i + cos 29), y = c cos 2$ (i - cos 20), 

find the radius of curvature at the point. Ans, 40 sin 'd. 

I 

? 



19. If w = -, prove that 

.Mill' 



P = 



u+ — 



20. Find an expression for the radius of curvature at any point of the curve 

21. In the epicycloid 

C2(y«-fl1) 



j« = 



(j« - a2. 



prove that p = 1 (c? _ a2)J (f- - a^)\. 
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22. If a and p be the co-ordinates of the point on the evolute corresponding 
to the point {x^ y) on a curve, prove that 

du da 

23. If p be the radius of curvature at any point on a curve, prove that the 

dp 
radius of curvature at the corresponding point in the evolute is -r— ; where ai is 

diat 

the angle the radius of curvature makes with a fixed line. 

24. Find the equation of the evolute of an ellipse by means of the eccentric 
angle. 

25. Prove that the decermination of the equation of the evolute of the 
curve y ==■ ox** reduces to the elimination of x between the equations 

n - 2 «*»' , _ _ 2» - I t 

a = X - xVi-^f and p ax** + 



n - I n - I n-i an(H- i)x'*^^' 

26. In the evolute of a parabola, Art 221, if iVfl* be drawn perpendicular 
to the axis of the parabola, meeting the curve in JT, prove that Pis the centre 
of curvature corresponding to the point IT, 

27. If on the tangent at each point on a curve, a constant length measured 
from the point of contact be taken, prove that the normal to the locus of the 
points so found passes through the centre of cijirvature of the proposed curve. 

28. In general, if through each point of a curve a line of given length be 
drawn making a constant angle with the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. (Bertrand, **Dif. Cal.*' p. 573). 

Tills and the preceding theorem can be immediately established from geo- 
metrical considerations. 

29. If from the points of a curve perpendiculars be drawn to one of itis tan- 
gents, and through the feet of each a line be drawn in a fixed direction, propor- 
tional to the length of the corresponding perpendicular ; the locus of the ex- 
tremity of this line is a curve touching the proposed at their common point. 
Find the ratio of the radii of curvature of the curves at this point. 

-^o. Find an expression for the radius of curvature in the curve p = — , 

p being the perpendicular on the tangent. 

31. Being given any curve and its osculating circle at a point, prove that 
the portion of a parallel to their common tangent intercepted between the two 
curves is a small quantity of the second order, when the distances of the point 
of contact from the two points of intersection are of the first order. 

Prove that, under the same circumstances, the intercept on a line drawn 
parallel to the common normal is a small quantity of the third order. 

32. In a curve referred to polar co-ordinates, if the origin be taken, on the 
curve, and the tangent as prime vector, prove that the radius of curvatiure at 

r 
the origin is equal to one half the value of - in the limit. 

33. Hence find the length of the radius of curvature at the origin in the 

curve, r - a sin n9. Ana. p = — . . 

2 
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CHAPTER XVII. 

ON TRACING OF CURVES. 

237. Tracing Algebraic Curves. — Before concluding the dis- 
cussion of curves it seems desirable to give a brief statement 
of the mode of tracing curves from their equations. 

The usual method in the case of algebraic curves consists 
in assigning a series of different values to one of the co-ordi- 
nates, and calculating the corresponding series of values of 
the other ; thus determining a number of definite points on the 
curve ; by drawing a curve or curves of continuous curvature 
through these points, we are enabled to form a tolerably accu- 
rate idea of the curve under discussion. 

In curves of degrees beyond the second, the preceding 
process generally involves the solution of equations beyond 
the second degree ; in such cases we can determine the series 
of points only approximately. 

238. The following are the principal circumstances to be 
attended to. 

(i). Observe whether from its equation the curve is sym- 
metrical with respect to either axis ; or whether it can be 
made so by a transformation of axes. (2). Find the points 
in which the curve is met by the co-ordinate axes. (3). De- 
termine the positions of the asymptotes, if any, and at which 
side of an asymptote the corresponding branches lie. (4). De- 
termine the double points, or multiple points of higher orders, 
if any belong to tne curve, and find the tangents at such 
points by the method of Art. 192. (5). The existence of 
ovals can be often found by determining for what values of 
either co-ordinate the other becomes imaginary. (6). If the 
curve has a multiple point, its tracing is usually simplified by 
taking that point as origin, and transforming to polar co-ordi- 
nates ; by assigning a series of values to v, we can usually 
determine the corresponding values of r, &c. (7). The pointK 
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where the y ordinate is a maximum or a minimum are found 

from the equation ;t' = o ; by this means the limits of the 

curve can be often assigned. (8). Determine when possible 
the points of indexion on the curve. 

239. To trace the curve y* = x* (x - a) ; a being supposed 
positive. 

In this case the origin is a 
conjugate point, and the curve 'y 
cuts the axis of x at a distance 
OA = a. Again, when x is 
less than a, y is imaginary, 
consequently no portion of the 
curve lies to the left hand side 
of^. 

The points of inflexion, / 
and I\ are easily determined 

from the equation — = o ; the corresponding value of j? is 

— ; accordingly AN = . 

Again, if ZTbe the tangent at the point of inflexion Z, it 

can be readily seen that TA = - = . 

9 3. 
This curve has been already considered in Art. 194, and 

is a cubical parabola having a conjugatepoint. 

240. Cutdo with three Asymxitotes. — We shall next consider 
the curve* 




y^x ■{■ ey = ax^ ■¥ bxi^ + ex + d, 



(u 



where a is supposed positive. 

The axis oiyis an asymptote to the curve (Art. 179), and 
the directions of the two other asymptotes are given by the 
equation 



y 



^-ax^-o, 01 y = ±x\/a; 



* This investigation is principally taken from Newton's " Enumeratio Li- 
noarum Tertii ordinis." 
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if the term bx^ be wanting, these lines are asymptotes ; if 6 be 
not zero, we get for the equations of the asymptotes 



= a V a + — — r , y + a? \/a + 



h 



y = X y a-v — — =, y+a?va+ — -7^=0. 
2 V a 2v a 

On multiplying the equations of the three asymptotes 
together, and subtracting the product from the equation of 
the curve, we get 

this is the equation of the right line passing through the three 
points in which the cubic meets its asymptotes. (Art. 183). 
Again, if we multiply the proposed equation by a?, and 
solve for y, we get 



xy 



e I e^ 

— ± lax^ + bx^ + cx^+ dx ■¥ -' • • • (2) 
2 \ 4 



from which a series of points can be determined on the curve 
corresponding to any assigned system of values for x ; it 
also follows that all chords drawn parallel to the axis o£ y are 

bisected by the hyperbola xy + -= o. 

Hence we infer that the middle points of all chords drawn 
parallel to an asymptote of a cubic lie on an hyperbola. 

The form of the curve depends on the roots of the bi- 
quadratic under the radical sign. (i). Suppose these roots to 
be all real and denoted by a, /3, 7, 8, arranged in order of 
increasing magnitude, then we have 



^y = - -± y/a{x-a){x-(i){x--y){x-S). 

Now when, x is < a, y is real ; when x > a and < j3, y is 
inaaginarj^ ; when x>(i and < 7, y is real ; when x>y and < 8, 
y is imaginary ; when a? > 8, y is real. 
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We infer that the curve consists of three pairs of infinite 
branches, together 
with an oval lying 
between the values 
j3 and y for .r. 

The accompany- 
ing figure* repre- 
sents such a curve. 

Again, if either 
the two greatest roots 
or the two least roots 
become equal, the 
corresponding point 
becomes a node. 

If the interme- 
mediate roots become 
equal, the oval shrinks into a conjugate point on the curve. 

If three roots be equal, the corresponding point is a cusp. 

If two of the roots be impossible and the other two un- 
equal, the curve can have neither an oval nor a double point. 

If the sign of a be negative, the curve has but one real 
asymptote. 

For a complete investigation of cubics the student is re- 
ferred to Dr. Salmon's *' Higher Curves." 

241. Asymptotes. — In the preceding figure the student 
will observe that to each asymptote correspond two infinite 
branches ; this is a general property of algebraic curves, of 
which we have a familiar instance in the common hyperbola . 

By the student who is acquainted with the elementary 
principles of conical projection, the preceding will be readily 
apprehended ; for if we suppose any line drawn cutting a 
Closed oval curve in two points at which tangents are drawn, 
and if the figure be projected so that the intersecting line is 
projected to infinity ; then the tangents will be projected into 
asymptotes, and the oval becomes a curve in two portions, 
each having two infinite branches, a pair for each asymptote, 
as in the hyperbola. 



* The figure is a tracing of the curve 

9^^* + io8y = (a; - 5) (a; - 1 1) (x - 12). 



A symptotes. 
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It should be also observed that the points of contact at 
infinity on the asymptote in the opposite directions along it 
must be regarded as being one and the same point, since they 
are the projection of the same point. That the points at in- 
finity in the two opposite directions on any line must be re- 
garded as a single point is also evident from the consideration 
that a right line is the limiting stage of a circle of infinite 
radius. 

The property admits also of an analytical proof ; for if 
the asymptote be taken as the axis of a:, the equation of the 
curve (Art. 183) is of the form 



y^\ + 02 = o, 



02 

or y = - J, 
01 



where 0a is at least one degree lower than 0i in x and y. 
Now when x is infinitely great, the fraction — becomes in ge- 
neral infinitely small, whether x be positive or negative; and 
consequently the axis is asymptotic to the curve in both di- 
rections. 

242. To trace the curve 

where a and b are both positive. 
Here ya^ = ±x^ (x + J)i. 

The curve is symmetrical with respect 
to the axis of a?, and has two infinite 
branches ; the origin is a double cusp. The 
shape of the curve is exhibited in the figure 
annexed. 

If b were negative, we should have 

ya ^ ±a^ (x - J)i. 

Here v becomes imaginary for values of a? less than b ; 
accordingly the origin is a conjugate point in this case; 
the curve has two infinite branches as in the former case. 

243. To trace the curve 
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From the form of its equation we see that the origin is a 
point of 05CW /-inflexion, see Art. 233. 

Solving for y, we can easily 
determine any number of points 
on the curve we please. It has 
two infinite branches at opposite 
sides of the axis of x, ana a loop 
at the negative side of that axis, 
as exhibited in the figure. 

244. To discuss the curve 

(i). Let a and b have the 
same sign, then the origin is 
a triple point, having for its 
tangents the lines 

j: = o, a;Va+yv6=«o, 

and xy/ a - yy/b - o. 

Moreover, since the curve 
has no real asymptote, it is a 
finite or closed curve with three 
loops passing through the origin ; 
and it is easily seen that its shape is that represented in the 
accompanying figure. 

(2). li a and b have opposite signs, the 
lines represented by ax'^ + 6y* = o become 
imaginary. The curve in this case con- 
sists of a single oval as in the figure.* 

245. Form of Curre near a Double 
Point. — Whenever the curve has a node or 
a cusp, by transforming the origin to that 
point, the shape of the curve for the 
branches passing through the point admits 
of being investigated by the method ex- 





* This and the preceding figure were traced for the case where i = 3a : if 

the value of - be altered, the shape of the curve will alter at the same time. If 
a 

be greater than *, the latter curve will lie inside the tangent at the point X 
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plained in Arts. 231, 232. It is unnecessary to enter into 
detail on this subject here, as it has been already discussed in 
the Articles referred to. 

246. In connexion with the tracing and the discussion of 
curves there is an elementary general principle which may 
be introduced here. 

If the equation of a curve be of the form 

LL - MM' = o, 

where X, My L\ W are each functions of the co-ordinates x 
and y, the curve evidently passes through all the points 
of intersection of the curves represented by the equations 
L - o and M-o\ similarly it passes through the intersec- 
tions of i = o and M' = o ; and also those oi M-o and i' = o ; 
and of i' = o and M' = o. Moreover, if L and L^ become 
identical, the points of intersection coincide in pairs, and the 
equation of the curve becomes of the form IJ - MM' = o ; 
which represents a curve touching the curves Jf = o, M' = o, 
at their points of intersection with the curve i = o. 

This principle admits of easy extension, but as the sub- 
ject belongs properly to the method of trilinear co-ordinates, 
it is not considered necessary to enter more fully into it here. 

247. On Tracing Curves given in Polar Co-ordinates. — The 
mode of procedure in this case does not differ essentially from 
that for Cartesian co-ordinates. We have already in Arts. 1 86, 
187, considered the method of finding the asymptotes and 
asymptotic circles in such cases. It need scarcely be observed 
that the number and variety of curves whose discussion more 
properly comes under the method of polar co-ordinates, are 
mdefinite. We propose to confine our attention to a few 
varieties of the class of curves represented by the equation 

r^ = a"* cosm0. 

248. On the Curves r^ = a"* cos mO, — In this case, since the 
equation is unaltered when is changed into - 0, the curve 
is symmetrical with respect to the prime vector ; again, when 

= 0, r = a, and as increases from zero to — , r diminishes 

. 2m 

from a to zero. When m is a positive integer, it is easily seen 

that the curve consists of m similar loops. 
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There are many elementary curves included under this 
equation ; thus, when m = i , we have r ^ a cos 0, which 
represents a circle; again, if m = - i, the equation gives 
T cos fl = a, which represents a right line. Also, if w = 2, 
we have r* = a* cos 20, the Lemniscate (Art. 191). If 
m = - 2, we get r' cos 20 = a^ an equilateral hyperbola. 

If w = -, we set rk ^ c^ cos -, whence r = - (i + cos 0), 
2 2 2 -^ 

I 

(the cardioid, Ex. 4, p. 199) ; with w =- *-, it is'?4 cos - = ai 

(the parabola, Ex. i, p. 198) ; and so on. As already ob- 
served, if we change m into - m, we get a new curve, the 
inverse of the original. Also the reciprocal polar is obtained 

by substituting instead of m. 

The tangent and normal can be immediately drawn at any 
point on a curve of this class by aid of the results arrived at 
m Art. 172. The radius of curvature at any point has been 
determined in Ex. 5, Art. 217. The method of finding the 
equations of the successive pedals^ both positive and negative, 
has been also already explained. 

A few examples in the case of fractional indices are here 
added. 

Example i. 

ri = ai cos -. 
3 

Here when = o, r = a, and the 
curve cuts the prime vector at a dis- 
tance OA equal to a; again when 

fl = -, r = 2 — 2_ ; also when = tt, 
2 8 




a 



a 

^ • 

8 



r = -, or OB 

The shape of the curve is given in the accompanying 
figure. This curve is the inverse of the caustic considered in 
Example 18, p. 241. 



On Curves of the form r^ = a*" co8 mO. 

Ex. 3. 
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Ex. 2. Ex. 3. Ex. 4. 

rt = at cos - fl. rf = at cos - 0. y^ = a^ cos - 0. 

4 5 3 

In Ex. 2, as increases from zero to 120'^, r diminishes 
from a to zero ; when increases 
from 1 20*^ to 240°, r increases from 
zero to a : when increases from 
240® to 360% r diminishes from a 
to zero. By assigning negative 
values to 0, the remaimng part of 
the curve is seen to be symmetrical 
with that traced as above. The 
same result plainly follows by con- 
tinuing the values for from 36o®up 
to 720®. The form of the curve is 
exhibited in the annexed figure. 

In Ex. 3, according as cos - is positive or negative, we 

get equal and opposite real values, or imaginary values, for r. 

Hence it is easily seen that for values of between ± - tt, 

8 

the radius vector traces out two symmetrical portions of the 

curve ; again, between —■ tt and -^ tt we get two other sym- 

8 8 

metrical portions. The shape is that given in the former of 

the two accompanying figures. 






The latter figure represents the curve in Ex. 4 ; it consists 
of five symmetrical portions ranged round the origin. 
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. The results above stated admit of generalization^ and it 
can be shown, without difficulty, that in general the curve 

r^ ^ cfl cos ^-' consists of ^ similar portions arranged about the 

origin, and that the entire curve is included within a circle of 
radius a when p is positive, but lies altogether outside it 
when p is negative. * 

249. Roulettes. — When one curve rolls without sliding 
upon another, any given point invariably connected with the 
rolling curve describes another curve, called a roulette. 

The curve which rolls is called the generating curve, and 
the fixed curve on which it rolls is called the directing curve 
or the base. It is not proposed here to consider any beyond 
the most elementary cases of roulettes ; we shall commence 
with the simplest — viz., the cycloid. 

250. The Cycloid. — This curve is the path described by a 
point on the circumference of a circle, which is supposed to 
roll upon a fixed right line. 

The cycloid is the most important of transcendental 
curves, as well from the elegance of its properties as from the 
importance of its applications in Mechanics. 

We shall proceed to investigate some of the most ele- 
mentary properties of the curve. 

Let LPO be a position of the 
rolling circle, P the generating 
point, the point of contact of the 
circle with the fixed line. Take 
the length A equal to the arc PO, 
then from the mode of generation 
of the curve, A is the position of the generating point when 
in contact with the fixed line; also, if -4-4' be equal to the 
circumference of the circle, A' will be the position of the 
point at the end of one complete revolution of the circle. 
Bisect AA' in 2), and draw D£ equal to the diameter of the 
circle, then B is evidently the highest point in the cycloid. 
Draw PJV perpendicular to AA\ and let PJV ■« y, AJf = «, 
PCO =0, CO^ a, and we get 

w^AO' NO" a {e-BinO), y = PiVr« a (i -cos 61). . . (3) 

The position of any point on the cycloid is determined by 
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these equations, when the angle 9 is known, i. e. the angle 
through which the circle has rolled, starting from the position 
for which the generating point is in contact with the right 
line. 

251. Normal at P. — It can be easily seen that the line PO 
is normal at P to the cycloid, for the motion of each point on 
the circle at the instant is one of rotation about the point 0, 
i. e. each point may be regarded as describing at the instant 
an infinitely small circular* arc whose centre is at : and 
hence PO is normal to the curve. 

This result can also be established from the values of x 
and y iu(3): for 

-35 = a(i -COS0), ^ = asin6. ... (4) 

dy sin £1 



dx I - cos 9 



= cot- = cotPiO, 



and accordingly PL is the tangent, and PO the normal to the 
curve at P. 

cLy dfj 

Again, if we square and add the values of j^ and -j£, we 

du du 

obtain 

(%)^ a^ I (i - cos 9y + sin^e j =4a»sin« -, 

hence ^=2asin-=P0. ... (5) 

252. Badias of Ourvatiire and Svolute of Oyolold. — Let p 

denote the radius of curvature at the point P, and /. PON^ oi 
^ 9 

2 

, da ds . 9 n^ ,,^ 

then p«-T- =2-37| = 4«sm -« 2PO, •••(6) 

d(o du '2 

or the radius of curvature is double the normal. From this 



* This method of finding the normal to a cydoid is due to Descartes, and 
evidently applies equally to all roulettes. 

U 2 
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value of p the evolute of the curve can be easily determined 

For, produce PO until OP' - OP, , ^ 

then P' is the centre of curvature 

belonging to the point P. Again, 

produce LO until 00' = OL and 

describe a circle through 0, P', and 

0'; this circle evidently touches 

AA', and is equal to tbe generating 

circle LPO. 

Also the arc OP'^arc OP=AO. 




.: &Tc0'P'-0'P'0-P0 = AD~A0^0D = B'O'. 



Hence the locus of P' is the cycloid got by the rolling of 
this new circle along the line B'O', and accordingly the evolute 
of a cycloid is another cycloid ; it is evident that the evolute 
of the cycloid ABA' is made up of the two semi-cycloids 
AB' and ffA', as in the figure. Conversely the cycloid ASA' 
is an involute of the cycloid AB'A', 

353. Ziengtliof Aroof CyoloUl. — Since ^P'.S'is the evolute 
of the cycloid APB, it follows, from Art. 191, that the arc 
AP' of the cycloid is equal in length to the line PP', or to 
twice PO ; hence, as ^ is the highest point in the cycloid 
AP'B, it follows that the arc AP' measured from the highest 
point of a cycloid ia double the intercept, PO, made on the 
tangent at the point by the tangent at the highest point of 
the curve. Also the whole arc AB' is double BfD, or is four 
times the radius of the generating circle ; and hence the 
entire length ABA' of a cycloid is eight times the radius of 
its generating circle. 

254. Cy^oldrofBrrodto ItaVertez. — It is often convenient 
to refer the cycloid to ita vertex as origin, and to the tangent 
and normal at that point as axes of co-oidinates. In figure, 
Art. ajo, let 



= BN\ 



= PN', L PCL = ^ = T - 



a{^ +sin ^), y-PiV-a(i-cos0). 



■ (7) 



Epicycloids and Hypocycloids. 
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2;$. Spioyoloids and BTpooyoloids. — ^'fhe investigation 
of the properties of the cycloid naturally gave rise to the 
discussion of the more general case of a circle rolling on a fixed 
Xjircle. In this case the curve generated by any point on the 
circumference of the rolling circle is called an epicycloid or 
a hypocycloid, according as the circle rolls on the exterior or 
the interior of the fixed circle. We shall commence with 
the former case. 

Let P be the position of the generating point at any in- 
stant, A its position when 
on the fixed circle ; then 
the arc OA =» arc OP. 

Again, let (7 and C'be 
the centres of the circles, 
R and r their radii ; 

LAcq^e^LOCP^e^; 

then, since arc OA = arc 
OP, wehave jRfl=r0'. 

Now suppose C taken 
as the origin of rectangu- 
lar co-ordinates and CA 
as the axis of a?; draw PN 
and OL perpendicular, and PM parallel, to CA, and we have 

x^CN= CL'NL={R + r) cos e-rco3(e + ff) 
y = PiV^= C'i - (7'Jf= (72 + r) sin 0-r sin («! + »'>; 

or, substituting — 9 for 0', 

r 




x= (R -{■ r) cos - r cos 0, 

^ r 

R + r 
y ^ (R + r) ain " r sin fl. 



(8) 



When the radius of the rolling circle is a submultiple of 
that of the fixed circle, the generating point, after the circle 
has rolled once round the circumference of the fixed circle , 
evidently returns to the same position, and will generate th e 
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same curve in the next revolution. More generally if the 
radii of the circles have a commensurable ratio, the generating 
point, after a certain number of revolutions, will return to its 
original position : but if the ratio be incommensurable, the 
point will never return to the same position, but will describe 
an infinite series of distinct curves. As, however, the suc- 
cessive portions of the curve are in every respect equal to 
each other, the path described by the generating point from 
the position in which it leaves the fixed circle until it returns 
to it again is usually regarded as a complete epicycloid, and 
the middle point of this path is called the vertex of the curve. 
In the case of the hypocycloid, the generating circle rolls 
on the interior of the fixed circle, and it can be easily^ seen 
that the expressions for x and y are derived from those in (8) 
by changing the sign of r ; hence we have 



x^(R -r) cos + r cos 0. 

r 

R -r I 

y = (i2 - r) sin - r sin 0. 

r J 



(9) 



The properties of these curves are b^t investigated by 
aid of the simultaneous equations contained in formulae (8) 
and (9). 

Again, as in the case of the cycloid, it is evident from 
Descartes' principle that the instantaneous path of the point 
P is an elementary portion of a circle having as centre ; 
accordingly the tangent to the path at P is perpendicular to 
the line PO^ and that line is the normal to the curve at P. 
These results can also be deduced, as in the case of the 
cycloid, by differentiation from the expressions for a? and y. 
We leave this as an exercise for the student. 

To find an expression for an element, ds, of the curve at 
the point P ; take 0', 0'', two points infinitely near to O on 
the circles, and such that 00' = OC ; and suppose the ge- 
nerating circle to roll until these points coincide :* then the 

* It may be observed that O'O" is infinitely small in comparison with Oi/', 
hence the space through which the point moves during a small displacement 
is infinitely small in comparison with the space through which JP moves ; it 
is in consequence of this property that may be regarded as being at rest for 
the instant, and every point connected with the rolling circle as having a oixoiikur 
motion around it. 
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lines CO* and CO'' will lie in directum, and the circle will 
have turned through an angle equal to the sum of the angles 
0(70' and 0G'O'\ hence, denoting these angles by dO and 
dQ' respectively, we get 



since 



m 



r 



2 $6. Badios of Ourvaiure of an Ei^oyoloid. — Suppose cu to 
be the angle 08N between the normal at P and the fixed 
line CA^ then 



cu-o'o>s-(7'0/S=-----e. .'.dio^^m 



{ 2r) 



Hence, if p be the radius of curvature corresponding to 
the point P, it is evident, from Art. 207, that 



p=_e=op'(^^'"^ 



du) 



E + 2r ' 



• • • (11) 



Accordingly the radius of curvature in an epicycloid 
is in a constant ratio to the chord OP joining the generating 
point to the point of contact of the circles. 

257. Double Gteneration of Spioyoloids and Bypooydolda. 
In a hypocycloid, if the rolling circle be greater than the fixed 
circle it can be easily shown that the curve can be generated 
as an epicycloid. For, let^P 
be any position of the generat- 
ing point, the corresponding 
point of contact of the two 
circles ; draw the common 
diameter OUI) and join CE 
and PB ; connect Othe centre 
of the fixed circle to O' and 
produce OO' to meet DP pro- 
duced in ly, and describe a 
circle round the triangle O'PD'; 
this circle plainly touches the 
fixed circle ; also the segments standing on OP, P and OO' 
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are obviously similar; hence, since OP^ 00' + OP^ we have 

arc OP = arc 00^ + arc CP. 

If the arc 00^ A be taken equal to the arc OP^ we have 
arc OA = arc O'P ; accordinffly the point P describes the 
same curve whether we regara it as on the circumference of 
the circle OPE rolling on tne circle OO'D, or on the circum- 
ference of O^PD rolling on the same circle ; provided the 
circles each start from the position in which the generating 
point coincides with the point A. Moreover, it is evident that 
the radius of the latter circle 
is the difference between the 
radii of the other two. Next, 
suppose the circle OPD to 
roll inside the circumference of 
00' D^ and let C be the centre 
of the fixed circle ; join OP 
and produce it to meet the cir- 
cumference of the fixed circle 
in C; draw O'E and P2>, 
join CO' intersecting PD in 
-C, and describe a circle round 
the triangle, PD'ff. It is evi- 
dent as before that this circle touches the larger circle, and 
that its radius is equal to the difference between the radii of 
the two given circles. Also, for the same reason as in the 
former case, we have 

arc 00 = arc OP + arc OP. 




If the arc OA be taken equal to OP, we get arc CP 
= arc OA ; consequently the point P will describe the same 
hypocycloid on whichever circle we suppose it to be situated, 
proviaed the circles each set out from the position for which 
P coincides with A. 

These important results were given by Euler [Acta Petrop. 
1 781]. By aid of them all hypocycloids are reducible either 
to epicycloids, or to hypocycloids in which the radius of the 
enerating circle is less than half that of the fixed circle. 
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259* Svolute of an Spioyoloid. — The evolute of an epi- 
cycloid can be easily seen to be a similar epicycloid. 
For, let P be the gene- 
rating point in any po- 
sition, A its position 
when on the fixed circle; 
join Pto 0, the point of 
contact of the circles, 
and produce it until 

Piv=op^4^^;*i^e^ 

P' is the centre of cur- 
vature by (11) ; hence 



OP' = OP 



R 



R + 2r* 




Next, draw P'O' per- 
pendicular to P'O ; circumscribe the triangle OPO^ by a 
circle ; and describe a circle with C as centre and CO as 
radius ; it evidently touches the circle OP'O'. 

Then 

00':0E^0Fi0P=^R:R-^2r^C0i CE, 
.'. CO'-Oa : CE-OE=^ CO : CE, 

or CO: CO ^ CO I CE; 

that is, the lines CE, CO, and CO' are in geometrical pro- 
portion. 

Again, join C to B^ the vertex of the epicycloid, meeting 
the inner circle in JD, and we have 

arc an : arc OB = CO' : CO ^ CO : CE = GO : EO 

= arc PC : arc OQ. 

But, arc OB = arc OQ, .', arc &D = arc P'0\ 

Accordingly, the path described by P' is that generated by a 
point on the circumference of the circle OP'O' rolling on the 
inner circle, and starting when P' is in contact at D, Hence 
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the evolute of the original epicycloid is another epicycloid. 
The form of the evolute is exhibited in the annexed figure. 

Again, since CO : OE = OCT : 00, the ratio of the radii 
of the fixed and generating circles is the same for both epi- 
cycloids, and consequently the evolute is a similar epicycloid. 

Also, from the theory of E volutes (Art. 219), the line 
PP' is equal in length to the arc P^A of the interior epi- 
cycloid ; or the length of P'-4, the arc measured from uie 
vertex A of the curve is equal to 

^_(^±^0P'=20P'^^=20P'^' 

Hence the length* of any portion of the curve measured from 
its vertex is to the corresponding chord of the generating 
circle as twice the sum of the radii of the circles to the radius 
of the fixed circle. 

The corresponding results for the hypocycloid can be 
found by changing the sign of the radius r of the rolling 
circle in the preceding formulae. 

The investigation of the properties of these curves is of 
importance in connexion with the proper form of toothed 
wheels in machinery. 

259. Epitrochoids and Hypotroohoids. — In general, when 
one circle rolls on another, every point connected with the 
rolling circle describes a distinct curve. These curves are 
called epitrochoids or hypotrochoids, according as the circle 
rolls on the exterior or the interior of the fixed circle. 

If d be the constant distance of the generating point from 
the centre of the rolling circle, there is no difficulty in 
proving, as in Art. 255, that we shall have in the epitrochoid 
the equations 

^ = (iJ + r) cos - d cos 0. I 

r 

y ^ (E + r) sinO - d sin ■ 0, 




* The length of the arc of an epicycloid, as also the investigation of its 
""^ were given by Newton (Principia, B. i, Prop. 49, 50). 
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In the case of the hypotrochoid, changing the signs of r 
and d^ we obtain 



It " r 

X = (R- r) cos + d cos 0, 



y «= ( JB - r) sin - c? sin 0, \ 

^ r J 



> 



• • • (13) 



260. The Iilmaqon. — We shall terminate this chapter with 
the investigation of the form of the inverse of a conic section 
with respect to a focus. From the form of the polar 
equation of a conic, its focus being origin, it is evident that 
the equation of its inverse is 

r = a cos d + ft, 

where a and b are two constants. 

It is easily seen that j- is the eccentricity of the conic. 

This curve can be readily traced by drawing from a 
fixed point on a circle any number of chords, and taking off a 
constant length on each of these lines measured from the cir- 
cumference of the circle. 

If a be less than b the curve is the inverse of an ellipse, 
and lies altogether outside the circle. 

If a be greater than J, the curve is the inverse of a hy- 
perbola, and its form can be P 
easily seen to be that exhibited 
in the annexed figure, where 
OD =*a - bj and the point 
is a node on the curve. This 
curve is called the Limagon. 

The following simple method 
of drawing the normal at any 
point, P, m this curve may be 
noticed. Join the point to the 
origin 0, and draw OQ per- 
pendicular to OP, meeting the 
circle in Q ; then the line PQ is the required normal. 

This follows at once from the theorem given in Ex. 3, 
page 204. 
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If i - a, the curve becomes the inverse of the parabola, 
and is called a cardioide. The inner loop disappears in this 
case, and the ori^ is a cusp on the curve. 

It can be easily shown geometrically that when the radii 
of the fixed and rolling circles become equal, the Epicycloid 
becomes a Cardioide, and the Epitrochoid a Lima9on. 

It will be a useful exercise for the student to prove these 
results also from the formulas given already. 

When a » 2&, the Lima9on is called the Trisectrix ; a 
curve by aid of which any given angle can be readily tri- 
sected. 

It would be unsuited to the elementary character of this 
treatise to enter into a discussion of the general theory of 
roulettes ; the student who desires a complete investigation 
of their properties is referred to Mr. Besant's " Notes on 
Roulettes and Glissettes," in which the subject is treated of 
in a new and comprehensive manner. 
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Examples. 

1. Trace the curve y = (a? — i) (x — 2) (a; - 3), and find the position of its 
point of inflexion. 

2. Trace the curve y' — 3flMPy + ar^ = o, drawing its asymptote. 
This curve is called the Folium of Descartes. 

3. Trace the curve a^x = y (^2 4. x^), and find its points of inflexion, and 
points of greatest and least distance from the axis of x, 

4. If an asymptote to a curve meets it in a real finite point, show that the 
corresponding branch of the curve must have a point of inflexion on it. 

5. Find the position of the asymptotes and the form of the curve 

ip* — y* + 2<w;y* = o. 

6. Show that the curve r s= « cos 2Q consists of four loops, while the curve 
r=: a cos 3^ consists of but three. Prove generally that the curve r=^a cos n9 
has n or m loops according as n is an odd or even integer. 

7. Trace the curve y* (« — a) (a; - A) = c* (x + a) (a; + V), 

8. Show that the curve x'^y* + ar* = a* (a;* - y*) consists of two loops pass- 
ing through the origin, and find the form of the curve. 

9. Trace the curve y (jr f a)* = b^x {x + <?)*, showing the positions of its 
asymptotes and infinite branches. 

10. If on a line, OM, drawn from a fix^d point, 0, to a given right line, a 
portion, MF, of constant length betaken on either side of the point M\ find the 
equation of the locus of F both in rectangidar and polar co-ordinates. [This 
curve is called the conchoid of Nicomedes]. 

Trace this curve, and show that the point is a double point on it. Dis- 
tinguish between the cases when the origin is a node, a cusp, or a conjugate point, 
respectively. 

11. Given the base and the rectangle imder the sides of a triangle, find the 
equation of the locus of the vertex (an oval of Oassini). Exhibit tiie different 
forms of the curve obtained by varying the constants, and find in what case the 
curve becomes a Lemniscate. 

12. Trace the curve y' = ax^ + 3*3;' + 3caj + d, and find its points of 
greatest and least distance from the axis of x. 

Show that two of these points become imaginary when the roots of the cubic 
in X are all real. 

1 3. Given the base and area of a triangle, prove that the equation of the 
locus of the centre of a circle touching its three sides is of the form 

«'y - a (a:* + y*) - ^ (y - fl) = o. 
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14. Prove that all curves of the third degree are reducible to one or other 
of the formB 

(i). x^ ■{- ey =^ asfi '\- hsfl -{■ ex ^ d, 

(2). xy = aai^ + 6«* + <?x + e?. 

(3). y» =a4;' + *j^ + «p + rf. 

(4). y = ««' + bx^-{- ex + d, 

Newton, Enum, Linear, Ter. Ordinis, 

15. Prove that all curves of the third degree can be obtained by projection 
from the parabolse contained in class (3) in the preceding division. [Newton.] 

For every cubic has at least one real point of inflexion : accordingly if the 
curve be projected so that the tangent at the point of inflexion is prmected to 
infinity, the harmonic polar (Arik. 204) wiU bisect the system of par slid 
chords passing through this point at infinity. Hence the projected curve is of 
the class (3). [This proof is taken from Chasles, Aper9u Historique, note xx.]. 

16. Trace the curve r = -^ and show that it has a point of inflexion 

when 9^ = 2; find also its asymptotes and asymptotic circle. 

17. In any roulette prove that the points in which it meets the fixed curve 
are cusps on tibe roulette. 

18. If the radius of the rolling circle be half that of the fixed circle, show 
geometrically that the hypocycloid becomes a diameter of the fixed circle. Prove 
also that any hypotrochoid becomes an ellipse at the same time. 

19. If the radius of the generating circle be one-fourth that of the fixed, 
prove immediately that the hypocycloid becomes the envelope of a right line of 
constant length whose extremities move on two fixed rectangular lines. 

20. Prove that the evolute of a cardioide is another cardioide in which the 
radius of the generating circle is one-third of that for the original circle. 

21. Prove that the entire length of the cardioide is eight times the diameter 
of its generating circle. 

22. In the hypocycloid, if the radius of the generating circle be one-third of 
that of the fixed, investigate the form of the curve, and prove that it admits of 
being represented by the equations 

x = CGoa iB (i — cos 20), y = sin 20 (i + cos 20). 

# 

This curve determines the form of the surface of revolution of given volume 
and diameter of base, and such that it may experience the least resistance in 
passing through the air in a direction parallel to its axis ; the resistance of the 
air being supposed to vary as the square of the normal velocity. (Mr. Tarleton, 
'< PhUosophiciBl Magazine," November, 1867). 
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X 

23. Trace the curve y = sin -, and show how to draw its tangent at any 

d 

point. (This is called the curve of sines.) 

24. If a circle roll upon a right line, prove that the locus of any point in the 
plane of the rolling circle is determined hy the equations 

x=^aB — dsmQj y = a - d cob 0, 

where d is the distance of the generating point from the centre of the circle, and 
a the radius. 

This curve is called a trochoid. 

25. Show that the points of inflexion in the trochoid are given hy the equa- 

d 
tion cos 9 + -= o; hence find when they are real and when imaginary. 
a 

26. Show geometrically that the first pedal of a circle with respect to a 
point on its circumference is a cardioide. 

27. In the figure of Art. 250 prove that the square of the arc ^Pis equal 
to 8 a. FN'. 

28. Determine the angles of intersection of the tangents at the douhle points 
in the figures in page 289. 
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CHAPTER XVIII. 

ON ELIMINATION OP CONSTANTS AND FUNCTIONS. 

261. glltnlnatlmi of Oonstaata. — The process of differen- 
tiation is often applied for the elimination of constants and 
functions from an equation, so as to form differential equations 
independent of the particular constants and functions em- 
ployed. 

We commence with the simple example, j^ «= aa; + 6. By 

dy 
differentiation we get 2y ~ = a, a result independent of 6. 

A second differentiation gives 






a differential equation containing neither a nor 6, and which 
accordingly is satisfied by each of the individual equations 
which result from giving all possible values to a and b in the 
proposed. 

In general, let the proposed equation be of the form 
f{xj y, a) = o. By differentiation with respect to x we get 

dx dy dx 

The elimination of a between this and the preceding leads to 

a differential equation involving a?, y, and -^, which holds for 

all the equations got by varying a in the proposed. 

Again, if the given e(juation in x and y contain two con- 
stants, a and 6, by two differentiations with respect to x we 
obtain two differential equations, between which and the 
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original, when the constants a and b are eliminated we get a 

differential equation containing ar, y , — and -^ In general, 

ax ax 

for an equation containing n constants, the resulting diffe- 

rential equation contains ar, y, -j^, -— ^ . . --^, arising trom 

the elimination of the w constants between the given equation, 
and the equations derived from it by successive differentia- 
tion. 

A few examples are added for illustration. 



Examples. 

1. Eliminate a from the equation 

(dy^ dy 

■J- 1 - 4ajy -1 - «*=» o. 

2. Eliminate a and )3 from the equation 

(y - ay^p{x-P). An,. 2 ( jy + I'g^o- 

3. Eliminate the constants a and )3 from the equation 

y = a cos tM? + /3 sin f»a;. An». ~ + n^o? e o. 

4. Eliminate a and ^ £rom the equation 

{■*(gyr 

This agrees with the formula for the radius of curvature in Art. 207. 

5. Eliminate a and fi from, the equation 

6. Elimroate the constants oo, 01, . . . On from the equation 

d^^v 

7. Eliminate the constants a and j3 from the equation 

dh/ di/ 

y = ae«' + jS*** ^n*. ^ - (« + *)^ + «3y = o. 
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262, SUmlnatiaB of Tranaoendeiital Fmiotioiis. — The pro- 
cess of differentiation can be also employed for the purpose of 
eliminating transcendental functions from equations oi given 
form ; for example, the logarithmic function can be eliminated 
by differentiation from the equation y = log ^ (^), which gives 

-7 = ] { ' We have met several instances of this process 
ax 6 (x) ^ 

already; thus, in Art. 81, we found that the elimination of 

the symbolic functions, sin and sin'S from the equation 

y B sm (m sin'^or), leads to the differential equation 

^ ^ <jb^ dx ^ 

The principles involved in this process are of great im- 
portance in connexion with the converse problem — ^viz., the 
procedure from the differential equation to the primitive from 
which it is derived. This part of the subject comes under 
the Integral Calculus in connexion with the solution of diffe- 
rential eqitations. 



Examples. 

du I 

I. y = tan-la;. Ans. —^ 



3. Eliminate the exponential and logaritlimic ftmotions from the equation 

4. Eliminate the circular and exponential functions from 

y = ^sin^B. 

dy 
Here -7- = «• sin « + #* cos « = y + #* cos «. 

dx 

dhi dy , dy 

7-1 = -7- + «* cos « - #* sm a? = 2 -^ — 2y. 

dx'* dx dx ^ 

^ + r« J dy 

5. y = i;rr7i- ^f.#. - =. i . y.. 
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In the preceding examples we considered only the case 
of a single independent variable ; the differential equations 
arrived at in such cases are called ordinary differential equa- 
tions. 

When our equations are of such a nature as to admit of 
two or more independent variables, the equations derived 
from them by differentiation are called partial differential 
equations. We proceed to consider some cases of elimination 
which introduce differential equations of this class. 

263. Elimination of Arbitrary Functions. — The equations 
hitherto considered contained only two variables ; we now pro- 
ceed to the more general case of an equation involving three 
variables, two of which, accordingly, can be regarded as inde- 
pendent. We shall denote the independent variables by the 
letters x and y, and the dependent variable by s. It will also 
be found convenient to adopt the usual notation, and to re- 
present the partial differential coefficients 

dz dz d?z d^z , d^z 

— • — • -T"« and — • 

dx* dAJ* due' dxdy dy^ 

by the letters p^ j, r, «, and <, respectively. 

We proceed to show that in this case we are enabled by 
differentiation to eliminate functions whose forms are alto- 
gether arbitrary. In fact, we have already met with examples 

of this process ; for instance, if 2 = rc«0 l-\ we have seen in 

Art. 96, that in all cases we have 

dz dz 

dx dy 

whatever be the form of the function ; this function accord- 
ingly may be regarded as completely arbitrary in its form, and 
the preceding differential equation holds whatever form is 
assigned to it. This can also be shown immediately by dif- 
ferentiation. Conversely, it can be established without diffi- 
culty that x"0 \ Y^^ *^® "^^"^^ general form of z which satis- 

X2 
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fies the preceding partial differential equation. This process 
however, as in the case of ordinary differential equations, 
comes under the province of the Integral Calculus, and is 
mentioned here merely for the purpose of showing the con- 
nexion between the integration of differential equations, and 
the formation of such equations by the method of elimination. 
As another simple example, let it be proposed to eliminate 
the arbitrary function from the equation z ^/{z* + y»). 

Here P " Tt" ~ ^^ (^ ■*" ^'^ 



hence we get 



^-^-2y/(aJi + y»); 



i/P" aq^ o, 



an equation which holds for all values of Zf whatever the form 
of the function (f) may be. 

264. More gener^y, let 2 = (v) where] <? is a known 
function of x ana y. 

TT ^ , . .dv dz , . ^dv 

Here ^-^'C")^. ^'^^'^dy 

dz dv dz dv 

This furnishes the condition that z should be a function of 
the quantity denoted by v. Also denoting z by Fi and sup- 
posing V and V to be two given explicit functions of x and y, 
the condition that V shall be a function of t; is that the equa- 
tion 

dVdv dVdv^ 

dx dy dy dx r ' ' \ ) 
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shall hold for all values of x and y, i. e. shall be identically 
satisfied. For instance, if 

V = -^, and V = xv i - y» + yv i - a:% 

X - y .7 ,7 

we get 

dV dv dV dv .1 ,. „ 

d^^J'dST 5; = O' identically ; 

hence F" is a function of v in this case. 

This can also be independently verified, for if x = sin 9 
and y «= sin 0, we get 

-- cos - cos 6 + 

F« -.^ — 75 7^^ = - tan — ^ : 

sm & - sm 2 

t; » sin cos ^ + cos sin ^ » sin (0 + 0) ; 

which establishes the result required. 

We have here assumed that whenever equation (i) is sa- 
tisfied identically, V is expressible as a function of v ; this 
can be easily established as follows : 

Since V and v are supposed to be given functions of x and 
y, if one of these variables, y, be eliminated between them, 
we can represent F as a function of v and x. 

Accordingly let 

F=/(^,v); 

dV ^df_ d£dv dV d£d^ 
dx dx dv dx dy " dv dy 

dVdvdVdv df^dv 
' dx dy dy dbc dx dy 

Hence, since the lefi hand side is zero by hypothesis, we must 

, df 

nave j- "■ o; or the function /(a?, t?) or F reduces to a func- 
tion of V simply ; which establishes the proposition. 
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265. More generally let it be proposed to eliminate the 
arbitrary function from the equation 

F =*{!?), 

where V and v are given functions of three variables, a?, y, 
and 2. 

Regarding x and y as independent variables, we get by 
differentiation 

dV 
da 



dV dV 
dy dz 



eliminating ^'(t?), we obtain 

dVdo_dVd^ 
dx dy dy dx 



,, , (dv dv\ 



dV dv __dv dV\ 
dz dy I 



dz dy 



fdV do ^dv^ ir\- 
\dx dz dx dz J 

a result independent of the arbitrary function 0. 
This equation plainly admits of being exhibited in the follow- 
ing determinant form : — 



I 



dV ^ 

dx' dx' ^' 

dV dv 

W dy' ^' 

dz' dz' '' 



. . . (2) 
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Examples. 

Eliminate the arbitrary functions in the following cases : — 

tin ciz 

1. 2 = (<u; + by). Am, A — - a — =0. 

ax ay 

dz tbt 

2. y ~ bz = d>(x^ az), a-7- + d-r-=i. 

ax ay 



^ g X ^ \y xjf 



^dz ^dz , 
dx dy 






e£e dy 



8. »» +y' +a» = (oa? + ^ + <?«). 



<fo dz 

An8. (bz - ey) — + (ex ~ az) --■ m ay - bx. 
dx ay 

266. Next let it be proposed to eliminate the arbitrary 
function ^ from the equation 

F [a,y,Zy 0(w)} =0, 

where w is a given explicit function of a?, y, and z. 

Regarding x and y as the independent variables, we may 
differentiate the equation with respect to x, and also with 
respect to y ; then, since 2 is a function of x and y, 



d . <ji(u) 



^. . [du du \ 



dx 
and 

d . 0(w) ,/ V (du du \ 
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hence we obtain two partial differential equations involving x, 
Vi «» J3» fi'» 0(w) and i^\u). Accordingly, if ^ (u) and <p!{u) be 
eliminated between these and the original equation, we shall 
have a resulting equation containing only op, y, s, p and q, 

267. If the given equation contain more than one arbitrary 
function, we have to proceed to partial differentiations of a 
higher degree in order to eliminate the functions ; thus, in 
the case of two arbitrary functions, 6 (w) and ;// (t?), the first 
differentiations with respect to x and y introduce the func- 
tions 0'(^O and yl!{v). It is plainly impossible, in general, to 
eliminate the four arbitrary functions between three equa- 
tions, we accordingly must proceed to form the three partial 
differentials of the second order, introducing two new arbi- 
trary functions 0''(w) and \p'^{v). Here again it is in general 
impossible to eliminate the six functions between six equa- 
tions, so that it is necessary to proceed to differentials of the 
third order ; in doing so we obtain four new equations, con- 
taining two additional functions, (^'"{u) and ;//'"(») : after the 
elimination of the eight arbitrary functions there would re- 
main, in general, two resulting partial differential equations 
of the third order. 

268. There is one case, however, in which we can always 
obtain a resulting partial differential equation of the second 
order — viz., where the arbitrary functions are functions of the 
same quantity, u. 

Thus, suppose the given equation of the form 

F[x, y, z, (t> (w), xp (u)] =0, • . • (3) 

where t^ is a known function of Xy y, and z. 
By differentiation we get 

dF dF dF.du du\^ 
dx ^ dz du\dx dz j ' 



dF dF dFfdu du 
-=- + flf - + -7- — + <7 -7- 
oy dz du \dy dz 



dF 

Eliminating -.— between these equations, we obtain 
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dF du dF du fdF du dF du 



+i> 



dx dy dy dx \dz dy dy dz 



) 



fdFdu dF du\ , . 



This equation contains only the original functions ^ (t«), 
^{u)^ along with a?, y, 2?, p and g. Again, if we apply the 
same method to it, we can form a new partial differential 
equation, involving the same functions ^ (u) and -^ {u) along 
with a;, y, z^ p, q, r, s, <. 

The elimination of the unknown functions tp {u) and yjj (u), 
between this last equation and equations (3) and (4) leads to 
the required partial diflRsrential equation of the second order. 

This important principle in elimination was first given in 
its general form by Dr. Salmon. See his Geometry of Three 
Dimensions, Chap. XIII., Art. 418. 

This method will be illustrated in the following examples : 



Examples. 
I. « = »0(z) + y ^ (z). 

Here 1> = ^ (?) + {^^' («) + y +' («)} P- 

^ = + W + {«0'W + y +'(«)} 2- 

^^"""^ f " I (a3 "-^^^^ suppose. 

Applying the principle of Art 264, we haye 

or qh" - zpqi + pH = o. 



2. 



If we multiply the differential with regard to x by x, and that with regard 
^y hy y, and add, by Euler*8 Theorem Art. 96, we shall have 



xp ^yq- nz»^ (")"*' "^'^ ^ I " > 
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hence irp+yj-fUfe (m-«)«*i/^(-|; 

applying the same process to this equation we get 

*»r + 2xyt + y*< - (ft - i) (p* + ^y) = (m - ») m . sfi^ ( ?- |e m (gp +y^ -n*). 

Hence «*r + 2«yt + y'< - (m + » - i) (p* + jy) + mm = o. 

3. saa;^(ax + ^) + y^(a« -i- ^). 

Here p =3 ^ («« + 3y) + a {«^' («» + ^) + y+' (ax+bf/)} 

q = +(a«+ ^) + * {«f (oo? + ^) + y4''(fl* + *y)}. 
.-. hp-aq^h^ (ax + by) - ailf (aa + iy) ; 
hence ^ - a« = a {^' (ax + ^^ -o^' (a* + ^)} 

£• - a< = ^ {b^' (ax + bff)- ai//' («f + 3y)}, 
.'. bh" - ao^f + a*< =■ o. 

269. The preceding method can be readily seen to be 
capable of application to the elimination of any number, n, of 
arbitrary functions from an equation, provided that they are 
all functions of the same quantity, u. 

For, proceeding as in the last Article, we obtain a series 
of equations .(^^® ^^^^ being of the n'* order of differen- 
tiation), each containing the n arbitrary functions along with 
the variables and their derived functions. If the n functions 
be eliminated between the n differential equations and the 
original equation we obtain a differential equation of the n** 
order, which is independent of the arbitrary functions in 
question. 
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Examples. 

1. Eliminate a and b from the equation 

xy -wF-v br*. Ant. »-r^ + 2 -f -xy^o, 

dgfl dx " 

2. Given y = «a»(C+ (?'»), proye that 

rf^y dy 

3. Eliminate the conBtants from the equation 

dhi dy 

y s (7i«**cos3« + Catf** sin 3a;. Ant, -7-. - 4 -r + i3y «» o. 

4. Eliminate C and C" from the equations 

, X cos mx „ ^ , 

(a). y = ;, + €/ cos fMJ + C sm nx, 

(&). y = a;sinfM;+ Ccosf}«+ C siniix. 

d^y d^ 

Ant. (a). — + n*y = cos fnx. (b), ^ + ii«y = cos fi* . 

5. Eliminate the arbitrary functions from the equation 

« = -T +0(y+a«) + +(y- ««). Ant, r-aH^ xy. 

6. Eliminate the circular functions from the equation 

X dh/ dy 

y^AooB (a sin-^ -+ a). Ant. (^ - **) ^ - * ^ + «'y " o- 

7. Eliminate A and a from 

d^ dy 

y = -4 cos(cosfM? + a). „ ^ - cot « — + fiy8m*« = o. 

S. If z = cos 00 [ - j + sin aj; ^ [ - j, prove that 

rd?' + 2txy + /y* + d^H = o. 



II 
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9. If ai, as, at be the roots of of the equation 

proye that the result of elimiaating the exponentials from the equation 

10. Find the result of the elimination of the arbitrary functions from 

s = ^ (« -h ay) + ^ (« — ay). An§, r — af a o. 

. If % =/( - ) + ^ («y), prove that 

ap'r - y*< + «p — y^ = o. 
12. If o^ + 6ry = c»« + £fo-*, prove that 

'^' ^^«"» "^ ^ f^ -improve that 

14. Eliminate the arbitrary functions from the equation 

« = {« +y(y)}- -'^' !« - ^ = o. 

15. If the substitution of Aef^ for y satisfies the differential equation with 
constant coefficients 

d^y d^'ly dy 

prove that a must be a root of the equation 

«" +Pi«""* + . . . + Pf^\% + 1>„ = o. 
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CHAPTER XIX. 

ON CHANGE OF THE INDEPENDENT VARIABLE. 

270. Case of a CHngle Independent Variable. — ^We have already 
pointed out the distinction between independent and dependent 
variables in the formation of differential coefficients. 

In applications of the Differential Calculus it is often ne- 
cessary to make our diff*erential equations depend on new 
independent variables instead of those which had been origi- 
nally selected. 

We commence with the case of one independent variable, 

and suppose V to represent any function of «, y, ^, j^, &c. 

We proceed to show how the expressions for j-^ -7^, &c., 

are transformed when, instead of x, any function of x is 
taken as the independent variable. * 

Let this new function be denoted by t^ and suppose that 

v» ^ > &c., are represented by a/, a/', &c. Then in all cases 

we have 

du du dx 

dt dx dt 
where u is any function of ^, 

dt 

Hence _?^ = 1 J! ... (2) 

dx « dt 
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also ^ - t(^\ ^A(L^\^LifL^\ 

dx* dx\dx) dx\x'dt) asf dt\x' dt f 
(by substituting ~ -^ instead of w in (i)}, 



X' — T - a? 



hence ^-_£_£. ...(3) 



da?" dx\ {aff /° ar' rf« \ (T)*" 



Again ^ = £' "' -' ' "• '^''" ^* 



" (7p ' • • • (4) 

and so on for higher differentials. 

If y be taken as the independent variable, we obtain the 
corresponding values by making 

dy ^ d^y . 



Hence 



d^x 

dy i^ ^ Jdy^ , . 

dx " d^ daT ^^^* ' ' ' ^^^ 

dy 




td^xY dx d^x 
rf*y ^^V "Jy df 



\dy) 



. . . (6) 



and so on. 

The preceding results can also be arrived at otherwise as 
follows. As the essential distinction of an independent 
variable is that its differential is regarded as constant, ac- 
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dtt 
cordingly in differentiating -^ when x is the independent va- 

. riable, we have ^( ;/ ) = 7^* When, however, x is no longer 

regarded as the independent variable, we must consider the 

dy 
numerator and the denominator of the fraction -^ as both va- 

dx 

riables, and by Art. 15, we get 

dxct^y - dyd^x 



^/^\ ^ dxd^y - dyd^x ^^ d^ ldy\ 
\dxj da? ' dx\dx) 



dx" 



differentiating again on the same hypothesis, we get for 

dx Ve^V' 

ds^d^y - dxdyd^x - ^dxd^xd^y + 3 {d^x)^ dy 

These results are perfectly general whatever function of a? 
be taken as the independent variable ; their identity with the 
formulae previously given is manifest. 

We proceed to illustrate the method by a few examples. 



Examples. 

I . Being given that «= a (0 - sin 0), y = a (i - cos 0), find the yalue of 
^^ Jn,. -' 



<^ «(i - COS 9y 

a. Hence deduce the expression for the radius of ourrature in a cycloid. 

3. If a? = (J2 + r) cose - r cos— t-^ 0, y = (i2 + r) sin - r sin ^^ Q, 

r r 

find the value of --^. 



dy COB ^ - COS —^ e 

Here 1Z~ ^^ = tan 

sin 9 -sin 9 



(S-)'- 
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^ _ J? + 2r 



ir 



(iJ+ r) cos— © sinf - + i » . cos* ( + i j 9. 



4. Change the independent yariable from « to 9 in the expression -j^ sup- 



posing « = sin 0. 

HeTe^ = -^^ • <^ ^ ' rf / I <^y \ I <^y 
«te cose^id' " <te« cosdrf^VcoB^*^/ cos^rf^ 



sina^ 
d9 

cos'd 

5. Transform the equation 

tfiy dy 

art ^4.aaj-— + ^ = 
<te* dx 

into another in which 9 is the independent yariable, being giyen » ■= e " 
Here ^=^^=.^. 

hence i ( ^U « ^f ^^\or^- x.^ + « ^, 

and the transformed equation is 

6. Transform the equation 

d^y dy a* 

^3 dx x^^ 

into another where s is the independent yariable, being giyen » s-. 'T'^ 

z 
dy dy 

It is eyident that in this case we haye or - - =- s --, and for the same reason 

ax az 






dx^ dx dt^ dz 



<^* dx dz^ 



and the transformed equation is 



dhj 
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271. Case of Two fndepeadiMt Variablas. — ^We will next 
consider the process of transformation for two independent 
variables, and commence with the transformations intro- 
duced by changing from rectangular to polar co-ordinates, 
and vice versa. In this case we have 

4? « r cos 0, y = r sin ; ... (6) 

and therefore, r* = 4:* + y*, tan « -• • • (?) 

Accordingly, any function, F, of x and y, may be re- 
garded as a function of r and 0, and, by Art. 95, we have 

dV dVdx rfF^^ 

d9 ^ dx d6^ dy d6 I 

> . . • (8) 

dV^dVdx dVdy I 

dr dx dr dt/ dr J 
but from (6) 

dx g^ dx . ^ ^y - ^ dy , . 

- = co8fl. _ = -r8m« = -y, ^-smO, f^^x, ... (9) 

hence we obtain 

dV dV dV 

dV dV dV 

These transformations are of importance in the Planetary 
Theory. 

Again, we have 



dx dr dx dQ dx \ 

> . • . (la) 



dV^dV^dr dV dd I 
dy dr dy dd dy J 

y 
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But, from (7) we have 

dr X g. dr . ^ . 

^=-co8'e^=-?i^, f.£2i». ...(,4) 

ax or r dy r 

dV ^dV sine dr , . 

•••^ = cose^^— ^. ...(IS) 

dV . ndV cosfldF , ^. 

d'^r (PF 

272. To find -rrrr a>m1 — r-r- in the saiiM transfdrmatioii. 

' da^ dy^ 

Since formula (15) holds whatever be the form of the func- 
tion F", we have 

^ / V i\ ^ , \ sin d rf , V 

where ^ stands for any function of x and y ; on substituting 

dV 

y- instead of 6, this equation becomes 

dx 



dx\dx 



8in« d r .dV wnBdjn, 



r 



^^ ,g rf^ ^ cos^jinO j^ cos sin Q dV 
dr^ r drdO r* dO 



sinOr .(/'F . ^ t^Fl 
sin (9 F cos fl dV sin_0 e^^F l 
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d'^V _ ^^d^V 2 8inflco3l? ri dV d^V] sin^O dV 
'''' d^"''''^^ d^'^ r Irdfdi^i'^T'W 

"^ 1^ dS^' 
In like manner we get 

cos'O d^V 
r^ W' 

This result can be also readily deduced from the preceding 
by substituting in it fl for Q, 

If these equations be added, we have 

^ ^ ^cPV idV i^^ 

dx^ "*" rfy' dr^ '^ r dr '^ r^ dd^' ' ' ' ^^'^ 

273. To find the transformation of 

cPF d^V d^V 
dx^ "^ df ■*■ (f^« 

into a function of r, 0, and 0, being given 

^ =3 r sin ^ cos 0, ^ =? r sin sin 0, ;s «= r cos ^. 
Assume p = r sin 0, then we have 

X = p cos 0, y = jO sin 0, 

and, by (17), ^ + 5^2 = ^+ - ^+ ^ ^. 

Y 2 
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Again, from the equations 

p " r sin ^, -2r = r cos 0, 
we have in like manner 

flPT £V^d^ idV I tPF 
dp* dz* ^ dr^ r dr r» dtp^ 

Accordingly, 

cPV *F d^ ^^ idV J_^ i^ I d*r 
dx^ "*" dy» "*■ [dz* " dr^^'p dp'^ p^ d9* "*" r drl '^ r» d^,* 

But by (i6) we have 

dV . rfF cos^e^r 

-T- = sm -^- + -J-. 

dp ^ dr r dAp 

I dV _ I c?r cot^flfF 
' p dp r dr r* di^' 

Hence we get finally 

dyV d^V ^^^ I d^V I d'V 2dV 

dx" "*■ %« "*■ c?^» " dr* "^ 7^ sin* dfl* + ^a ^^2 "*" ^ ^^ 

cot^dF 
■*" ^^ d0' • • • ^'^^ 

274. Remarks on Partial Differentiala. — As already stated 

in Art. 106, the student must be careful to attach their proper 

meanings to the partial differential coefficients in each case. 

djjc 
Thus in finding — in (9), we regard a: as a function of r 

(X/l 

and 0, and difierentiate on the supposition that is constant : 

dr 
in like manner the value of -r- in (13) is found on the sup- 
position that y is constant. 

The student, accordingly, must not fall into the confusion 
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cIt dx 

of supposing that in this case we have 3" ^ j" = '• This cau- 
tion is necessary, as beginners from not pajring proper atten- 
tion to the meanings of partial derived functions are apt to 
fall into the error referred to. 

275. Oeometricml ZUostratioii. — The following geometrical 

dv dx 

method of determining the proper values of— and -7- imder 

the preceding hypotheses may assist the beginner towards 
forming correct ideas on this important subject. 

Let Pbe the point whose 
co-ordinates are x and 1/ ; then Y 

OM = X, PM = y, OP = r, 

POX^e. Now in finding^ 

regarding as constant, we 
take on the radius vector OP 
produced, a portion PQ = Ar, 
and draw QN perpendicular to 
OX ; then Aa:, the corresponding increment in a?, is repre- 
sented by MN or PL. 




Ax PL ^ dx ^ 

- = ^-^ = cose, or--cosO. 



dv 
Again, to find — on the supposition that y is constant ; 

ax 

let MN be Aar, the increment in ar, and draw the parallelo- 
gram PLMN, and join OX, meeting in / a circle described 
with radius r and centre 0; then LI represents the corre- 
sponding increment in r, and we have 

-r- = limit of — = limit of -^-= = cos 0. 
dx Ax £^L 

So that in this case the values of -y- and — are equal 

ax an 

each to cos or -, as before. 

r 
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dr dO 
The values of -^, -r, &c., can also be readily repre- 
sented geometrically in a similar manner. 

276. Xtinear Transformations. — If we are given 

ar=aX + 6F+cZ,y = aX+6'F+c'Z,2=a"X+y'F+c"Z. ,(19) 

then any function, V^ of ^, y, and Zj is transformed into a 
function of X, Y, and Z, and, as in Ex. 2, page 103, we have 

dV dV ^dV ,.dr 

-r— =3 a — + a — + a - — 
dX dx dy dz 

dV .dV .,dV dV 
dY dx dy dz 



dV dV dV ,dV 
dZ dx dy dz 



Again, on proceeding to second diflferentiation, we get 



»F d I dV dV ,dV\ ,d ( dV dV^ JV\ 
X» dx \ dx dy dz J dy\ dx dy dz J 



d 
dX 



„d( dV .dV „dV\ 
dx dy dz 



,d( I 



d'V ,d'V „d'V ,„d»r ,d^v 

di' dady dxdz dydz dy^ 

Similarly we have 

<i'V ..d'V .,J^V .,^d'V ,,,d^r rr,,d^V 

flfP da;* dy» cfe» tfedy ctcds 
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d'V ^d^V ,,d?V .,d^V .d^V ^d'V 

d^V 



+ 2&C* 



dydz 



277. Case of Orthogonal Traasformatioiis. — If the trans- 
formation be such that 

we have 

a» + a'* + a''^ = i, &» + J'^ + b"^ = i, c" +c'» +0''^= i. ... (20) 

ab + aV + a''6" = o, ac + a'c' + a'V = o, 6c + 6V + b"c'' = o. . . (2 1 ) 

Again, on multiplying the first of equations (19) by a, the 
second by a', and the third by a!\ we get by addition, by aid 
of (20) and (21), 

X «= (W? + a'y + a''z. 

In like manner, if the equations (19) be respectively mul- 
tiplied by 6, b\ 6'', we get 

Y^bx^-Vy^-b'^z', 
similarly 

Z = ex + c'y + c"«. 

If these equations be squared and added, we obtain 

a' + 6' + c^ = I, a'» + b'^ + c'^^ i, a''»+ 6"^+ c''* = i, ... (22) 

oa' + bb' + cc' -o, ad' + 66'' + cc" = o, a V + 6'6" + c'c" = o. (23) 

Hence, in this case, if the equations of the last article be 
added, we shall have 

^ d?V ^ ^ ^ ^ 

dx^ ■*" dy' ■*" dz" " dX^ "^ dP '^ dZ^ * * ' ^^"^^ 

The transformations in this and the preceding Article are 
necessary when the axes of co-ordinates are changed in Ana- 
lytic Geometry. 
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278* Oeneral Gmm of Traiisf ormatioii for two Xndependent 
VarUUeo. — Suppose that we are given the equations 

aj = ^(r,e), y-'rpir.O), ... (25) 

then any function, F> of a and y may be regarded as a func- 
tion of r and 0, and we shall have, from (8) 

dVdVda dV dy 
dd ' dx dO^dy dff 



dVdVdx dVdy 
dr dx dr dy dr^ 



where the values of 



dx dy dx dy 
dfl' W dr 5i^ 



can be determined from the equations (25). 

Whenever these equations can be solved for r and fl 
separately, we can determine, by direct differentiation, the 
values of 

dr^ dr^ de M 
dx dy dx dy 

and hence by substituting in ( 1 2) we can obtain the values of 

^ d — 
dx dy' 

When however this process is impracticable we can 

dV dV 
obtain their values by solving for -7— and -v- from the pre- 

ux au 

ceding equations. 
Thus, we obtain 

dT dy dV d^ 
dV dd dr" dr dd 
dx dx dy dx dy • * (26) 

dd Tr^di^ Jd 
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dVdx^ dV da 
dV dO dr " dr dd 
dy ~ dx dy dx dy 

'drdd'Mdr 



. . . (27) 



The values of -r-—) -7—, &c. can be deduced from these. 

dx^ dy^ 

but the general formulae are too complicated to be of much 

interest, or utility. 
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Examples. 

1. Being given y=f{u) and u=^i^ (x), find^— . 

2. If y = F(t\ t =f(u), fi = (a:), find the value of ^. 

Am, F' (0/'(«) 0" W + {^'(x)}2 {/•(«) i?' (0 + (/'(t*))8 IT" (0). 

3. Change the independent variable from 2; to « in the equation 






a?* ^ + a2y = o ; where a; = -. 



. rf*v 2 dV 
ffi* % dz 



dhj dy 
\, Transform (i - x^) — -^ — a? — + a>y = o, being 



^ _^._, -,„„, given * = sm^. 

d*y 
-dn«. — + a^y = o. 

5. If r be a function of r, where r* = a:« + y*, prove that 

dx* dy^ ~ dr^ r dr' 
6. If r be a function of r, where r' = »« + y* + «*, prove that 

~d3^ dy^ dgi " If^ r dr ' 

.dxdr 

7. If « = r sin Q cos 0, y = r sin sin 0, « = r cos 0, prove that ^ = ^» 

where in finding —, Q and are regarded as constants; while in finding — » 

y and z are regarded as constants. 

8. If « be a function of two independent variables, x and y, which are con- 
nected with two other variables, u and v, by the equations 

fi{Xy y, u, v) = o, f2(Xy y, w, v) = o; 

^2 <fz dz dz 

show how to extress -r- and — in terms of — and — . 
^ dx dy du dv 



Examples. 



33 « 



9. Prove from formula (19) that 

d^V d»V d^V I fdl dV\ d( . dV\ 

d^-^d^^d^'^;r^e\dry"'^^lFj^l^[''^^'di) 

d I I dVV\ 



+ -^ 



10. If fi = 01 («, y), V = ^ (jr, y), and if we can deduce from them the 
equations a; = ^1 («, v), y == ^2 («, v), prove that 



du du 

dx dy 

dv dv 

dx' dy 



dx dx 

du^ dv 

dy dy 

diS dv 



I. 



II. If 2« be a function of the rectangular co-ordinates of a point, show that 
the functions 



^ d*w d^u d^u I d'u \» 

dx* dy^ ^ '^*'dy^~\dxdyl 



IHreserve the same values when the axes are turned round through any angle. 
12. Transform the equation 



^ + 



2x dy 

■— + 



- = o 



dx* I -^X* dx (l + «2)« 

into another in which 9 is the independent variable, supposing x = tan 9. 

d^y 

13. If 2 be a function of x and y, and u=px + qy - z, prove that when p 
and q are taken as the independent variables, we have 



d^u 



8 



d^U 



du du d^u t 

^~'* dq"^' ^"^ rt^t^^ dpdq '^ " rt ~ »2' ^» ~ ri - «« ' 

where p, q, r, 9, t, denote the partial differential coefficients of 2, as in Art. 263. 
14. If the equation 



xn 



ipty d»~^i/ dy 

-£ + AiX^-i — ~ + . . . 4- An.ix / + -4„ = o 

dx^ dx^-^ dx 



be transformed to 0, where a? = c*, prove that the coefficients in the trans- 
formed differential equation are all constants. 

This follows immediately by aid of Ex. 30, p. 46. 
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CHAPTER XX. 

LAGRANGE'S THEOREM. 

279. lAgraage's Theorem. — Suppose that we are given the 
equation 

2 = a; + y ^(2), . . . (i) 

in which x and y are independent variables, and it is required 
to expand any mnction or 2 in ascending powers of y. 

Let the function be denoted by F{z)^ or by ti, then by 
Maclaurin's theorem, we have 

i\dylo i,2\dy^Jo 1.2. .n\dy»/o 

where Wo> f -3- ) , &c. represent the values of ti, ^-, &c., when 

\ayJo ^ ^ . . ^y 

zero is substituted for y, after diflTerentiation. 

It is evident that t^ = F{x). 

To find the other terms, we getby diflFerentiating(i) with 
respect to Xy and also with respect to y, 

dz , . . dz dz ^ V , y . dz 

or £{«-y«'(2)) = i, ?{i-yf(8)) =♦(«); 

, dz . . dz 

hence 7- = (s) -,- . 

ay ^ ^ ' dx 



Lagrange 8 Theorem, joo 

Also, since t* is a function of 2, we have 

du du dz du du dz 
dx dz dx^ dy dz dy 

hence we obtain 

du . .du 

^ = «(«)^- ...(3) 

Again, denoting (z) by Z, we have, by Art. 115, since 
Z is SL function o£u 

d ( ^ du\ d I ^ du\ dhi ^ . . 



dx V dy^ 



or 



dhi d ( ^^dux 



Hence also 



dxdy \ dx/ 



dy^ dxdy 
since x and y are independent variables ; 




To prove that the law here indicated is general, suppose 
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tken, since 



we have 



Lagrctnge^s Theorem. 



£(z^ — 

df/\ dx 



dx\ dy) dx\ dx/ 



and hence 



d^'^dy\ dx) dixf\ dxf 
dy""*' \dx)\ 



du 
das 



... {6) 



This shows that if the proposed law hold for any integer 
w, it holds for the integer n + i ; but it has been found to hold 
for w = 2 and « = 3 ; accordingly it holds for all integer values 
of n. 

It remains to find the values of -r-, -7-, Ac, when we 

dy* dy^ 

make y = o. Since on this hypothesis Z ox ^ (2) becomes 
0(^3?), and -r- becomes ■ , or F'{x)^ it is evident from (3), 
(4), (5), (6), that the values of 

du (Pu d^u 
dy' df dy^ 

become at the same time, 






dx 



die' 



[<t>{<>!)r F(x) 



• • • - 

dx^ 



• • • 



{0(«)}- F'ix) 



Consequently formula (2) becomes 



F{%)^I\x) + 1 ^{x) F{x) + j^^ [{*Wr i^(^)] + &c. 

v"*' d" r 1 
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This expansion is called Lagrange's Theorem. 

If it be merely required to expand z^ we get, on making 
F{z) = z, 

<? = ^ + - <h(x) + ~— -T- {*W1* + &C. 
I ^^ ^ I .200? ^ 

280. Xiaplaoe's Theorem. — ^More generally, suppose that 
we are given 

s=/(^+y0(s)},^ ... (9) 

and that it is required to expand any function, F{z)y in ascend- 
ing powers of y. 

Let < = a: + y 0(z), then z -f{t\ and we have 

t ^ X -^ y <^\f{t)] . . ... (10) 

Also F{z) « F{f{t)]^ and the question reduces to the ex- 
pansion of the function F[f(t)] in ascending powers of y by 
aid of (10) ; accordingly, formula (7) becomes in this case 

F{z) = F{f(t)] = F{f{x)] +|. ^[f(x)) F'{<t>{x)] + &c. 

This formula is called Laplace's Theorem, and is, as we 
have seen, an immediate deduction from the Theorem of 
Lagrange. These theorems evidently only hold when the 
expansions are convergent series. 
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ExiJiPLES. 

I. Expand c, being given the equation 

« = a + *«*. 

Here « = a, y = *, f(z) = z*, 

an<i we get, from formula (8), 

« = a + ^» + zlAdfi + I2*»a7 + &c. 

Lagrange has shown that this expansion represents the least roet of the pro- 
posed cubic, and that the same principle holds in other cases. 

2. Given 2^0 + dz**, find the expansion of 2. 

Ant. « = a + a^h + ifia'*-^ -I- xnCxn - 1) o^* + &c. 

1.2 ^ 1.2.3 

3. Given z = j; + ye", find the expansion of z. 

-4iM. « = » + y^ + y««»« + -^^ 3«»« + — 2 — 4«e*» + &c. 

I. a 1.2.3 

4* sasa + ^fdns, expand (i) 2, (2) sin & 

«* rf e^ f d\* 

(i). ^iM. i=tf + ^sina+ — (sin^a) + I -- ) (sin^a) + &c. 

1.2 da i.2.2\dal^ * 

^ d 

(2) Ant. z=:sin a + « sin acosa+ r (sin'fl cosa) + &c. 

I . a aa 

X 

5. If « = a + - («« - i), prove that 

2 

I 2 i.2</aV2 / 

6. Hence prove that 
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Miscellaneous Examples. 

I. If a, j3, y, be the roots of the cuhic 

jp' + pa;* + ^a? + r = o, 



show that 



dp dq dr 

da da da 

dp dq dr 

dp* dp' Ip 

dp dq dr 

dy dy dy 



= (y-^)08-a)(«-r). 



3. Being given the three simultaneous equations 
01 («i> «2, «i, a?*) = o, ^ (*i, a?j, a;s, x^ « o, 0s («if arj, arg, a?4) = o, 
determine the yalues of 

dx2 dxi dxi 
dx\ dXi dxi 

3. If M be a solution of the differential equation 



prove that 



d^V d^V d^V 

1- H = o, 

rfa;2 dy"^ d7? ' 



du 



du 



du 



dx ay dz 



4. If X and y be not independent, prove that the equation 



will be also a solution of it. 

^u __ dHt 

dxdy dydx 
does not hold, in general. 

5. Prove thai the points of intersection of a curve of the fourth degree with 
its asymptotes, lie on a conic : and in general for a curve of the degree n they 
lie on a curve of the degree « - 2. 

6. Prove that every curve of the third degree is capable of being projected 
into a central curve. (Chasles.) 

For if the harmonic polar of a point of inflexion be projected to infinity, the 
point of inflexion will be projected into a centre of the projected curve. 

7. Two ellipses having the same foci are described infinitely near one 
another ; how does the interval between them vary ? 

(a). How will the interval vary if the ellipses be concentric, similar, and 
similarly placed ? 

Z 
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8. Eliminate the arbitrary functions from the equation 

« = («) . ^ (y). 

9. Show that in order to eliminate n arhitrary functions from an equation 
containing two independent variables, it is, in general, requisite to proceed to 
differentials of the order in - i. How many resulting equations would be ob- 
tained in this case ? 

10. In the Lemniscate r' = a'* cos 20^ show that the angle between the tan- 

TT 

gent and the radius vector is - + 20. 

2 

11. In any roulette, if be the point of contact of the fixed and rolling 
curves, P the generating point, P* the corresponding centre of curvature for the 
roulette ; prove that 



? + J' = i^+o-F)'^*' 



where p and p' are the radii of curvature of the two curves at the point 0, and 
^ is the angle which the line OF makes with the common normal at 0, 

12. From the formula in the last deduce the expression for the radius of 
curvature at any point on the epicycloid, and also in the epitrochoid. 

13. Being give'h the equations 
prove that 

14. If I — y — fly« = o, develope y^ in terms of a by Lagrange's Theorem. 

15. Being given » = r cos 0, y = r sin 0, find the transformation of 



HIT}' 



1% 

into a function of r and d, where 9 is taken as the independent variable. 

16. Apply the method of infinitesimals to find a point such that the sum -of 
its distances from three given points shall be a Tninimimn 

Let pi, p2, p8 denote the three distances, and we have dpi + rfp2 + dp^ = o ; 
suppose dpi = o, then d (p2 + ps) = o, and it is easily seen that pi bisects the 
angle between p2 and ps, and similarly for the others ; .*. &c. 

17. Eliminate the circular and exponential function fiwm the equation 
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18. One leg of a right angle passes through a fixed point, whilst its vertex 
slides along a given curve ; show that the problem of finding the envelope of 
the other leg of the right angle may be reduced to the investigation of a locus. 

19. If two pairs of conjugates, in a system of lines in involution, be given 
by the equations 

u = ox* + 2hxy + cy^ =0, «' =a da? •\- ib'xy + c'y* = o, 

show that the double lines are given by the equation 

du du' du du' 

-7- -r -. — - = o. (Salmon*s " Conies," Art. 342.) 

dx dy dy dx ^ • ' ^^ ^ 

20. Change the independent variable from x to in the equation 

d^y dy _ 

where a; stand. 

21. The equation 

ry* - 7.8xy + tx^ = px ■\- qy - z, 

may be reduced to the form 

d»z 

-.+2 = 
dv» 

by putting x =su cos v, y = « sin v. 

22. Investigate the nature of the singular point which occurs at the origin 
of co-ordinates in the curve 

XI* - 200^ — axy^ + a'y* = o. 

23. Investigate the form of the curve represented by the equation 

y^e'. 

24. How would you ascertain whether a proposed expression, F, involving . 
0?, y, and 2, is a function of two linear functions of these same variables ? 

Am, The given function must be homogeneous ; and the equations 

dV dV dV 

= 0, -7- =0, "T" = 0» 

dx dy dz 

must be capable of being satisfied by the same values of «, y, 2 : i. e. the result 
of the elimination of x^ y, and z between these equations must vanish identi- 
cally. 
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NOTES. 

On the Expansion of sin (wsin-^ x) (page 70). 

The expansion of this ftinction given in the text has heen attributed to 
Euler on the authority of M. Bertrand ; I find, however, that the formula in 
question was first given by Newton. Vide J#. Newtmi Epittola prior ad 
Oldmburgium. 



On the Addition of Elliptic Functions (page 118). 

As the statement at the end of Art. 108 would appear to assert that the 
illustration of Elliptic Functions by Spherical Trigonometry was given first by 
Professor M'Cullagh, it is necessary to state that this mode of treatment is of 
a much older date, and is to be found in Lacroix. TraiU du Oalcul Differential 
0t du Integral^ Tome II., No. 709. 



On Maxima and Minima fob a single Vaeiable (page 143). 

In the investigation of maxima and minima given in Chapter YIII., La- 
grange's form of Taylor's Theorem has been employed. For students who are 
unacquainted with this form of the Theorem, it maybe observed that the con- 
ditions for a maximum or minimum can be readily established from the simpler 
form of Taylor's Series given in Art. 52. 

Thus, writing the series in the form 

I. 2 X.2.^ 

when h is very small and the coefficients / (a), /" (a), &c. finite, it is evident 
that the sign of the series at the right hand side depends on that of its first term, 
and hence all the results arrived at in Art 124 can be readily established. 



On the Conditions foe a Maximum ok Minimum of a Function 

OF ANT NUMBEB OF VARIABLES (page 1 70). 

The conditions for a maximum or a minimimi in the case of two or of three 
variables have been given in the text. 
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It can be readily seen that the mode of investigation) and the fonn of the 
conditions there given, admit of extension to the case of any number, n, of 
independent variables. 

We shall commence with the case of four independent variables. Proceed- 
ing as in page 168, it is obvious that the problem reduces to the consideration of 
a quadratic expression in four variables which shall preserve the same sign for 
all real values of the variables. 

Let the quadratic be written in the form 



«11 iPi* + fl22 ^2* + fl^as ^8* + <I44 ^^ + ^<^Vi ^1 iP2 + ^(i\.Z ^i X^ + laii Xi 074 + 2028 X2 X^ 



+ 2aiiX2Xi + za^iX^x^. 



. . . (I) 



We shall first investigate the conditions that this expression shall have always 
a positive value ; in this case on evidently is necessarily positive ; again, pro- 
ceeding as in Art. 146, and multiplying by on, the expression may be written in 
the following form : — 

(aiixi + aiiXi + 0130:3 + an Zifi + (on 022 — 012*) Xz^ + (an 033 - 013^) as* 

+ (an (tii - Ol4*) ^4* + 2 (Oii 023 — (iU ^J^is) X2Xz-\- 2 (On 024 — Oi2 O14) X2 Xi 



+ 2 (oil ClU - «13 ^u) Xz Xi. 



. . . (2) 



Also, as the part of this expression after the first term must be always posi- 
tive, we must have, by the Article referred to, the following conditions : 



Oil 022 - 012* > o, 
(flii 022 - ai2*) («ii «3S -.«i3^) ■- (<»ii ^83 - ^li^^is)* > o» 



. . . (3) 
... (4) 



and 



an «22 - «i2*> ftn Oga ~ *i2 ^i3» *ii «24 - «i2au 
«ii «M - ^12 flisj «n oas - Oig*, an 034 - O13 an 



an 024 - 012 ai4, on 034 - 013 014, an 044 - ou' 



>o. ... (5) 



Again, since each element in this determinant consists of two parts, the de- 
terminant, by the ordinary theory, is equivalent to the sum of eight simple 
determinants ; but the determinant 



an 022, ai2 0,3, 012 an 
an 023, aia', o,, 014 
an 024, a,3 au, au* 



obviously vanishes, as also the other determinants similarly formed. Hence the 
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determinant (5) is reducible to four determinants, whose sum can be easily 
shown to be 



«ii" 



flu, «12, «isi «u I 
ai2, 022, Ogs* <hA 



«ls» 



'43» 



•ss» 



«34 



... (6) 



flu, fl24, flSA, flM 



Again the relation in (4) is at once reducible to the form 



flu 



flu, fli2, fljs 

fll2, fl22, flgs 



*1S> fl«S> *8S 



> o. 



Hence we conclude that whenever the following conditions are fulfilled, 
viz. : — 



flu>o, 



flu, fll2 






> 0, 


fll2, fl22 





flu, fll2» flis 




fll2, fl22, fl^s 


> 0, 


flisj flssj flss 





flu, fll2, fli8» flu 

fll2, fl22, flgs, fl24 

«JS» «8S» «3S» <«84 

flu, fl24, flSl, fl41 



>o, ... (7) 



the quadratic expression (i) is positive for all real values of :ri, 072, x^, x^. 

In like manner it can be readily seen that if the second and fourth of the 
preceding determinants be positive, and the two others negative, the quadratic 
expression (i) is negative for all real values of the variables. 

The last determinant is called the discriminant of the quadratic function, and 
the preceding determinant is derived firom it by omitting the extreme row and 
column, and the other is derived &om that in like manner. • 

When the discriminant vanishes, it can be seen without difficulty that the 
expression (i) is reducible to the sum of three squares. 

There is little difficulty in showing by induction that the preceding method 
holds in general, and that in the case of m variables the conditions can be deduced 
from the discriminant in the manner indicated above. 

According as the number of rows in a determinant is even or odd, the de- 
terminant shall be styled one of an even or of an odd order. 

If the notation already adopted be generalized, the coefficient of aj*r is de- 
noted by arr, and that of XrXm^ by 2flrm. In this case the discriminant of the 
quadratic iimction in n variables is 



flu, 


fll2, 


«13» 


• • • 


flln 


fll2, 


fl22, 


««S» 


• • • 


fl2n 


• 


flg3) 

• 


fl33> 

• 


• • • 

• 


flsn 

• 



... C8) 

fllf», fl2», flsn* • • • ^»» 

And the conditions that the quadratic expression shall be always positive^ are 
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that the determinant (S) and the series of determinants derived in succession by- 
erasing the outside row and column, shall be all positive. 

Again, if the series of determinants of an even order be all positive, and 
those of an odd order, commencing with an, be all negative, the quadratic ex- 
pression is negative for all real values of the variables. 

Hence we infer that the number of independent conditions for a maximum or 
minimum in n. variables is w — i. 

It is scarcely necessary to state that similar results hold if we interchange 
any two of the numbers in the suffixes ; i. e. if any of the coefficients, 022, 
033, . . aMfi) be taken instead of an as the leading term in the series of deter- 
minants. 

It is easily seen that a quadratic expression can be transformed in an in- 
finity of ways by linear transformations into the sum of a number of squares 
multiplied by constant coefficients ; there is, however, one mode that is unique, 
viz., that which is styled the orthogonal transformation. 

In this case, if Xi, X2, ^, . . . Xn denote the new linear functions, we 
shall have 

F= iPi2 + a:22 + . . . + a?„« = Xi^ + X^ + &c. + Xn\ ... (9) 

and also, denoting the coefficients of the squares m the transformed expression 
by ai, 02, . . • any 

17'= an *!* + a22iP2" + • . • + OnnXf? + . . . + 2ai2a:i X^ + 2a\rXiXr + . . . 

= aiX-f + a-iX^ + . . . + OnXf?,- , . . (lo) 

Accordingly, equating the discriminants of {7*- XT for the two systems, we 
get 



«ii - K 


ai2, . . . 


Oln 


ai2, 


a^n ~- A, . . • 


a,„ 


ai3) 

• • 


^asi * . . 

... 


«3n 



<'ln» ajn, . . . €ltm — X 



= (ai - X) (ttg - X) • . (on-^) . . (11) 



Accordingly, the coefficients ai, a,, . . . an are the roots of the determinant 
at the left-hand side of the equation (11). 



THE END. 



